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Preface 


One of tlie most difficult tasks in industrial research is that of 
expressing pliysical situations in the form of equivalent mathematical 
relations. A good background in mathematics or engineering, or both, 
does not insure that the research engineer and scientist will have a facility 
for making the transition from physical engineering situations to the cor¬ 
responding mathematics. This book was written to make the task of 
transition easier for the reader. 

To operate at maximum efficiency the man in charge of an industrial 
research program today should have not only a thorough understanding 
of the experimental aspects of his problems but also should be able to 
set up his problems in mathematical form so that he can determine when 
something can be done more economically by mathematical computa¬ 
tion than by experimentation, or vice versa. With the mathematics as 
f»uide he can better interpret experimental n^sults and plan future phys¬ 
ical studies. To this end he must have a knowledge of the theoretical 
physics concerned with the basic laws of engineering. All major fields of 
engineering should be represented b(^cause a problem will often involve 
several fields at the same time. It has been one of the author’s objectives, 
in writing this book, to develop the basic laws of engineering from a 
minimum number of assumptions so that the reader can obtain a logical 
physical and mathematical picture of the fundamental concepts of engi¬ 
neering in common use. With this as a background, the various techniques 
for making simplifying assumptions in treating physical problems appear 
more reasonable. Sucli simplifying technique's are of inestimable impor¬ 
tance, because if any physical problem were set up as precisely as possible 
in mathematical form, it would be too difficult to treat. 

It is necessary for the industrial research man today to be able to set 
up physical problems, amenable to mathematical treatment, in a form 
that can be conveniently handled by mathematical methods. Experience 
renders invaluable assistance to him in this task. Since he will, of neces¬ 
sity, be constantly concerned with fields relatively new to him, he must 
fall back on the experience of others, on his knowledge of the basic laws 
of engineering, and on his ability to make simplifying assumptions. 
Several principles for making these assumptions, verified by experience, 

[m] 



PREFACE 


via 

will be given throughout the chapters of the book, illustrated by many 
examples from the various domains of engineering. 

This book is not intended to supplant the advanced courses in mathe¬ 
matics and the applied sciences. One engaged in research cannot learn 
too much about these subjects. We shall not be concerned here with the 
mathematical techniques for solving physical problems when they are 
expressed in mathematical form. For this purpose a thorough advanced 
training in mathematics is indicated. Fortunately, many problems do 
not require the most advanced mathematical methods for their solution 
to an accuracy required by practical considerations. 

After many years of active research in pure mathematics, the author 
turned to applied mathematics of the type rec^uired by industry. Encoun¬ 
tering numerous difficulties in setting up engineering problems in mathe¬ 
matical form, the author recognized the need for a course in the subject, 
and introduced one at the Illinois Institute of Technology, and also at 
De Paul University. The lK>ok is an outgrowth of these lectures and is 
intended to serve as a text in coiurses on engineering analysis and indus¬ 
trial physics and as a reference work for research directors in industry, 
for engineering analysts, for development engineers, and for applied 
scientists in various fields of learning. 

The book assumes a knowledge of advanced calculus, especially those 
aspects concerned with line, surface, and volume integrals. Frequent use 
will be made of Green’s and Stokes's theorems. 

The author is indebted to various industries for their cooperation in 
combined mathematical-experimental investigations, in particular the 
Woodward Governor Company, which for the past eight years has carried 
on an active program of this type involving all of the major branches of 
engineering, and where many of the techniques mentioned in this book 
were developed and verified. The author owes much to his asvsociate, Mr. 
Forrest Drake, chief engineer of the Woodward Governor Company, for 
seeing that advanced mathematics could be applied to the governor in¬ 
dustry, and to Mr. Irl Martin, President of this company, as well as 
others for supporting this program before it had proved itsell*. 

All or parts of the book were read by Professors Gordon Pall and Karl 
Monger of the mathematics department of the Illinois Institute of 
Technology, Professor Thomas J. Higgins of the electrical engineering 
department of the University of Wisconsin, Professor Eric Reissner of 
the mathematics department at the Massachusetts Institute of Tech¬ 
nology, Professor Clark Millikan, director of the Guggenheim Aero¬ 
nautical Laboratory at the California Institute of Technology, Professor 
Paul Lieber of the aeronautical department of the Brooklyn Polytechnic 
Institute, Professor Le Van Griffis, director of mechanics at the Illinois 
Institute of Technology, Professor George Irving Cohn of the electri¬ 
cal engineering department of the Illinois Institute of Technology, 
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Dr. Gerhard Herzog, director of research of the Texas Company. Dr. War¬ 
ren Wilson, President of the South Dakota Scliool of Mines and formerly 
director of research of the Hydraulics Division of the Sundstrand Machine 
Tool Company, Dr. Eric Lyp(', thennodynamicist. and Mr. Kenneth 
Bisshopp, mechanical engineer, of the Armour Research Foundation, 
Mr. Forrest Drake and Mr. Urban Floor, engineer, of the Woodward 
Governor Company, and Mrs. Morris Krceger. 

To all of them the author owes his appreciation for helpful suggestions 
and constructive criticisms. 

Rukos Oluknbiirgkr 

Rockpoiu), Illinois 
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PART I 


MECHANICS OF RIGID BODIES 




CHAPTER 


1 

Fundamentals of the mechanics of 
particles and rigid bodies 


1.1. Length, mass, and time. In Part I of this book we shall 
be concerned with the setting up, in mathematical form, of physical 
problems involving rigid bodies. 

Mass, length, and time can be considered to be the basic measurable 
quantities of mechanics, (icometry gives us an idea of the meaning of 
distance through the postulates which it satisfies. Distance in the phys¬ 
ical world is defined by the operations we perform in measuring it. The 
same thing is true of other measurable entities. 

Distance is a number associated with two points in space. It is there¬ 
fore necessary to understand the meaning of a point before a definition 
of distance is attempted. Without bodies in space, points could not be 
recognized. We therefore begin with bodies in space which we know exist 
through our senses. If a body through some process becomes two or more 
bodies, we say that the given body has been subdivided, and the parts are 
subbodies, A body is said to occupy a point in space if we cannot subdivide 
it. By subdivision we do not mean an actual physical separation of a 
body into parts. We might subdivide a body by drawing a line on it, or 
by merely looking at it to discern subbodies. Thus, fundamentally, we 
arrive at the con(*ept of a physical (not mathematical) point operationally 
by subdividing bodies. Basically, we recognize a point in space by having 
a body at that point. 

Through our senses we observe that certain bodies are rigid. A body 
is rigid when the distance between any two of its points is unchanging, 
at least for practical purposes. Through our senses we also recognize 
when two bodies are geometrically identical. 

A point is by definition zero-dimensional. A wire or rod is for practical 
purposes a one dimensional body, that is, we can treat the cross sections 
as points, so that we can think of the wire or rod as being in the form of a 
geometric curve. 

We consider a collection of identical unchanging rods. The concept 
of identity of two rods implies that we can associate with every point 

13 



4] MECHANICS OF PARTICLES AND RIGID BODIES [CHAP. 1 

on one rod a corresponding point on the other so that the first point 
bears the same relation to the first rod that the second point bears to the 
second rod. In Figure 1 we have pictured three identical rods. The ends 
labeled with the A's correspond, and the same is true for the B’s. We sup¬ 
pose that these rods are hinged together to form a ruler as in Figure 2, the 
point jBi of the first ruler being hinged to the end A 2 of the second, etc. 
We suppose that the rods of this ruler are free to move about the hinges 

Fig. 1. Identical Rods. Fig. 2. Hinged Ruler. 

except for the practical limitation that one rod cannot occupy the same 
space as another. In the general case we have a ruler made from n such 
rods for an arbitrary n. It is convenient to treat symmetric rods such that 
two adjacent rods either touch at the hinge only, or they touch every¬ 
where. Two rods touch at a point if for practical purposes they have this 
point in common. 

We consider a rigid body as shown shaded in Figure 3. We select two 
points A and B on this body. We link A and B with a ruler hinged as in 



Fig. 3. Points A and fi connected 
by a hinged ruler. 


Figure 2. A rod being the unit of measure, if A and B are linked with n 
rods the distance from ^ to B is n or less units. For the example of Figure 3 
we have n = 4. We suppose that the rods and given body are chosen so 
that we can scoop away part of the given body if necessary, so that for a 
linkage witli m rods, and m properly chosen, no matter how we move the 
rods about on their hinges, keeping the A and B ends fixed, the rods never 
touch the body except at A and B. If then we find a g so that A and B 
can be linked with (g + 1) rods, but not g, the distance from A to B is 
greater than g units, but less than or equal to (g + 1) units. Writing the 
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distance from A to £ as AB, which is the same as the distance from B to 
A, we have thus 

q < AB ^ q+1. ( 1 . 1 ) 

We can form a ruler from subbodies of the given rods, and go through 
the above process to obtain in place of (1.1) a more accurate determina¬ 
tion in terms of fractions of a unit. Wc arrive at a fraction of a unit by 
applying the above linking process to one of the original rods, using a 
ruler made from identical subbodies, and giving inequality relations of 
the type (1.1). The details will be loft to the reader. 

We let A, B, and C designate three points on a one-dimensional affair 
such as a wire. The point B is between A and C if the point is on a sub¬ 
body of the wire joining A and C. With the concept of distance phys¬ 
ically defined we can construct a geometric model of the universe involv¬ 
ing straight lines, coordinate systems, etc. Thus the wire is a segment of a 
straight line if for every three points A, B, and C, where B is between A 
and C on the wire, we have 

AB + BC = AC, (1.2) 


The concept of a straight line is an immediate extension of that of a 
straight line segment. With straight lines d(Tmed we can introduce a Car¬ 
tesian coordinate system set up on a reference body for the purpose of 
studying motions of bodies in space. The problem of locating points is 
much simplified by assuming that light rays travel in straight lines in empty 
space. 

Angles follow from the concept of distance. 

Time is recognized by the observation of a body B at a point P being 
found at other points. We say then that motion has taken place. This is 
with reference to our coordinate system. If each body remained at the 
same position, we would say that there was no motion, and we could not 
recognize time. 

We measure time through observation of cy(Jic motions. By a cyclic 
motion we mean one in which a body at a point P leaves P and describes 
a path C in returning toP, then the body describes the same path C again, 
and keeps doing this over and over, like the hand of a clock or the moving 
earth. We can say that the path C is described in one unit of time. We can 
obtain fractions of this unit by the use of cyclic motions in which a path is 
described more than once while the path C is described once. In practice 
the earth’s motion forms the basis of a measurement of time, all clocks 
being referred to it. 

With distance and time defined the calculus yields velocity and accelera¬ 
tion. 

A body which, for practical purposes, is located at a single point is 
termed a particle, A mathematical particle is a point with a mass at that 
point. There may also be an electric charge or magnetic pole at the point. 
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If not otherwise specified, the term particle will refer to a mass-point. 
We let mi and m 2 be the masses of two particles Pi and P 2 respectively, 
these masses being as yet undefined. We let ai and 02 denote the acceler¬ 
ations of Pi and P 2 respectively. Vectors are denoted in this book by symbols 
in boldface type. We know from observation that if a body B is far enough 
away from other bodies in the universe the motion of B is negligibly 
affected by the presence of these other bodies. It is convenient to make 
the measurements of oi and 02 relative to a coordinate system attached 
to such a body B. From observation we know that ai and a 2 will both be 
numerically large if Pi and P 2 are sufficiently close. We therefore suppose 
that the particles Pi and P 2 are close enough together so that each 
accelerates appreciably due to the presence of the other. We assume that 
Pi and P 2 are sufficiently far removed from B and the other bodies in the 
universe so that the influence of these bodies has a negligible effect on 
the motion of Pi and P 2 . We suppose that if tlie particles Pi and P 2 carry 
electric or magnetic charges, these charges are small enough so that the 
motion of Pi and P 2 is negligibly affected by such charges. We define the 
quotient mi/m 2 by the relation 

(1.3) 

m2 Ol 


where the vertical bars indicate absolute values. Taking the mass of 
one particle, say Pi, as a unit we can obtain the masses of all oIIkt 
particles, theoretically at least, by the relation (1.3). 

The acceleration of a body B due to the presence of a body ^ is a meas¬ 
ure of the amount the motion of B is affected by A. 

In the above discussion we have not concerned ourselves with relativ¬ 
istic effects. Observation shows that mil m 2 is then a constant. 

We now consider a set of particles {P» } where i ranges over 1, 2, ... , 
n, and m, denotes the mass ofP,. Let two particles Pi andPy of this set have 
the accelerations a, and oy when far removed from other bodies. By “far 
removed” we mean that we should, to be rigorous, have in mind a mathe¬ 
matical limit process where we let the distance from P, and Py to other 
bodies increase beyond all bounds. The following law follows from 
observation. 

Law 1.1. Between the mis and as we have the relation 


Hh — ^ 

my “ Oi 


(1.4) 


valid for all values of i and j. 


The reader can easily see that the Law 1.1 is a consequence of Newton’s 
laws of motion to be given later. With the present point of view Newton’s 
second law of motion will follow from the concept of mass as defined here. 
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Law 1.1 merely states that if we have determined the masses of par¬ 
ticles in terms of a given one, these masses hold when any two of these 
particles are compared in far away space. 

We have the following law. 


Imw 1.2. For the particles P* and Pj the accelerations are directed 
along the same line and toward each other. 


When we have defined force it will appear that Law 1.2 and the defini¬ 
tion of mass above yield Newton's third law of motion as applied to these 
particles, namely, that to every action there is an equal and opposite reac- 
lion. This will mean that the force atP» is numerically equal and oppo¬ 
sitely directed to the force onP^. 

Law 1.2 follows from observation. 


1.2. Force. We recognize forces through our muscles. With our 
point of view Newton s second law of motion^ which follows, is not a laWy 
but a definition of force. 

Newton*s second law of motion. The force F acting on a par¬ 
ticle of mass m and acceleration a is by definition such that 

F = ma. (1.5) 

Newton actually states his law in the more general form 

_ d{mv) . 

-~dl ' 

which says that the force F applied to the piu-ticle equals the rate of 
change of momentum mv of this particle, the velocit> of the particle being 
designated by v. The symbol t denotes time. 

For usual engineering purposes the mass m is constant, so that (L6) 
reduces to (1.5). From the Kinstein formula 



for the rest mass mo of the particle and speed of light c, it is clear that 
the assumption of the constancy of the mass is justified unless the 
particle is traveling almost as fast as the speed of light, relative of course 
to the given coordinate system. 

Forces not expressed in the form (1.5j are obtained experimentally. 
Consider, for example, an ordinary helical spring. By keeping one end of 
the spring fixed and attaching a body with known mass to the other end, 
measurements of the acceleration of the body for different lengths of the 
spring and the application of (1.5) enable us to associate a force with 
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each length of the spring, making allowance if necessary for the mass of 
the spring itself. Knowing the law connecting such a force with the 
length of the spring, we need only measure the length of the spring to get 
the force associated with it, experience telling us that we always get the 
same force for each length within elastic limits. Thus forces can be 
obtained without measuring masses and accelerations in each experiment. 

In practice masses are usually measured by weighing bodies, thus in¬ 
troducing the earth, as well as forces into the picture. This involves mo¬ 
ments to be explained later. We can similarly use moments to measure 
the force due to contraction of a spring. 

Since for m ^ 0 we have a = 0 if and only if F = 0, equation (1.5) 
implies that a particle with constant mass m remains at rest or travels 
with constant nonzero velocity unless acted on by some force. This is New¬ 
ton's first law of motion applied to this particle. 

1.3. Gravitation. For particles with masses mi and m 2 , sepa¬ 
rated by a distance x, the Newtonian law of gravitation is as follows. 


Law 1.3. Newton’s law of gravitation. For particles of mass nii 
and m 2 a distance ru apart the gravitational force F attrcLcling mi to m 2 
has the magnitude | F | given by 


iF| = 

^ 12 


( 1 . 8 ) 


for a constant K, and F is directed toward m 2 along the line through these 
particles. 

By “F attracting mi to m 2 ” we mean a force F at the first particle 
due to the presence of the second. Newton’s law of gravitation follows 
from the study of the motions of the heavenly bodies. This law says that 
I F1 is proportional to the product of the masses, and varies inversely as 
the square of the distance between them. 

Although it is actually impossible to measure the gravitational force 
of attraction between two particles, Newton’s law of gravitation has been 
verified indirectly by matching computations based on this law against 
measurements of the gravitational force between conveniently chosen 
bodies. This is readily done for two homogeneous spheres, since it can be 
shown that (1.8) holds when ri 2 is the distance between the centers of 
these spheres. 

Except for small discrepancies, which need the theory of relativity for 
their explanation, Newton’s gravitational law fits the movements of plan¬ 
etary bodies. At the other extreme this law does not agree with the force 
of attraction found to exist between atomic particles. For atomic particles 
the law of attraction seems to be more like (1.8) with a high power like 
the seventh on ri 2 so that the force is very great when the particles are 
close together, and drops off rapidly as they separate. 
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The gravitational force of attraction between two one-pound weights 
one foot apart at sea level is about 32 * IQ”^® pounds. From this it is seen 
that gravitational forces between bodies on the earth’s surface, arising in 
engineering considerations, are usually small compared to the other forces 
acting on these bodies, and may therefore be neglected. An exception is 
found in the geophysical prospecting for oil. Different kinds of oil-bearing 
strata are of different densities, so that the attraction of such a mass for 
the bob of a pendulum will vary with the strata. 

Since anything a man can build has geometric dimensions small ccrni- 
pared to the earth, in treating the attraction between the earth and a 
piece of equipment we may suppose that the equipment is a particle con¬ 
centrated, for example, at the center of gravity to be defined later. To 
analyze the motion of a projectile, like the German V-2 rocket bomb, the 
relation (1.8) can be used, ri 2 being the distance from the center of the 
earth to the center of gravity of the bomb. Since the earth is not a perfect 
homogeneous sphere there will be some discrepancy in the results which 
can be corrected in the formula for the acceleration of the bomb due to the 
force of gravity. This formula is 



(1.9) 


for a real number k, the acc^eleration a of the bomb, the mass m of the 
earth, and the distance r from the center of the earth to the center of 
gravity of the bomb. Relation (1.9) is an immediate consequence of 
(1.5) and (1.8). 

If a body B remains at practically the same altitude relative to sea 
level, the corresponding distance r in (1.9) is practically constant. By 
(1.9) this means that, regardless of the mass tub of B, the acceleration of B 
is constant when B is falling subject to the force of gravitational attrac¬ 
tion of the earth only. For practical purposes it is accurate enough to 
take the magnitude g of this acceleration as 32 feet per second per second 
(32 ft per sec^). This figure has been obtained, of course, by physical 
experiments. We have also 386 inches per second per se(*,ond (in per sec^) 
for g. 

That the gravitational force of attraction of the earth on B is directed 
toward the center of the earth follows at once from symmetry. We do not 
need equation (1.9) to show that the acceleration of B is independent of 
rriB. Using relation (1.8) for the force of attraction between B and an 
element of mass of the earth, we can write an integral representing the 
force F of attraction of the earth on J5, where the integration is over the 
region occupied by the earth. The mass thb is a factor of the integrand 
function, and can be taken out of the integral. It follows that | F | is 
grriB for a constant g, whence the acceleration of B is independent of ttib- 

We can introduce mass through (1.8), thus obtaining gravitational mass 
in contrast to inertial mass defined in Law I.l. No disagreement has ever 
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been found between these two methods of introducing mass. In the theory 
of relativity these are assumed to be the same. 

1.4. Superposition of forces. Sometimes several forces are act¬ 
ing on a particle at the same time. For this reason we shall need the law 
to follow. 

Law 1.4. The forces acting on particles Pi and Pz due to these par¬ 
ticles is unaffected by the presence of other particles. 

Thus, starting with Pi and P 2 we can introduce a third particle P 3 with¬ 
out affecting the forces already acting on Pi and P 2 . In addition to these 
forces we have forces acting on Pi and P 2 due to the presence of P 3 , and 
of course, there will also be forces acting on P 3 due to the presence of Pi 
and P 2 . 

Law 1.4 holds if the forces due to electric and magnetic charges are 
introduced. These charges may be at the particles themselves. 

Thus far we have treated individual particles. It is ordinarily con¬ 
venient to think of bodies as continuous mass distributions even though 
this is not the case. Remarkable agreement between theory and (experi¬ 
ment is obtained by this assumption. Replacing a body by a se! of par¬ 
ticles we can by the methods of integration in calculus extend results lor 
individual particles to continuous mass distributions. This will be illus¬ 
trated in the discussion of the center of gravity to follow in a later section. 

Law 1.4 holds when particles are replaced by continuous mass distribu¬ 
tions. This follows because, as noted above, we can approximate con¬ 
tinuous mass distributions by finite numbers of particles. In particular, 
forces on rigid bodies are unaffected by the introduction of other forces. 

The following stronger form of Law 1.4 holds. 

Law 1.5. The force aeting on a particle A due to the presence of other 
particles is the sum of the forces acting on A due to the presence of the other 
particles individually. 

That velocities, accelerations, and forces are vectors follows immedi¬ 
ately from the definition of velocity and acceleration in terms of deriva¬ 
tives and the proportionality of a force to an acceleration. 

1.5. Dimensions. In checking formulas it is convenient to re¬ 
place numbers representing the measure of physical entities by symbols 
indicating the entities measured. Thus we denote force, mass, length, and 
time by the symbols F, M, L, and T, respectively. Then in dimensional 
form we have 



( 1 . 10 ) 
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Axithmetic multipliers not denoting the measure of a physical quantity 
are disregarded in replacing a formula by its dimensional equivalent. Di¬ 
mensional analysis is often used for formulas that are polynomials in the 
measured quantities. 

Velocity is dimensionally L/T, and acceleration L/TS whence (1.5) 
yields (1.10). 

Dimensionally (1.9) is 


T2 12^ 


( 1 . 11 ) 


whence k is dimensionally given by 


k 


Jk 

TIM' 


( 1 . 12 ) 


If X is the displacement of a linear spring from equilibrium, the spring 
force F is given by Kx (Hooke’s law), whence K is dimensionally 

K (1.13) 


Engineers often prefer the dimension of force to mass. In this case the 
dimensionality of K is F/L, One advantage of the use of dimensions lies 
in changing units of measure. Thus it K = 200 when ix)unds and inches 
are used, we can get K for pounds and feet by replacing L in F/L by 
L/12 so that F/L becomes \2F/L, whence K = 2,400 in pounds per foot. 
With 16 ounces in a pound, if we use ounces and feet we must replace F/L 
by \6F/L, where in the latter fraction Fh in ounces and L in feet, whence 
K goes from 2,100 to 38, U)0 imtices per foot. Here we are using F and L to 
mean force and length in given units of rneasun^ 

In setting up equations of motion for physical systems we add or sub¬ 
tract terms only if they are dimensionally the same. For example, we add 
pounds to pounds, or seconds to seconds. This fact is of value in checking 
the equations. 

Dimensions are also of use in finding new formulas, as will be shown in 
Sections 2.20-2.23 and sections of other parts of the book. 


1.6. Center of gravity. The reader is assumed to be familiar 
with the concept of resultant of a finite number of forces, obtained by 
adding these forces according to the parallelogram law. We shall consider 
a continuous mass distribution that will require integration of real func¬ 
tions representing force components. 

We shall show how the concept of center of mass, or what for practical 
purposes in engineering is the same thing, center of gravity, simplifies the 
study of rigid bodies. Although center of mass suggests a point that does 
not depend on a force of gravity acting on the body, but rather depends 
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on the body only, we shall adopt the usual engineering language of center 
of gravity. 

"We consider a Cartesian coordinate system in three-dimensional 
Euclidean space and a rigid body B in this space as shown in Figure 4. 
We choose a point Pi(ar„ z,) on or within the body B, and construct an 
element of volume containing the point for convenience a rectangular 
parallelepiped with sides parallel to the coordinate axes. The length of 
these sides is taken to be Aa;,-, Ay,*, and Az^ respectively, and the mass of the 
body contained within the element as Am,. We construct a sequence of 
such parallelepipeds with i = 1, 2, . . . , n having the property that 
these parallelepipeds do not overlap, and each point in the body B lies on 
or within at least one such parallelepiped. We let M designate the mass of 
the body B, and let P(:f, y, z) denote the center of gravity of B, 



Fig. 4. Rigid body B with center 
of gravity P(jr, y, 5) and element 
of mass Am,. 

Consider the lengths of the chords joining points of the same parallele¬ 
piped. For the given parallelepipeds these lengths have a maximum value 
5. By definition £ is such that the equation 

n 

tM = Lim y y,Am, (1.14) 

t** 1 

is satisfied, where the limit is taken over sequences of parallelepipeds as 
6 —> 0. In standard notation (1.14) can be written as 

tM — f j j 3rdm, (1.15) 

the integration being over the body B. Similarly, 

yM j f J ydm, zM ^ j j J zdm, (1.16) 

so that the point P is uniquely determined by (1.15) and (1.16), provided 
of course that the indicated integrations can be carried out. 
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To clarify the integrations of (1.15) and (l.W) we shall introduce the 
concept of density at a point. Let AF denote the volume of an element 
containing the point, and let Am designate the mass of this element. The 
density of the body at the point in question is p, where 


in this limit the maximum chord joining points of the element goes to 
zero. It follows from (1.17) that if the density p of a body is the same at 
each point in the body, the mass of this body is the product of its volume 
by the density p. 

Let us assume that the density varies continuously over the body B, 
whence the density takes on a maximum and minimum value for each 
element. We let Pim be the maximum value of the d(^nsity at the points of 
the element of Figure 4, and pim be the minimum. If the density at each 
point in the element is replaced by the maximum ptM, the mass of the 
element remains the same or is increased. A similar remark holds for pn„ 
with the word increased replaced by decreased. We therefore have 

p,n*A5CtAy,A2, ^ Amt S Pt\fAx,AytAZt. (1.18) 

It follows that 

Am, = ptAy,AyiAz, (1.19) 

for some number pi between p,m and ptM. Since the density is assumed to 
vary continuously with a point in B, the value p, is taken on by some point 
in the element; for simplicity let us say that it is P,. We can now write 
(1.14) as 

n 

xM = Lim y x,piAxAyiAZi, (1.20) 

»-*o 

1=1 

whence by the methods of the calculus we have 

fM - f f f 3-pdxdydz (1.21) 

for (1.15), the limits of integration being obtained from the body B as is 
usual in the calculus. 

The properties of continuous functions used here enter implicitly into 
virtually all extensions of physical laws from the finite to the continuous 
case. 

Let us consider the body B at a particular instant. The point P< of the 
body B has an instantaneous ^-component of acceleration represented by 
a real function a„-, which by calculus is (Pxi/dt\ time being denoted by t. 
We define an element of force by the function AFxi, for which 


AF„- = OxiAmi. 


(1.22) 
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Integrating we have the following relation for the function representing 
the x-component of the force acting on tlie body B, the double prime 
designating second derivative with respect to t: 

F, = J x"dm. (1.23) 

The following theorem relates the motion of a rigid body B to that of a 
particle. 

Theorem 1.1. The center of gravity of a rigid body B under the 
influence of a system of forces moves as if the mass of B were concentrated at 
the center of gravity and all of the forces were acting at this point. 

The ar-coordinate t of the center of gravity of B may vary with the time 
and so may the a:-coordinate of a point anywhere in B. The mass Am 
of an element is assumed not to vary with time, the same being then true 
of the total mass M of B. We can obtain 


= 



(1.24) 


by differentiating both sides of (1.15) twice, provided that the indicated 
differentiations can be performed. By (1.23) and (1.24) 


Fx - x"M 


(1.25) 


as was to be shown. As far as the motion of the center of gravity is con¬ 
cerned a rigid body thus behaves like a particle. 

By Theorem 1.1 the study of the motion of a rigid body reduces to 
that of the center of gravity and motion of the body about the center of 
gravity. The motion of a body about a fixed point, which may or may not 
be the center of gravity, can be thought of as a rotation about an axis 
through this point, the axis itself being possibly in motion. The rotation 
of a body about an axis is of particular importance for engineering 
purposes. This will be treated later. 

1.7. Internal forces. A force which acts on a physical system 
but depends on something outside of this system is called an external force. 
Forces which depend only on the interaction of parts of the system are 
. termed internal. These concepts are important for the theorem which 
follows. 

Theorem 1.2. For a system of particles the sum of the internal forces 
vanishes. 

Theorem 1.2 follows immediately from Laws 1.1, 1.2, and 1.5. By inte¬ 
gration it extends to a continuous distribution of matter. It follows that 
the center of gravity of a rigid body moves as though the total external 
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force were applied at the center of mass with the mass of the body Con¬ 
centrated at this point. 


1.8. Momentum. The momentum of a system of particles is by 
definition the sum of the momenta of these particles (see Section 1.2). By 
integration this extends immediately to continuous distributions of mass. 

By (1.6) and Theorem 1.2 the momentum of a system of particles is 
constant if there is no external force acting on this system. It follows that 
if for practical purposes the sum of the external forces acting on a system 
is small, we may take the momentum of the system constant. This we 
have done in a later section on the collision of two bodies. 


1.9. Energy. The concept of energy springs from the idea of 
work to which it is equivalent. Through getting thed we feel that some¬ 
thing in us disappears when we do “work” against an opposing force. 
Aside from tliis, energy and work are concepts wliich arise naturally in 
the mathematical study of bodies in motion. 

Let us suppose that a particle of mass m moves along an o^-axis under 
the influence of an applied force represented by a real continuous func¬ 
tion F of X, By definition the work done by the force, represented by F, in 
moving the particle from a? = a to = a? is given by the integral 


w = 

f^Fdx, 

fo 

(1.26) 

whence differentiation yields 



dx 

= F. 

(1.27) 

By (1.5) 



dW = 

mx"dx. 

(1.28) 


Here the primes denote differentiation with respecit to time. Integration 
of (1.28) yields 

W == ^m(xy + C. (1.29) 


The integral in (1.26) will still exist if F has a finite number of discon¬ 
tinuities and is bounded. We define the kinetic energy T of the particle to 
be such that 

T = ^m{xy, (1.30) 

It follows that the work done in going from x = b to x = c is the kinetics 
energy at a* = c minus the kinetic energy at x = 6. 

If the work done is positive we say it was done by the force and if 
negative the work was “done on” the force. 

These considerations generalize to the motion of a particle in space, 
where the work done in describing a path C is the integral 

F I cos 6ds 
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for the meignitude 1 F1 of the force F, an angle B between the vector F 
and a tangent ray in the direction of motion, and arc length s on C. The 
work done in describing C can be written in the vector form 

In general, by definition, 

T = im\v\^ (1.31) 

for the velocity v of the particle. This relation extends to a system ol* 
particles, where the kinetic energy of the system is the sum of the kinetic 
energies of the particles. Integration yields the kinetic energy of a continu¬ 
ous mass distribution. 

We can define other forms of energy such as heat, and shall accept witli- 
out proof the following law. 

Law of conservation of energy. Energy can neither be created nor 
destroyed. 

Thus energy possessed by a system independently of other systems 
either transforms into a different form or to its equivalent mass. The prin¬ 
ciple of the equivalence of mass and energy is of practical importance in 
the case of the atom bomb. 

Energy may be received by a system or delivered to other systems. 

We may think of the law of the conservation of energy as due to the 
way we define energy. 

Energy is recognized through its equivalent work, linergy manifests 
itself in mechanical, electrical, magnetic, thermal, chemical, and other 
forms. A more extensive treatment of the subject will be given in Part III 
on thermodynamics. 

It is sometimes convenient to think of any kinetic energy change of a 
system as due to a force. The same statement is true for other forms of 
energy possessed by a system. We can clearly replace (1.27) by 

F - g. (1.32) 

which can be thought of as defining force. A more convenient form for our 
purpose is 

hV = r (1.33) 

for the time derivative representing the velocity v of the particle, and 
time derivative T of T, 

1.10. Collision of two bodies. The study of force naturally 
leads us to consider the theory of collision of molecules. We treat the more 
general case of the collision of two bodies which are not distorted too much 
because of the collision, so that as far as computations of momenta are 
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concerned we may suppose that they are rigid, and concentrated at their 
centers of mass. 

We let mi and m 2 be the masses of two bodies. We suppose that the 
motion takes place along a straight line. We let and vz be real functions 
representing the respective initial velocities of the two bodies. We let Vi 
and V 2 represent their respective final velocities after impact. Since the 
momentum of the system of two bodies is constant we have the equation 

rriiVi + m 2 V 2 = miVi + m 2 V 2 > (1.34) 

We need another equation to determine the final motion. 

We shall suppose, to begin with, that the kinetic energy of the system 
is unchanged. This means that no energy goes into heat or some other 
form. We have thus 


himivl + nhii) = i(miVl + m2Vl) (1.35) 

as the conservation of energy equation. 

We write (1.34) in the form 

mi(ri — Vi) = m2(V2 V 2 ). (1.36) 

From this it is (iear that eitlier the initial and final velocities of both 
bodies are equal (no collision at all), or 

7*^ Vi, V 2 7 ^ F 2 . (1.37) 

We assume (1.37). We write (1.35) as 

mi(vl - VI) = m 2 (y| - vl). (1.38) 

By (1.36), (1.37), and (1.38) 

+Vi^V2+ V2. (1.39) 

The equations (1.36) and (1.39) determine Vi and V 2 in terms of mi, m 2 , 
Vl, and ^ 2 . 

The equations (1.36) and (1.39) hold for perfectly elastic collisions, 
which is the case for ordinary molecular impacts. 

When bodies are not perfectly elastic, as is usually the case in engineer¬ 
ing, it is convenient to replace (1.39) by 

Vl — V 2 = e{v 2 — Vl), (1.40) 

When e = 1 equation (1.40) reduces to (1.39). At the other extreme when 
c = 0 we have = V 2 > This is the case of completely inelastic collision 
when the bodies adhere after collision. In practice we never have e = 0, 
although it is nearly zero for putty or lead in the case of ordinary col¬ 
lisions. In any event the momentum equation (1.34) holds. 

Theory and experiment show (1.40) to hold for normal head-on col¬ 
lisions, and that e depends mainly on the materials of which the bodies 
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are made. Values of e for such a material as steel can be found in engineer¬ 
ing tables. For steel a common value of e is 0.55. 

IJl. Ve3orit>, position, and inertial forces. If a rigid body 
moves through a liomogeneous fluid medium, such as a piston in a lubri¬ 
cated cylinder or an airplane in air, the body encounters resistance. This 
is due to the momentum transferred to the fluid because of impact with 
its particles. From physical considerations we would expect the body to 
encounter more fluid particles as the speed is increased, and that as the 
speed r of the body is increased, more kinetic energy is transferred to the 
fluid particles, on the average. We would therefore expect the rate V of 
this kinetic energy to increase as a power of the speed, such as the square 
of the speed, so that 

r = cv\ (1.11) 

where we have supposed, for simplicity, that the motion of the body is 
one-dimensional. By (1.33) w^e have (consider the body to be drifting) 

1 F| = cv (1.12) 

for the velocily force h\ The force F is generally called a damping force. 
The constant c is the damping coefficient. It has the dimensionality 
M/T, andFT/L. 

In any case (whether or not the motion is linear) tlie damping force F 
will be represented by an increasing function F{v) of r where 

F{{)) = 0. (1.13) 

Experiments show that we can use 

F{r) = (1.44) 

where n depends on the range of speeds being studied. For high-speed 
projectiles the exponent n may be as much as 3, and is often taken equal 
to fractional values like 2.5. At the speeds that ordinarily arise in engineer¬ 
ing n — 1 is satisfactory for many applications. 

If the medium is changing, or the attitude of the body relative to the 
direction of motion is varying, we can account for this by changing c. 

The above remarks hold also for nomigid bodies provided the changes 
in shape are not too large. Also, the medium may be a collection of dust 
particles or even a solid medium which breaks to allow passage of the 
given body. 

The damping may be due to friction within the body itself. The con¬ 
siderations above indicate that this would increase with the relative 
motion of the molecules in the body. 

We have shown that damping arises when a body moves through a 
medium, this damping being due to molecular collisions, and being thus 
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a force due to contact. Understanding that a force given by a function of 
the velocity of a point in a body is a velocity force, it will appear from Part 
II on electricity and magnetism that such a force can also arise due to 
“action at a distance.” This 1‘orce of Part II also depends on position. 
Specifically, an electric charge moving with velocity v exerts a force 
(with magnitude proportional to | t? |) on other electric or magnetic 
charges, so that if the body being studied is made of magnetic material or 
conducts electric current a force is exerted on it due to currents in other 
bodies. 

The forces due to collisions and currents are the physical velocity forces 
which arise in the analysis of motions. By a physical force we mean one 
that exists because of the presence of matter in space, in contrast to forces 
wliich can be applied by a living being. Because of the nature of the 
human mind, forces appUed by muscular effort can be almost anything in 
mathematical form, such as rather arbitrary functions of time. 

In setting up the equations of motion of a physical system it is not 
necessary in general to work with the coordinates of each point in the 
system, in fact, if we did so the mathematics would be too cumbersome. 
It is necessary only to know the positions of certain reference points from 
which the positions of all other points can be determined. We use “point” 
here to mean position oc^cupied by a particle of the system. If the body is 
rigid it is a simple matter to locate a point with reference to the rest of the 
body. Ill practice we focus our attention on a small portion of the body, 
which might, for example, be marked with a pencil. 

It is similarly a simple matter to follow the motion of “particles” in a 
deformable solid body. For liquids it is not so easy. In a practical case we 
could, for example, suspend small solid particles in the fluid, assuming 
that this does not affect the fluid. As will be seen in Part V on fluid 
mechanics, it is generally necessary to work with each point in the fluid 
to study its motion. 

The position of each point in a rigid body is determined when the posi¬ 
tions of three points in the body are known. The position of each point is 
also known when the position of the center of mass and a set of fixed 
axes on the body with origin at the center of mass are known relative to 
the given coordinate system. 

In studying machinery one coordinate will often suffice for each body 
in the given system. Thus the position of a piston in a cylinder and of a 
wheel on an axis are determined by the value of one variable. 

Forces which depend on distance only will be called position forces. 
Gravitational forces on given bodies depend on position only and are 
position forces. As will be seen from Part II the “static” electric and 
magnetic forces of attraction and repulsion between given charges and 
poles are also position forces. 

When a spring is extended or contracted, or for that matter an elastic 
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body is deformed, the equilibrium between the molecular forces is dis¬ 
turbed. We would expect the rearrangement of the molecules to give a 
different resultant force dependent on the displacement because the 
gravitational, electric, and magnetic forces between the molecules would 
be changed. This is what happens. 

For an elastic body a given set of forces will produce a certain shape. If 
now the forces are varied and then the original applied forces are used, the 
body will come back, for practical purposes, to its original shape. If this 
did not happen we would say that the body was not elastic, or that it had 
been strained beyond the elastic limit. 

In springs, as commonly used, the displacement is primarily along 
one line so that one coordinate suffices. If x is the displacement coordi¬ 
nate measured from the state where there is no force applied to the 
spring, or the spring applies no force, the force associated with the exten¬ 
sion or contraction of the spring is clearly represented by a function/(a;) of 
X, Although in ordinary springs this is proportional to x, nonlinear springs 
are now used in industry where, for example, 

fix) = kx^ 

for a constant k. In any case the slope of the load-deflection curve is 
called the spring scale. In what follows the springs are linear except where 
a remark is made to the contrary. See Figure 5 illustrating types of springs 
in common use. 

A plastic material will generally not come back to its original shape 
when the initial forces are reapplied after some other distribution of forces. 
The forces associated with such a body thus depend on the past history of 
the body. 

We can write (1.5) as 

F + F,„ = 0 (1.45) 

for the inertial force Fm equal to —ma. Following d’Alembert we thus 
think of (1.5) as a relation which says that a sum of forces vanishes, on(i 
of the forces being the applied force. We say that the particle is in dy¬ 
namic equilibrium, that is, the sum of the forces associated with the 
particle vanishes. For a particle traveling along an x-axis Fm is, of course, 
represented by —/nar". 

In the discussion above the forces that act on particles due to other 
particles are position and velocity forces. There is also a force which 
depends on acceleration and is not an inertial force. Due to electro¬ 
magnetic induction we can associate a force on an electric charge qi due 
to the acceleration 02 of an electric charge ^ 2 , where this force is pro¬ 
portional to the product of qu ^21 and 02 , and inversely proportional to 
the distance r between the charges. We shall not need to make explicit 
use of this force in the developments to follow. Since by the calculus we 
reduce the study of continuous distributions of matter to that of particles, 
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we can extend the treatment of particles to bodies spread out over space, 
and thus obtain the forces which can arise in the study of bodies. We 
must know what kinds of force to look for in a physical problem in order 
to be able to set it up in mathematical form. 

We are including electric charges and magnetic poles in this discussion 
when we refer to particles. 

The force on a particle is proportional to the mass or charge of this narticlc. 



Fig. 5. An assortment of industrial linear and non-linear springs. Courtesy of 
the William D. Gibson Company. 

Suppose that whenever the elements of a given body are replaced by 
particles, only position forces act on these particles individually. We 
would then expect the resultant of the forces on the body to be a function 
of the coordinates of the reference points in the body. That this is true 
follows from the type of argument below in the special case of a plate. 

We consider a rigid plate B in motion, as in Figure 6, relative to an 
ry-Cartesian coordinate system. The point y) is a fibced point in the 
plate, and UA is a polar axis rigidly attached to the plate. We let w desig¬ 
nate an angle between T)A and the positive direction of the ar-axis. The 
position of each point in the plate is known as soon as £, y, and o) are 
given. Each point P(x, y) on the plate has polar coordinates (r, 6 ) that 
are fixed for the point, and do not change with the motion of the plate. 



[chap. 1 


22] MECHANICS OF PARTICLES AND RIGID BODIES 

We have the following relations 

X ^ X + r cos {B + co), 
y ^ ^ + r sin {$ + a>). 

We shall suppose, for simplicity, that if a particle is placed at a point 
in the plane, this particle is under the influence of a position force due 
to the position of this particle relative to 0. Thus we might have a mass 
particle at 0, or electric or magnetic charge, or a combination of thestj 
things. Actually, magnetic charges occur in pairs so that in the case of 
magnetism we would have to consider dipoles rather than magnetic? 
charges (see Chapter III). We have a force FpAA on the element of the 
plate with mass or charge pAA, where AA is the area and p the density ul‘ 
the element. The quantity p might, for example, be electric charge den> 



Fig. 6. Plate B in motion. 

sity. If we are treating gravitational effects, p is mass density. If we con¬ 
centrate the mass or charge pAA at a single point P(a?, y) on the plate, the? 
force acting at P is F{x, y)pAA for a vector function F[x, y) of x and y 
(actually of + y^). The density p is a function of r and 6 . The compo¬ 
nent of F in the ar-direction is represented by a real function Fx(x, y). We 
take dA = rdrdd. By the calculus the resultant Rx of all of the forces 
acting on the plate B in the a?-direction is given by 

^ f f y)rdrde. (1.47) 

a*' 

By (1.46) relation (1.47) becomes 

Rx — J J pFxlx + r cos (^ + «), y -f r sin ($ -f o))]rdrdd, (1.48) 

B 

The integral in (1.48) is clearly a function Rx(£, y, «) of £, y, and w. Sim¬ 
ilarly for the resultant Ry in the y-direction. If 6 is the center of mass of 
the plate, the motion of this point is thus determined by position forces 
dependent on the coordinates £, y, and w of position only, and not de¬ 
pendent in any other way on the coordinates of position of the points on 
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the plate. Of course, the forces depend on the nature of the source at the 
origin. 

If now the plate B is under the influence of a set of particles or continu¬ 
ous distribution of mass (or electric, or magnetic charge), summation 
over the set of particles or integration of the continuous mass source of 
forcje, where the source coordinates are known, still yields a resultant force 
which is a function of y, and o), and not dependent in any other way 
on the coordinates of position of the points of the plate. The summation or 
integration in this case is over coordinates of points of the source and 
does not affect X, or w. 

Equation (1.5) applied to the x and y-directions yields two equations 
of motion for the center of mass 0 , which are sufficient to determine the 
motion of this point, with, of course, suitable initial conditions to be ex¬ 
plained in a later section. Wc need another equation to determine w. 
As we shall show later, an analogue of (1.5) for rotatory motion involving 
torque and moment of inertia yields this equation. Analogy between 
linear and angular motion shows that in our present problem the torque 
is a function of position only. 

The reader can easily prove that in general, if a rigid body is acted on 
by position forces, these forces are functions only of the position coords 
nates used to describe the state of the body, and do not involve these 
coordinates in any other way. 

1 .12. Position-velocity forces on rigid bodies. We have shown 
already that if a rigid body is moving through a medium other than 
empty space, the collisions of the body with the molecules of the medium 
yield a damping force that is a function of the velocity of some reference 
point in the body. As also remarked above, the body may be acted on by 
forces due to moving electric charges and dependent on velocity (as well 
as position). This would be true if we had to consider the electric and 
magnetic properties of the body. We would expect that the resultant force 
on the afl*ected body due to moving electric charges depends on the refer¬ 
ence coordinates and their derivatives only (the body and charges being 
given), inasmuch as the derivative of a function of these coordinates will 
be a function of these coordinates and their derivatives. That this is 
actually the case is a consequence of the type of argument below applied 
to the plate B of Figure 6 subject to the forces of moving charges. 

We suppose that a single electric charge is placed at 0, such as an elec¬ 
tron, and that the plate is moving in the plane relative to 0. This is the 
same as having the charge move relative to the plate. Differentiating the 
relations (1.46) we have 

ar' » f— TO)' sin (6 + w), 

/ = y' + rw' cos (0 + co), 

where the primes denote derivatives with respect to time. 


(1.49) 
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To simplify the argument we shall suppose that the plate is magne¬ 
tized with magnetic density p. This is of mathematical interest only be¬ 
cause, in order to agree with nature, we should treat dipoles rather than 
magnetic charges (see Chapter III). If we concentrate an element pAA 
of the plate at a point P{x, y) on the plate, the force on the element, as 
we shall see in Part II, is actually perpendicular to the plane of the plate, 
and is a function of the velocity of the point P, as well as the distance 
from 0 to P (this force is also proportional to p^A), This means that the 
components of the force on the element are represented by functions 
pFxix, y, x\ y')AA and pFy(x, y, x\ y^)AA as far as the coordinates of P 
are concerned. It follows that the resultant of the ^-components of the 
forces acting on the plate, due to motion relative to the charge at 0, is 
represented by P* where 

P* = / / pFx(x, y, x\ y')rdrde, (1.50) 

B 

A similar formula holds for Ry. In view of (1.46) and (1.49) the force F 
acting on the plate is a function of f, y, w, f', y', and a>'. 

This argument extends to more complicated sources of force due to 
moving charges. In any case the resultant force is a function of coordinates 
of position and their derivatives, the coordinates being any set used to 
determine the plate. Such a force is a posilion-velociiy force dependent on 
both position and velocity. Similar results hold for the effect of moving 
charges (like currents in a wire) on other moving charges or magnets in 
the general case. 

In Part II we shall treat fields of force. We have been working with 
such fields in this and the preceding section. 

1,13. Dry friction. When one solid moves over another we have 
dry friction between the solids. This type of friction is important in the 
analysis of unoiled parts of machinery which rub each other. A typical 
curve is shown in Figure 7 for a Cartesian distance coordinate x versus 
time t. The friction force in the case of linear motion is numerically large 
when the motion begins, and drops off rapidly as the speed of one solid 
relative to the other increases, being fairly constant for high speeds. 

‘ When there is no motion this force can be anything in a certain finite 
range, not shown. For the average engineering application reasonable 
results can be obtained by replacing the function F representing the fric¬ 
tion force, whose magnitude is given in Figure 7, by 

-K ^F ^ Ktorx' ^ 0, 

F^ “ «' > 0 , 

F^ K “ x' < 0. 


(1.51) 
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The force represented by F of (1.51) is pictured in Figure 8. The friction 
force always opposes the motion. Thus when x' > 0, this force is directed 
toward the negative half of the a;-axis and is represented by a negative 
function. We have here a case of a velocity force not uniquely determined 
when x' = 0. 

These results extend readily to nonlinear motions. 



K 


F 




-K 


Fig. 8. Dry friction. 


1.14. Forces on rigid bodies. We have been considering physi¬ 
cal forces only, in contrast to forces applied by muscular effort. We shall 
also exclude forces which can be ascribed to chemical reactions, that is, 
the change of chemical energy to energy of motion, and certain other 
energy changes such as those involving heat. Such forces can vary in 
rather general ways depending on the nature of the reaction. We restrict 
ourselves to the forces due to mechanics and electromagnetism. In Principle 
l.l to follow we exclude the acceleration force of Section lAl on an electric 
charge qi due to the acceleration 02 of an electric charge because in 
engineering we are generally concerned with currents rather than individual 
charges. Our analysis shows the following principle to be valid. 

Principle 1.1. Exclude from consideration the acceleration force of 
Section i.ll on an electric charge. The physical forces which act on rigid 
bodies, where these forces are independent of past history, and are due to 
mechanics and electromagnetism only, are functions of the coordinates of 
position of these bodies and the first derivatives of these coordinates with 
respect to time, and do not otherwise involve these coordinates. 

In the statement of this principle the functions are understood to be 
vector functions. If we work with components in the directions of the 
axes of a Cartesian coordinate system, these functions are real functions. 

By forces “due to mechanics,” that is, mechanical forces, we mean 
forces existing because of the masses in the problem. Electromagnetic 
forces are due to electric charges and magnetic poles. 
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Principle iA cmers the forces an engineer may expect to find in most 
physical problems. 

We have arrived at Principle 1.1 by an analysis of the forces due to the 
presence of gravitational, electric, and magnetic fields, and due to col¬ 
lision of these bodies with particles of surrounding media (also, such 
molecular forces as those of Van de Waals are position forces). For the 
sake of brevity we have omitted some proofs which follow the lines al¬ 
ready indicated. 

We have stated Principle 1.1 to include electric and magnetic effects 
because these often occur in conjunction with mechanical aspects of a 
problem. Because of the principle of superposition of forces we may treat 
the mechanical and electromagnetic effects separately, and combine these 
in setting up the differential equations of motion. Thus, if Fi is the result¬ 
ant of the mechanical forces acting on a rigid body, and F 2 the resultant 
of the electromagnetic forces, and if M denotes the mass of the body and 
o the acceleration of its center of gravity, we have the equation of 
motion 

Fi “h F 2 = Afci. 


Principle 1.1 includes forces that are constants in the problem, such as, 
perhaps, the force of gravity. 

Principle 1.1 simplifies the problem of finding the forc'es acting on a 
physical system. It is clearly unnecessary to look for forces that are func¬ 
tions of third derivatives of coordinates of position: or as another exam¬ 
ple, it is unnecessary to look for forces proportional to squares of the sec¬ 
ond derivatives of position. 

Tf a rigid body is being translated in the x-direction only, by Principle lA 
we may expect the function representing the resultant force to be of one of the 
forms 

F{x), Fix'), Fix, x'), 

and if forces due to currents imoving charges) are excluded we have forces 
of the first two types only. This is particularly important in the solution of 
engineering problems. For bodies rotating about axes, F{x) and F{x') be¬ 
come the torques Tid) and Tid') for the angle of position d, and the deriva¬ 
tive B' of B. 

Except for the acceleration force of Section 1.11 on an electric charge 
the second time derivatives of position coordinates occur only in inertial 
forces, which are not thought of as applied forces. 

It will appear from Part II that a force on a magnetic material may 
depend on the past history of the material. 


1,15. Units. The magnitude of the force of attraction of the 
earth on a body is called its weight. It follows that if w is the weight of a 
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body and m its mass, we can obtain m from the relation 

m ^ ^ (1.52) 

q being the magnitude of the acceleration of gravity. We shall employ 
the following units v\eight in pounds, distance in feet lime in seconds, 
w hence mass is in slugs, 

Engineers usually avoid the term slug, preferring the dimension Fof 
force to that of mass, as remarked in Section 1.5. 


1.16. Dashpots. Man\ mechanical systems can be (considered 
to be made up of masses, spi mgs, and dashpots, and are often coiistiucted 
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Fig. 9. Automobile shock absorber. Courtesy of the Gksneral Motors Corporation. 

directly from such elements. A dashpoi is composed of a piston which 
moves in a cylinder filled with a noiirigid substance that is permitted to 
slide past the piston. This substance may be air as in an electric bread 
toaster, or oil as in the shock absorbers of an automobile. If the piston 
is not moved, th(‘ medium in which it is immersed exerts no force on the 
piston. The faster the piston is moved, the greater is the force. For ordi¬ 
nary dashpots this force is given by 

F = -cx' (1.53) 

for a positive number c and velocity of the piston designated by x'. 

If there is a damping force, represented by F of (1.53), acting on a 
body, we may think of this as caused by a dashpot. Similarly, a position 
force may be thought of as due to a spring. 

An industrial example of a dashpot is given in Figure 9. 
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CHAPTER 


2 

A pplications and further development of 
the theory of the mechanics of rigid bodies 

2 .1. Example of a spring-mass system. We are ready to set 
up mechanical systems in mathematical form. We shall begin with a 
simple example. We have Figure 10 where a linear spring with scale k is 
attached to a support. The other end is connected to a body B with mass 
m whose position is determined by a coordinate x. An arrow is used to 



Fig. 10. A simple Fig. 11. A spring- Fig. 12. Body B 

mechanical system. mass system. below its equilib¬ 

rium position. 

indicate the positive direction for x. Let us suppose that the spring-mass 
system hangs vertically from the support. We shall take the origin of the 
x-axis at the position occupied by the body B when B is at rest. By defini¬ 
tion this occurs when x' is identically zero, that is, 

x' = 0 . ( 2 . 1 ) 

The situation is pictured in Figure 11 where the weight w of the body B 
is balanced by the force, represented by Fo, due to the elongation of the 
spring. For the position of rest of B, equation (1.5) reduces to 


Fo — ti? = 0, 


( 2 . 2 ) 

[29 
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the force acting on B being represented by (Fo ~ w)^ and the acceleration 
being zero. 

We shall consider any slate of the body By state we mean the physical 
situation in which the body finds itself at a particular instant. As an 
example, we take Figure 12 with the body B below the origin, and travel¬ 
ing downward. In this figure F represents the spring (position) 

We recall that if a*' is positive the velocity vector is pointed toward the 
positive end of the T-axis. It follows from vector diHerentiation that if or" 
is positive the acceleration vector is directed upward also. Hence the 
force represented by mar" is directed upward if a*" is positive, and is called 
positive. 

It is convenient to point the velocity vector upward when x/ is positive, 
since the direction of motion is upward in this case. We could, of course, 
violate custom, and point the vector the other way, obtaining logical 
mathematics as a result. In a mathematical study we have a right to take 
the positive sense any way we please. 

Since (F — Fo) is positive (tlie spring is stretched downward from equi¬ 
librium) and kx is negative for the state of Figure 12, fe being understood 
to be positive, it follows that 

F = Fo - kx. (2.3) 

By (1.5) we have 

Fo — w — kx — maj". (2.4) 

In writing this equation the body B is treated as if it were a free body. 
From (2.2) and (2.4) we obtain 

mar" + kx = 0. (2.5) 

If we had started with any other state, we would have gotten the same 
second order differential equation (2.5), that is, analysis of the ± signs 
would have led to the same signs as used in (2.5). 

The equation (2.5) is not enough to determine the motion of the body B. 
We need initial conditions to complete the mathematical picture. It is 
convenient to know what x and ar' are for one state, for example, when 
i = 0. Let aro and aro be the values of ar and ar' respectively, when t — 0. 
Then the initial conditions 

/ = 0, a- = a*o, a- = a*^ (2.6) 

with (2.5) form a mathematical system from which the position of B for 
any instant can be determined. 

In place of (2.6) we may use other sets of conditions such as 


/ *= 0, ar = aro; t — to, x — a*i, to 0. (2.7) 

The advantage of (2.6) over (2.7) is that (2.6) depends on one state only, 
whereas (2.7) is determined from two states. 
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By the theory of differential equations the general solution of (2.5) in¬ 
volves two arbitrary constants whose values can be found from (2.6), 
(2.7) or other information about particular states. 

Experience shows that the coordinates of position vary continuously 
with time, that is, a body cannot instantaneously jump from one position 
to another. However, we may get very satisfactory results in setting up 
initial conditions if, when an extremely rapid motion occurs in a problem 
in conjunction with a slow motion, we assume that the rapid motion 
takes place instantaneously. Thus if a part of a machine changes position 
in 0.01 second, and we are concerned with the motion of the parts of the 
machine over minutes or even over one se(‘ond, we would probably be 
justified in supposing that the change of position of the given part oc¬ 
curred instantaneously. 

It is also sometimes convenient to assume that velocities change in¬ 
stantaneously, as when an automobile traveling at 50 miles per hour 
(mph), crashes into a stone cliff, and we are concerned with the motion 
of the occupants. In this case we might suppose that the speed of the 
automobile changes instantly from 50 miles per hour to zero miles per 
hour. 


2.2. Force deviations from equilibrium. The force of gravity 
does not even occur in (2.5) and (2.6). It could have been ignored in 
transforming the physical system into mathematical form had we meas¬ 
ured our forces as deviations from equilibrium, equilibrium in this case 
being the state where the body B is at rest (x' = 0). This is a case of 
static equilibrium, that is, a state where the derivatives of the coordinates 
of position with respect to time vanish identically. We have illustrated 
the principle to follow. 

Principle 2.1. In setting up the differential equations of motion for 
a body under the influence of a system of forces, these forces may be measured 
as deviations from the forces which exist when the body is in static equilibrium. 
In particular, constant forces {having the same value as in static equilibrium) 
can be ignored. 

Principle 2.1 often gives a great simplification of the mathematics of a 
physical problem. We shall show why this principle is valid. 

Let us consider a particle of mass m and acceleration a. Its equation of 
motion is 

Fq -f- F = ma, (2*8) 

where Fo is the total force acting on the particle when it is at rest, and 
{Fq -f- F) is the force acting on the particle at the instant being consid¬ 
ered. However, in static equilibrium o = 0, whence Fo = 0. This argu¬ 
ment extends to any physical system. 

Principle 2.1 can be extended to a slightly more general form. We can 
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measure our forces and accelerations as deviations from what they are in 
any one state in which no point in the body is accelerating. 

Under the influence of the forces, for which we may wish to treat a 
particular problem, there may be no equilibrium state to which Principle 
2.1 is applicable. For engineering purposes this principle is generally satis¬ 
factory as stated. 

In the typical engineering problem gravity is constant, and can there¬ 
fore be ignored as far as the study of motion is concerned. Since static 
equilibrium problems are relatively easy compared to problems concerning 
motion, we shall concentrate on the latter. 

If in Figures 10-12 the spring is changed to a horizontal position, or 
placed at a slant, we may still ignore the force of gravity in view of Prin¬ 
ciple 2.1. Of course, that the force of gravity may be ignored when the 



Fig. 13. Spring at an angle 
with the vertical. 


spring is horizontal also follows from the fact that this force acts perpen¬ 
dicularly to the direction of motion of the body B, and therefore has no 
effect on the motion of B. We assume here that any sag in the spring is 
negligible. 

No matter at what angle the spring is placed relative to the vertical, 
there is a state for which x' = 0, in which case the component of gravity 
along the spring is exactly balanced by the force in the spring due to 
stretching. Such a situation is pictured in Figure 13, where the direction 
of motion makes an angle a with the vertical, and the component of the 
force of gravity along the line of motion has the magnitude w cos a, 
balanced by an equal and opposite spring force Fo. 

If the body B in Figure 13 is displaced by a directed distance x from 
equilibrium, the spring force changes by an amount represented by F, 
where F « — fcr. Applying (1.5) we immediately obtain (2.5). This is the 
procedure commonly used in industrial practice. 

The treatment of the spring-mass system above is premised on the 
assumption that the spring is without mass, and is linear over the range 
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of motion considered. If the mass of the spring must be taken into ac¬ 
count, we usually include one-half the mass of the spring with the mass of 
the body. 

We shall illustrate the preceding development with typical numerical 
cases. 


2.3. Clocks. Several clocks have been built with a timing mecha¬ 
nism in the form of the mechanical system of Figure 10. Let us suppose 
that the bob weighs 0.1 pound (lb), the weight of the spring is 0.02 pound, 
the spring scale k is 0.12 pound per inch (lb per in), and the length of the 
unloaded spring is 4 inches. 

Measuring the position x from equilibrium as in Figure 11 we have the 
spring force F in pounds given by 

F = -0.12a: 

for a: in inches. Following standard engineering practice we take one-half 
the mass of the spring and add it to that of the bob. The bob then weighs 
0.11 pound. The mass m of the bob is then 0.11/386 pound second squared 
per inch (lb sec^ per in), which is 0.000285 pound second squared per 
inch. Now ma:" is 0.000285 a;". Equating F to mx" we have 

0.000285x" « -0.12x, (2.9) 

which is equivalent to equation (2.5). 

Although it is not the purpose of the author to teach the solution of 
mathematical problems in this book, we shall treat (2.9) for a few sets of 
initial conditions to illustrate typical solutions of physical problems. 

We let e be the Napierian base of logarithms. Substituting x = in 
(2.9) and dividing both sides of the resulting equation by e®*, we obtain 
the auxiliary equation 

0.000285a2 + 0.12 = 0, (2.10) 

whose solutions for a are approximately ±20y, where j is \/ —1. We use j 
instead of i to avoid confusion with the symbol for electric current to be 
used later. The general solution of (2.9) is now 


X = + 02 ^ 20 ^* ( 2 . 11 ) 

for arbitrary numbers Ci and C 2 to be determined from initial conditions. 
It is convenient to use the mathematical law 

= cos <^ + y sin <l> (2.12) 

valid for a real number By (2.12) relation (2.11) becomes 


X = (Cl H- C 2 ) cos 20/ + j(C 2 — Cl) sin 20/. 


(2.13) 
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(2.14) 


Since for any numbers A and B we can solve the equations 

Cl + C2 =* Af 

m - CO 

for Cl and C 2 , and conversely get A and B for any values given to Ci and 
C 2 , we may write (2.13) as 

X ^ A cos 20/ + B sin 20/ (2.15) 

whence 

x' = 20(B cos 20/ - A sin 20/). (2.16) 


Let us take the initial conditions 

/ = 0, T = 0, a;' = 0. (2.17) 

Substituting the values of (2.17) in (2.15) and (2.16) we have A = B = 0, 
so that a* s 0. The bob starts at rest and will remain at rest. 



Let us suppose that the bob is pulled down one inch from equilibrium, 
and then released. The initial conditions in this case are 

/ = 0, X = -1, a:' = 0, (2.18) 

the unit of distance being 1 inch. Putting these values in (2.15) and (2.16) 
we find that A ^ — 1, = 0, so that the motion of the bob is described 

by 

a- = - cos 20/. (2.19) 

The graph of (2.19) is given in Figure 14. The bob will oscillate between 
i inch above and 1 inch below the equilibrium position with a period of 
ir/10 seconds, and frequency of lO/w cycles per second. We have here a 
case of simple harmonic motion. 

The equilibrium position is obtained by equating the weight 0.11 pound 
to the force 0,12y pounds due to the y inches the spring is stretched from 
equilibrium. Solving we find that y = 0.92 inch, so that the length of the 
spring in the equilibrium (static) position, for which x = 0, is 4.92 inches. 
The oscillations occur about this position. 
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We have taken the mass of the spring unusually high to show how it 
enters into the problem. In actual practice it would be very much smaller. 

It is important for the reader to familiarize himself with the methods of 
solution of the equations of motion of physical systems so that he will 
know what to look for in stating his problem in mathematical form. He 
will normally want enough information on the mathematical formulation 
to determine the solution uniquely. Mathematical theories of the exist¬ 
ence of solutions shed considerable light on this matter. 

2.4. Automobile without shock absorbers. As a second nu¬ 
merical example let us consider an automobile with shock absorbers removed. 
The body is connected to the axles by springs which need not be helical, 
but may be leaf springs, as far as the argument to follow is concerned. We 
shall suppose that the automobile is bouncing straight up and down, 
and that the movement of the body relative to the axles is large compared 
to that of the axles relative to the ground, that is, the give of the tires is 

One-ton 

automobile body 

Spring scale 
t*520 u> per in. 


Fig. 15. Autoinobilt* 
bouncing on a road. 

negligible. We may replace all the body springs by one spring whose scale 
is the sum of the scales of the given springs, as shown in Figure 15. 

We shall suppose that the weight of the automobile body is 1 ton or 
2,000 pounds. The spring scale is taken to be 520 pounds per inch. The 
body at the start will be taken 1 inch above equilibrium, and traveling 
downward at a speed of 1 foot per second (ft per sec). We measure our 
variables from equilibrium where a; = 0, and let the positive sense for x 
be downward. 

That the mass of the springs can be neglected is obvious. We shall carry 
through the computation with inches. 

Since the mass has the dimension FT^/L, the mass of the automobile is 
2,000/386 pound seconds squared per inch, that is, about 5.2 pound sec¬ 
onds squared per inch. The spring force is — 5203? pounds for x inches, so 
that 

5.2ar" + 520a: - 0. (2.20) 

The initial conditions are 

/ = 0, a: * -1, a*' - 12. (2.21) 

The solution of (2.20) is of the form 

X — A cos lot + B sin 10/. 



( 2 . 22 ) 
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By < « 0, a: = —1, we have A = —1, whereas / = 0, x' = 12 yields 
B * 1.2. 

The automobile body will thus bounce up and down with a frequency 
of 10/2ir or roughly 2 cycles per second. The amplitude of the bounce 
will be inches, in this case about 1.6 inches. 

The examples of this section and the preceding one illustrate how from 
one state and ordinary differential equations of motion we can predict the 
other states of a physical system. 

2.5. Spring-dashpot-mass system. In the examples of the 
two preceding sections the motion will continue forever. In actual prac¬ 
tice damping would eventually bring the systems to a halt, so that over a 
long period of time damping forces cannot be neglected. A simple example 
in damping follows. 


Damping 
coefficient c 


Fig. 16. Spring-dash- 
pot-mass system. 

We consider the system of Figure 16 where a body with mass m is 
acted on by spring and dashpot forces represented by —fear and —car'. We 
have the differential equation of motion 

mar" + car' + fex = 0 (2.23) 

coming from (1.5). 

As a numerical example we shall treat an automobile with shock ab¬ 
sorbers. We shall take the same physical situation as in Figure 15 except 
that shock absorbers (dashpots) are added, for which the combined damp¬ 
ing coefficient c is 83.2 pound seconds per inch (lb sec per in). In place of 

(2.20) we have 

5.2x" + 83.2x' + 520x = 0, (2.24) 

for which the auxiliary equation is 

5.2a2 + 83.2a + 520 « 0. (2.25) 

Solution of (2.25) yields approximately 

-8 ± 6j. 

The general solution of (2.24) is thus 

X = er^^{A cos 6< B sin 6/). (2.26) 

The presence of means that the shock due to the initial conditions 

(2.21) is quickly damped out. 
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X = cos 6/ + i sin 6t). (2.27) 


The relation (2.27) is graphed in Figure 17. The motion is seen to be 
oscillatory but well damped. 

The analysis of the above example can also be applied to an airplane 
whose landing gear is equipped with springs and shock absorbers. In 
fact, the airplane might in a practical case make contact with the ground 
at the instant when its downward speed is 1 foot per second. The wheels 
stop their downward motion instantly, for rough practical purposes, and 
may be considered to be fixed as far as vertical motion is concerned. Al¬ 
though the wheels are fixed at contact the plane is not, but rather has the 
velocity of 1 foot per second downward. If at the instant of contact the 
plane is 1 inch above its final equilibrium we have exactly the initial 


X 

Inches 



-0.00123 


Fig. 17. Curve for the motion of an 
automobile with shock absorbers. 


conditions of (2.21). If the elements of the plane are properly chosen we 
may also have (2.24) valid. 

2.6. Instrument on a rubber foundation. Many scientific 
instruments are placed on blocks of rubber to absorb the shocks caused 
by the passing of nearby trains or other traffic. Experiments show that a 
rubber block behaves like a spring and dashpot as shown in Figure 18. In 
this example the rubber block, represented by the spring and dashpot, 
rests on a base that vibrates. The number d designates the distance in 
inches from the base to the point 0 of equilibrium for the top end of the 
spring, that is, the distance from the base to the instrument when the 
system is at rest. The variable y is the distance in inches from a fixed 
reference plane to the point 0, The point 0 is understood to move with the 
base so that 0 is always d inches above the base. 

By a fixed reference plane we mean that the motion of the system is 
studied relative to this plane. An x-axis is introduced so that the distance 
from the reference plane to the instrument is (x + y) inches. To say that 
the base vibrates is the same as saying that the point of equilibrium oscil¬ 
lates; in fact since d is constant they both oscillate in the same way. 
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The spring force in pounds acting on the instrument, measured from 
that existing at equilibrium, is taken to be — lOOar. The damping force in 
pounds is —10a:'. In Figure 18 we have pictured a state where the instru¬ 
ment is above the equilibrium position. From this state it is readily seen 
that the signs in the formulas for the spring and damping forces are taken 
correctly. The acceleration of the instrument being {x + y)" and its 
weight being 64 lb (mass slugs) the equation of motion of the instru¬ 
ment (as a free body) is 

Ux + y)" + lOa:' + lOOx = 0. (2.28) 

The coefficient i comes from dividing slugs by 12, in converting from feet 
to inches. 


Sprine , 

Kralp Instrument 

lb per in. 



7777 / 7777777777777777777 - 


Damping 
coefficient 
c=10 Ih 
sec per in. 

^Base 


Fig. 18. Instrument resting on a 
rubber block. 


With u = a* + y we can write (2.28) in the preferable form 

zz" + 60zi' + 600u = 60/ + 600y. (2.29) 

Let us suppose that we have a typical sinusoidal oscillation of the form 

y = if + 0.3 sin lOOirt (2.30) 

for a real number if. For a properly chosen reference plane the number if 
vanishes. We shall, however, carry through the analysis for an arbitrary 
if. The oscillatory part of y in (2.30) has an amplitude of 0.3 inches 
and frequency of 50 cycles per second. Substituting y from (2.30) in (2.29) 
we derive 


zi" -f 60u' -1- 600zz = 600if + 180(10ir cos lOOirf + sin lOO^f)* (2.31) 

which is a nonhomogeneous linear differential equation of the second 
order. 

From the theory of differential equations the general solution of (2.31) 
is of the form 

u = 4- Be-oo+ioVax + (2.32) 

where /(/) is a particular solution of (2.31), and A and B are numbers 
that can be determined from initial conditions. Since, for practical values 
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of A and JB, the transient terms die rapidly, we do not need initial condi¬ 
tions unless we are interested in what happens at the start of the motion. 
Following the customary procedure of handling vibrations we write 

u ^fii) (2.33) 

keeping the steady state termf(t) only. The function/(/) is determined by 
the forcing function. From the theory of diff(Tential equations/(<) is of 
the form K + a cos IOOtt/ -1- b sin IOOtt^ for numbers a and 6, which can 
be obtained by substituting this formula for u in (2.31) and equating 
corresponding coefficients. Solution yields a = —0.06, b = 0.009. The 
motion of the instrument is thus sinus oidal with a frequency of 50 cycles 
per second. The amplitude + b^ turns out to be about inch. 
The rubber block actually reduces the amplitude of vibration of the 
instrument to approximately one-fifth the value it would have if the 
instrument were rigidly connected to the oscillating base. 

The frequency of the response of a linear system (described by linear 
differential equations) is the same as the forcing frequency. This is not 
always true for nonlinear systems. 

2.7. Automobile with shock absorbers and elastic tires 
(motion with two degrees of freedom). In the examples above, each 
physical system was determined by the value of one variable. We were 
thus treating systems with one degree of freedom, so that one differential 
equation plus initial conditions sufficed to describe the motion. When n 
variables are needed we have a system with n degrees of freedom. An 
example with two degrees of freedom follows. 

In the automobile illustrations above we neglected the elastic properties 
of the tires. The situation we wish to consider now is that of Figure 19, 
where the top spring and dashpot have the same' meaning as in Section 2.5 
with the automobile body of mass mi resting on them. The axles, wheels, 
and transmission are lumped together and have mass m 2 . The bottom 
spring and dashpot represent fires. 

The system shown in Figure 19 is taken in static equilibrium to define 
the distances di and d^- The origins of the x and y coordinate systems are 
always distances di and d^ from the m 2 mass and ground, respectively. 

By applying (1.5) to each mass individually we obtain the equations of 
motion of the system, namely, 

m(x + y)" + Cl/ + kix = 0, ^2 34) 

m2y" + C 2 / + k2y — cix' — kix = 0. 

The two equations correspond to the two degrees of freedom. Here x and 
y €u*e coordinates of the mi and m 2 masses respectively. 

To determine the position of each point in the system it is necessary 
to adjoin to (2.34) a set of initial conditions, such as 
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< = 0, a; = a?o, a:' s= y = yo, y' - yi (2.35) 

giving the position and velocity of the bodies of Figure 19 at / = 0. 

Equations (2.34) are an immediate consequence of (1.5) with m ^ nii 
and m = m 2 , respectively. We can obtain an equation of motion by con¬ 
sidering the physical system composed of the two masses and the spring 
and dashpot joining them, letting F in (1.5) be the external force applied 
to this system, and using the sum of products of mass by acceleration for 
the two bodies in place of ma. 

The bottom spring and dashpot of Figure 19 exert on the system an 
external force represented by — (c 2 y' + fe 2 y). The inertial force due to mi 
is represented by —mi(x + y)", and that due to m 2 is represented by 



Fig. 19. Automobile with shock ab« 
sorbers and elastic tires. 


— ^ 2 y'', whence adding the external force to these inertial forces we 
obtain zero. Thus 

mi(x + y)" + m 2 y" + coy' + kzy == 0. (2.36) 

Equation (2.36) and the first equation of (2.34) form a convenient pair 
of equations of motion for the system. 

2.8. Sliding weight subject to dry friction. In the examples 
above the forces have been expressed by continuous functions. We shall 
show how a simple physical system with dry friction can be treated. 

Let us consider a body B which slides in an unoiled groove and is sup¬ 
ported from below by a nonlinear spring, as shown in Figure 20. Let m be 
the mass of B, and Fe a function representing the friction force on B. Let 
us suppose that Fe is equal to F of Figure 8 when B is in motion, and that 
the spring force is represented by F„ where F, = — for the coordi¬ 
nate X equal to the actual amount of contraction of the spring in inches. 
We shall restrict ourselves to motions where the spring is under con¬ 
traction. The a:-axis is assumed to be pointed downward. We shall sup- 
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pose also that when motion begins, the friction force, opposing the 
motion, increases to a maximum absolute value M, dropping in absolute 
value to K the instant motion starts. We suppose further that the friction 
force is zero when the body passes througli = 0 only momentarily. 

The assumptions made here concerning dry friction are satisfactory for 
many applications. See Section 1.13. 

Let us suppose that a sinusoidal force represented by F is applied to the 
weight, that is, 

F = A sin (2.37) 

for positive numbers A and co. Starting with / = 0 it is desired to describe 
the resulting motion of the body B. 

To set up the problem in mathematical form it is necessary to know 
the initial friction force. At the start this force is probably different 
from zero. To obtain this force we measure the l(‘ngth of the spring. 


r 



0 


X 

(Inches) 


Fig. 20. Sliding weight on a non¬ 
linear spring. 

From this length the spring force can be computed. Subtracting the mag¬ 
nitude of this force from the weight w of B, we have the magnitude of the 
initial friction force. Naturally, the initial position of the body B is not 
unique. The force of friction balances the effects of the weight w and the 
spring force, provided that Fc does not have to exceed M in absolute 
value to do this. 

We shall suppose that the initial value of Fc is —N where N > 0 and 
N ^ M, and assume that N < w. The initial value Xo of x is such that 

w- N + F. = 0, (2.38) 

whence 

(2.39) 


The reader is referred to Figure 21. 

The body B remains stationary as long as —Fc given by the equation of 
equilibrium 

Fo + F + Fg + to ^ 0 (2.40) 


does not exceed M. Equations (2.38) and (2.40) yield 

—Fc = A sin wt + AT, 


(2.41) 
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which implies that B is stationary from I = 0 until 

sin <»it = —— (2.42) 

If A is so small that (M — N)/A is greater than or equal to 1, the body 
B never moves. 

When (M — N)/A is less than 1, the body B will move at the instant 
that —Fc given by (2.41) exceeds M. Since —cannot physically exceed 
M, formula (2.41) no longer gives —Fc when B moves. When the body B 
is on a downward stroke the relation 


mr" + kx^ = ic — F + A sin a>/. (2.43) 

applies. When JS is on an upward stroke, (2.43) applies with K replaced by 
— F, in which case 

mx" + kx^ = IV + K + A sill c*)/ (2.44) 

It is thus seen that it is sometimes necessary to treat different parts of a 
motion with different equations. 



Fig. 21. Sliding weight at 
the start of the motion. 


To obtain the motion of the body B we should go tlirough the following 
steps. As initial conditions take the smallest positive value of t for which 

(2.42) is satisfied. We call this U. Solve (2.43) with the initial conditions 

/ = fo, X = xo, x' = 0, (2.45) 

obtaining a formula/i(/) for x. Find the smallest value ti of t for which 
ti > U and the derivative f[{t) vanishes. Now solve (2.44) for x subject 
to the initial conditions 

/ - fi, X = /i(fi), x' = f[{h) = 0. (2.46) 

Let the solution of (2.44) and (2.46) be denoted hy f^Q). 

The process used to %o%U{t) from/i(/) enables us to derive/8(0 from 
/2(0, interchanging, of course, the equations (2.43) and (2.44) in the argu¬ 
ment. This sort of solution can be carried out for any number of steps. It 
follows that the motion of the body B, once it starts, can be found by solving 

(2.43) and (2.44) successively with properly chosen initial conditions, pro¬ 
vided X ^ 0 in the solution so that F, = — fex^ holds. 
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Where very rough results are enough, it is customary to replace the 
friction force used in this example by — cx' for a properly chosen c, thus 
avoiding the method of successive solution used above. Where any ac¬ 
curacy is required the procedure outlined above or something equivalent 
must be employed. Various mathematical techniques can be used to 
shorten the work. 


2.9. Body attached to a spring hinged at one end (two- 
dimensional motion). We consider the two-dimensional system of 
Figure 22 where the origin of our coordinate system is taken at the hinge. 
The coordinates of a point in the body B are given by (x, y). This point 




Fig. 22. Bcm1> attached to a 
spring hinged at one end. 


Fig. 23. (compo¬ 
nents of a spring 
force. 


may be the center of gravity. The polar coordinates of this point are taken 
as (p, d). For convenience we assume that this point is on the axis of the 
spring as shown. The symbol po denotes the value of p when the 
spring is neither stretched nor contracled. The spring force is given by 
k{p — po). The horizontal and vertical components of this force are repre¬ 
sented by and Fy, respectively. Allowing for signs it is seen from 
Figure 23 that 

Fx = fe(po - p) cos e, Fy = k{po - p) sin 8. (2.47) 

The total force acting on B has the j--coinponpnt represented by F* and 
the y-component represented by (Fy — w) for the weight w of B, whence 
the equations of motion are 

mx" = kipo — p) cos 8, ^2 

my" = fe(po — p) sin 5 — w. t • ; 

The variables p, 8 can be expressed in terms of x and y, and eliminated 
from (2.48), giving equations in x and y only. 

With the initial conditions 

f = 0, aj ■= xo. x' = tJ, y = yo, y' = yi 

the motion of B is completely described. 


(2.49) 
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2.10. Rocket moving in two-dimensional space. There 
follows a case where the equations of motion may be very complicated 
if force components are taken in the directions of the coordinate axes. 

We shall derive the equations of motion of a rocket traveling in a plane. 
The assumption is not valid for the long-distance flight of a missile like 
the German V-2 weapon, when the point of arrival must be known to 
great accuracy. For the latter case wind drift, the rotation of the earth, 
and other factors assume considerable importance. 

We shall suppose that the rocket is lined up along its direction by fins 
so that the air resistance depends on the velocity only, and not on the 
attitude of the rocket with respect to the line of flight. 

The rocket is propelled forward by a thrust T due to the combustion 
of the fuel. This thrust will clearly be directed along the line of flight in 
the direction of motion as shown in Figure 24, where m designates the 
mass of the rocket concentrated at its center of gravity. Our picture of 



Fig. 24. Rc>cket m. 

the rocket as a particle is justified by the fact that it is practically always 
lined up along its path, so that knowing the path of the particle we also 
have the attitude of the rocket for any position of its center of gravity. 
By attitude we mean the direction of an axis fixed on the rocket. We are 
assuming that the rocket is symmetrical with respect to an axis along 
the line of flight, which is clearly satisfied by proper construction of the 
rocket. 

It is reasonable to suppose that the thrust T is of constant magnitude 
until the fuel is exhausted when the thrust suddenly drops to zero. 

The above assumptions were not sheer guesses. Anyone with enough 
experience in setting up differential equations would make these assump¬ 
tions as the simplest ones that will reasonably fit the facts. 

\ As practical experience shows, the air resistance may be taken to be 
of the form cj t? for numbers c and n depending on the altitude, and 
speed 1 1 ? 1 of the rocket. The forces acting on the rocket are shown in 
Figure 24. The equations of motion are 

ma?" = (I T| — c| V I’*) cos a, 

m/' = (I T| — c| 1 ? 1”) sin a - w, (2.50) 

a « tan-i I I « V + (/)^ 
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with the thrust T, angle a of inclination of the tangent ray to the line of 
flight in the direction of motion, and weight tv of the rocket. The primes 
denote derivatives with respect to time. When the thrust disappears we 
have (2.50) with T equal to zero. For a given c and a given n, equations 
(2.50) hold for a limited range of altitudes and speeds only, and must be 
changed from time to time during the flight, the initial conditions for one 
range being taken as the end condition of the last. To determine the flight 
we must know, for example, the initial position of the rocket, which may 
be taken to be the origin, and the initial velocity, that is, r' and y'. 



In equations (2.50) we can express sin a and cos a in terms of jt' and 
y'. These equations are nonlinear differential equations of the second 
order in the variables x and y. 

2.11. Rotation. The type of rotation most important for engi¬ 
neering purposes is that of a rigid body about an axis. Each point in the 
body then describes a circle with center on the axis. In Figure 25 we have 
pictured a particle P traveling on a given circle. Taking the center of the 
circle as the origin of a polar coordinate system, the position of the 
particle P is determined by the vectorial angle 0 of P. We shall use such 
an angle B to designate the position of the given rigid body. 

We superimpose a Cartesian coordinate system on the given polar co¬ 
ordinate system as shown in Figure 25. We let the radius of the given circle 
be denoted by r. The (a*, y)-coordinates of P are written as (xi, yi). The 
relations between Xi, yi, r, and 9 are 


A + y\^ 

tan ^ = 2^* 
Xj 


(2.51) 
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It will be no restriction on the generality of the argument to take the 
coordinate system so that P is in the first quadrant at the instant con¬ 
sidered. We can then write the second equation of (2.51) as 

= tan-^ (2.52) 

Xi 

the angle ^ being now a single-valued function of yi/xi. 

Since the derivatives of 6 with respect to time are associated with the 
motion of P, it is reasonable to investigate d", which by (2.52) and the 
first relation of (2.51) turns out to be such that 

= Tiy'' - y,xi\ (2.53) 

Multiplying both sides of (2.53) by the mass m of P, and using the fact 
that Fx = mx[\ Fy = myj', we obtain 

= xiFy — yiFx (2.54) 


y 




V 


Fig. 26. Forces on a particle P. 


relating to the functions P* andPy representing x- and y-components of 
force. 

In (2.54) the expression mr^ appears auiomalically. Due to the similarity 
of (2.54) to (1.5) we are led to introduce a term and symbol for mr^, 
namely the moment of inertia I of the particle P with respect to the axis of 
revolution. We do the same thing for the right side of (2.54), calling it the 
torque M, or force moment M acting on P. Equation (2.54) is now 

IS" = M. f2.55) 


We note that the terms XiFy and — yiP* are positive when the forces cor¬ 
responding to Fy and P* tend to rotate P in a counterclockwise direction. 

It is no restriction on the generality of the method to take P on the 
axis, in which case yi = 0. Equation (2.54) does not then involve P*. We 
let F designate the given force on P as shown in Figure 26, and d the 
distance from the line of this force to 0. We let a be the angle from the 
positive direction on the T-axis to the ray of the force F. Since Fy = 

1 F1 sin a we have 


M « j^il F I sin a. 


(2.56) 
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tiXcept for a i sign, djxx is the sine ol a. It iollows that we can write 
(2.56) as 

M = ±d\F\, (2.57) 

the plus sign holding if sin a is positive, and negative otherwise. If sin a 
is positive the force F is such as to tend to rotate P counterclockwise, and 
if sin a is negative we have the opposite result. It follows that the moment 
of a force F with respect to 0 is plus or minus the product of the magnitude 
of F by the distance from the line of F to the origin, (he resulting moment 
being taken positive when F tends to accelerate P counterclockwise, and if 
clockwise, then negative. We understand, by definition, that F tends to 
rotate P counterclockwise if the component represented by Fy is directed 
upward, that is, Fy is positive for P as located in Figure 26. 

The concept of moment, as defined, does not d(‘pend on a particular 
position of the particleP. It is easily seen that if several forces are acting 
on P, the moment of the sum of these forces is the sum of the moments of 
these forces. In fact, suppose that forces F and G are acting on P. Let M 
be the torque due to the y-components of force represented by Fy and Gy. 
By the additive property of forces M is Xi(Fy + Gy). Since 

Xl{Fy + Gy) = JTlFy + XlGy (2.58) 

the proposition is demonstrated. 

By integration we can extend the concepts of moment of inertia I and 
torque M to rigid bodies. In particular, consider the body B of Figure i, 
and restrict it to rotation about the z-axis. We l(‘l r^ be the distance from 
the point Pi to the z-axis. We introduce the moment of inertia element 
A/i, where by definition 

A/i = rlAm,. (2.59) 

Here Am, is the mass of the element with volume AV„ where AV, = 
Ax,Ay,Az,. 

We introduce the element of torque AM, for whic'h 

A = x,AFy, — yiAPx, (2.60) 

for the functions AF*., representing the x- and y-cornponents of the 
force on the element of mass Am,. 

For the angular acceleration of the body P, equation (2.53) applies 
with the subscript i on all of the variables except 6, whence multiplying 
both sides by Am,, applying (2.59) and (2.60), we have 

e'^Al, = AM,. (2.61) 

We subdivide the region occupied by B, using n nonoverlapping parallele¬ 
pipeds with faces parallel to the axes, where each point of B is in or on at 
least one parallelepiped. We let 8 be the maximum length of the chords 
joining points of a parallelepiped. We define the moment of inertia / of 
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the body B with respect to the z-axis by the limit 

n 

/ « Lim y AU (2.62) 

We define the total torque by the same limit process in terms of the AM»’s. 
By integration it follows from (2.61) that (2.55) holds for the body B so 
that we have proved the following important theorem. 

Theorem 2.1. For a body B rotating about an axis the applied 
torque M is the product of the moment of inertia I of B by the angular acceler¬ 
ation the quantities M, 7, and being taken relative to the axis of 
rotation. 

Since an angle d in radians is an arc of a circle divided by the radius of 
the circle, 6 being a central angle, it follows that 6 has the dimensionality 
L/L or 1. Thus time derivatives 6' and have the dimensionality \/T 
and l/T^ respectively. By (2.55) the dimensionality of 7 is the dimen¬ 
sionality FL of the torque M over the dimensionality 1/T^ of 0", whence 7 
has the dimensionality FLT^. 

The moment of inertia 7 is often in inch-pound seconds^ (in lb sec^), 
or foot-pound seconds^ (ft lb sec^). Torque is usually given in inch-pounds 
(in lb) or foot-pounds (ft lb). 

Because of the similarity of the force and torque laws (1.5) and (2.55), 
we would expect results obtained from (1.5) to also apply to (2.55). It is 
easy to prove that, for example, the kinetic energy of a body rotating 
about an axis with angular velocity 6' is i/(^')^ for the moment of inertia 
7 of the body. 

Principle 1.1 can be extended to torques, and implies, for the conditions 
stated in this principle, that torques are functions of 6 and 6' when rotation 
about an axis is being studied. 

It is a simple matter to show that the formula (1.26) applied to rota¬ 
tions about axes becomes 

w = Mde (2.63) 

for the initial angle a and the final angle 6. 

2.12. Throttle movement and speed of a diesel engine. We 

consider a diesel engine where the speed of the crankshaft is denoted by 
iV, taken in revolutions per minute (rpm), and the “throttle” coordinate 
of position (rack position) is designated by x. See Figure 27 for a photo¬ 
graph of a cross section of a diesel engine. 

Let Ni be the speed of the crankshaft in radians per second. The torque 
applied to the crankshaft by the gases is controlled by the throttle, and 
will therefcwe be called the ''throttle torque.'' This torque oscillates be- 
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cause of the intermittent character of the explosions. Since the explosions 
occur frequently, it is a good approximation to actual experience to 
work with an average value, and to assume that this average value is 
directly proportional to that is, is kx. It is convenient to take x in 
inches. We have chosen the diesel engine for this example because of its 
rapid throttle torque response to throttle movements. 

The throttle torque kx is opposed by the inertial torque - IN[, where I 
is the moment of inertia of the crankshaft and whatever is connected to 
it, relative to the axis of the shaft, and a damping torque f{Ni) due to 


fif 





27. Cross section of a diesel engine with opposed pistons. Courtesy of the 
Fairbanks, Morse & Company. 

friction in the system. Experiments show that f{Ni) is approximately 
—cNi for a number c. By equation (2.55) we have 

IN', + cNi = kx, (2.64) 

It is common practice to take the torques in (2.64) in foot-pounds. With 
the initial condition 

i = 0, Ni = Nio 

and X given as a function of /, the motion is determined by (2.64). 

In engineering practice, at each cylinder one-half the mass of the piston 
and most of the mass of the connecting rod joining this piston to the 
crankshaft are placed at the junction of the connecting rod and crank¬ 
shaft in computing the contribution of tliese parts to the moment of 
inertia /. This method of accounting for the reciprocating parts of a 
reciprocating engine can be justified by the fact that we are then using 
approximately average effects of the piston and connecting rod mass on 
the rotation of the crankshaft. 

For a diesel engine driving a generator not coupled with others, (2.64) 
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still applies, provided the inertia of the generator rotor and the friction 
in the generator (and windage) are included in I and c, respectively. 

When we use revolutions N per minute instead of Nu equation (2.64) 
becomes 

i (IN' + rN) = kx. (2.65) 

This equation is preferred in practice to (2.64). 

A. typical numerical example is one for which I = 100, c = 10, k 
== 20,000. We are taking t in seconds, and x in inches. Suppose that the 
engine is running at 1,000 revolutions per minute, and the throttle is 
suddenly closed. Assuming that the throttle is closed at / = 0, we have 
N = 1,000 for / < 0. For / ^ 0 we have ar = 0, whence the differential 
equation 

lOiV' + = 0 (2.66) 

applies. Since the engine cannot change its speed instantaneously, we have 
the initial condition 

/ = 0, TV = 1,000. (2.67) 

Solution of (2.66) and (2.67) yields 

_ i_ 

TV = l,000e 10. (2.68) 

The method just used for obtaining initial conditions for a sudden 
disturbance is typical. 

The coefficient of the TV term in (2.66) is small compared to that of the 
TV' term. This suggests dropping the TV term in (2.66). Solution of this 
equation then gives 

TV = 1,000. (2.69) 

If we expand the power of e in (2.68) into a power series, the equation 
(2.68) assumes the form 

N = 1,000 ^1 - ^ + A _ . . (2.70) 

By the theory of alternating infinite series the error made by dropping all 
but the first term in the series is no greater than the absolute value of the 
first term neglected. Thus the use of (2.69) instead of (2.70) causes an 
error AN in TV such that 

AN g 100/. (2.71) 

By (2.71) the solution (2.69) is correct to 10 per cent for the first second. 
For practical purposes this may be good enough. We would then say that 
for the first second the speed TV is “constant.” 

It is easily seen that Principle 2.1 applies to torques as well as forces 
where static equilibrium is replaced by the equilibrium for which the angular 
speed is constant. We shall apply this principle in the example of the 
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present section, but for the disturbance of instantly moving the throttle 
from the position which corresponds to an equilibrium speed of 1,000 
revolutions per minute 1o that wln(‘h corresponds to 1,500 revolutions 
per minute. This disturbance is not as scvert‘ as that treated above. We 
shall measure our torqiK^s from the initial eciuilibrium state. 

By (2.65) the coordinate x jumps suddenly from or = 0 representing 
equilibrium at 1,0C0 revolutions ])cr minute to x = 7 r /120 corresponding 
to a jump from TV = 0 (representing 1,000 revolutions per minute) to 
N = 500 (representing 1,500 revolutions per minute). The mathematical 
system is 

< = 0, TV = 0, 


i > 0, lO.V' + = 500. 


(2.72) 


Solution of (2.72) yields 


TV = 500(1 - c *■«). 


(2.73) 

Let us drop the TV term in the engine-throttle equation of (2.72). The 
solution is now 

N = 50^. (2.74) 


If we expand the power of e in (2.73) into a power series in t we obtain 

TV = 50/ - 2.5/2 4- . . . . (2.75) 

Dropping the TV term in the engine-throttle equation of (2.72) thus cor¬ 
responds to keeping only the first term of (2.75). The error in using (2.74) 
as the solution of TV instead of (2.75) is less than 5 per cent of N (TV being 
iiH^asured as deviation from 1,000 revolutions per minute) for the first 
second, less than 10 per cent for the first two, and less than 20 per cent 
for the first four. For engineering purposes an error of even 20 per cent is 
‘sometimes satisfactory, the error in measurements of transients in this 
I ype of problem often being of this order. 

The success attained in throwing away the TV term in the engine- 
throttle equation of (2.72) (and this means throwing away the damping 
term) depends on the magnitude of the TV' term compared with the TV 
term at / = 0. In fact, at / = 0, the first term of the engine-throttle equa¬ 
tion is 500 and the second is zero. Since TV and TV' are continuous func¬ 
tions of /, we would expect that for quite some time the second term would 
be small compared to the first, and this is exactly what happens. 

The argument of the preceding paragraph will be emphasized by tak¬ 
ing the reference equilibrium state in the last example to be that for 
which TV = 1,500 revolutions i>er minute instead of 1,000 revolutions per 
minute. Measuring our variables from this state we have the mathematical 
system 

/==0, TV =-500, 

t > 0, lOTV' + TV = 0, 


(2.76) 
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At / = 0, the N' term and the N term are of the same magnitude. Drop¬ 
ping the N term gives the solution 

N = -500, (2.77) 

which is a misrepresentation of what actually happens. 

In general, only by considerable experience with mathematical equa¬ 
tions and experimental results can one tell quickly whether or not low- 
order terms can be dropped from differential e(|uations, and correspond¬ 
ing physical factors neglected. It is readily sc(*n that high-order terms with 
relatively small coefficients can generally be dropped from a differential 
equation. 


2.13. Diesel engine driving a ship propeller. We shall treat 
the case of a marine diesel engine where the rotating part of the engine' 
is rigidly connected to a ship propeller. Here damping is important. We 
let / be the moment of inertia of the rotating part of the diesel engine, 
propeller, and connecting shaft. The water resists the propeller with a 
torque which increases with the speed of the engine. This torque is very 
nearly of the form waN^/^O for constants a and n, and engine revolutions 
per minute N. With throttle torque written in the general form 7r/(T)/30, 
the differential equation of motion is 

/TV' -1- aTV" = f(x). (2.78) 

In (2.78) the values to be taken for n and a depend on the speeds at which 
the propeller is driven. A common value of n is 2.5. The higher the speed, 
I he higher n must be. 

Let us suppose that in an equilibrium state we have 

X = .To, TV = No. (2.79) 

By (2.78) we have aTV^ = /(to), whence 

T{ANy + A(aTV«) = A/, (2.80) 

where 

ATV = TV - No, A(aTV«) = a(- N^), A/ = f{x) - f(xo). (2.81) 

By the calculus we have (assuming the validity of the mathematical 
operations) 

AN « rfTV, Ax « dx, A(aTV”) « naNg-^^dN, Af = f(xo)dx, (2.82) 

where « means ''is approximately equal tof' Introducing the constants 
c and k by the relations 

c = naNr\ — =/'(ro). (2.83) 

TT 

and replacing AN by TV and Ax by t, the equation of motion (2.80) 
becomes (2.65). 
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At propeller speeds like 100 revolutions per minute the damping coeffi¬ 
cient c may be just as large as /. 

The above example illustrates how equaiions are linearized by the use of 
differentials. 


2.14. Gas turbine driving a generator. Both damping and 
position forces occur in this case. 

We shall suppose that there is an angle B of synchronization such that 
if ^ = 0, the given generator is synchronous with others on the line, it 
being assumed that the generator is lied in with many others of the same 
or greater capacity. The angle 6 is an angle between a ray passing through 
and perpendicular to the axis of the generator rotor and through a fixed 
point on the rotor off the axis, and a reference ray rotating about the axis 
of revolution so that at each instant this ray indicatt*s the synchronous 
position. 

There is a synchronizing lorqu<‘ which increas(‘s with B, For practical 
purposes we may take this loniue to be —kB for a number k. A damper 
winding in the generator provides a damping torque of the form —cB' for 
a number c. Letting x be measured from some equilibrium position, we 
write the throttle tor([ue as kix for a iiumbtT ki. W(' assume instant torque 
response of the turbine to throttle movements. The equation of motion is 

IB" + cB' + = kix (2.84) 

for the moment of inertia I of the rotating member. 

In a typical example 0 = ^1 and k = 300/. 

For (2.84) we really did not need to know the type of engine driving 
the generator. 


2.15. Shaft connected to a rotating body. We shall con¬ 
sider Figure 28. Here one end of a shaft is rotating according to a given 
law. It may, for example, be turned by an engine. The body B may be a 
propeller for which damping can be neglected in this problem, an engine 
flywheel, the rotor of a gas turbine air compressor, the rear wheel of an 
automobile when not touching the ground, or other bodies too numerous 
to mention. A system mathematically equivalent to that of Figure 28 
is shown in Figure 29. The machinery may be a milling machine (not the 
case in Figure 29), in fact any devict for which the inertias of the moving 
parts can be referred to the right-hand pulley of Figure 29. Let I desig¬ 
nate the moment of inertia of the rotating parts. 

In Figure 28 the symbols ^ and B refer to angular positions of the left 
end of the shaft and the body B, respectively. We shall suppose that 
^ and B are measured so that the shaft is not twisted with rp = B, The 
torsional stiffness k is by definition such that a torque kB is required to 
twist the right end of the shaft through an angle B when the left end is 
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fixed. The stiffness k is the angular analogue of spring scale. The equation 


of motion is 


Id" = - B), 


which is better recognized in the form 

le" + kB = 


(2.85) 

( 2 . 86 ) 



Fig. 28. Shaft driving a mass. 



Fig. 29. Machiner) driven from a 


If we solve the homogeneous equation obtained from (2.86) by staling \p 
equal to zero, we obtain an oscillatory solution with the frequenc.y/, where 


This / is the natural frequency of the system. 

In a typical marine shaft-propeller example I = 20,000, and k = 10^ 
the units being pounds, inches, seconds, and radians. 


2.16. Diesel engine driving a marine propeller through a 
long shaft. We shall consider a more compli(;ated example involving 
stiffness. 



Fig. 30. Diesel engine driving a marine propeller through a long shaft. 


In Figure 30 the variables ^ and 6 are angular positions as in the exam¬ 
ple of Section 2.15. The other notations are explained by the figure. The 
equations of motion are now 


hr = kix + kid - r 
-f - d) 


( 2 . 88 ) 
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for the constants /i, / 2 , fei, and r. The set of initial conditions 

< = 0, 0 = ^0, ^ ^ (2.89) 

and (2.88) determine the motion of the parts of the system. 

See Figure 31 for an example of a marine shaft and propeller. 



Fig. 31. A marine shaft and propeller. Courtesj of S. Morgan Smith Company. 


2.17. Airplane. We shall treat a problem where the body is 
rotating about a moving axis. This body will be the airplane of Figure 32, 
where w is the weight of the plane, shown acting at the renter of gravity 
(r, y). In this figure the symbol D represents the total component of 
force acting along the line of flight, leaving gravity out of the picture. 
Thus D comes from the drag and propeller thrust. Similarly, L represents 
the total component of force acting perpendicular to the line of flight, 
without gravity. Of course, the thrust may come from some other pro¬ 
pulsion devices such as jet engines or rockets. The forces represented by 
L and D are taken to act at a point, as shown. 

The angle </> in Figure 32 is measured from the horizontal to a fixed 
axis in the plane through the center of gravity. The angle the airplane 
velocity vector v makes with the horizontal is denoted by $, 

We let —M designate the moment of the forces, represented by L and 
D, with respect to the center of gravity. With m as the mass of the air- 





[chap. 2 


5G] RIGID BODY MECHANICS AND APPLICATIONS 

plane and I as moment of inertia we have the equations of motion 
I4>'' = -M, 

ma?" = —L sin 6 — D cos d, (2.90) 

my" = L cos 0 — D sin 0 — 

These equations correspond to the three degrees of freedom x, y, and <t>. 



Fig. 32. Airplane in motion. 


2.18. Conservative forces and potential energy. Let us sup¬ 
pose that the force represented by F is conservative^ tliat is, the work W 
defined by (1.26) in moving the particle from one point to a second point 
depends only on these points, and not on the manner in which the particle 
went from one point to the other. We note that spring forces represented 
by functions [F{x)] are conservative, since in this case 

j^F{x)dT=m-m ( 2 . 91 ) 

for a function/(x) wliose derivative is h\x). Damping forces are not con¬ 
servative. Thus the integral 

j^F{x')dT 

does not depend on the end points only. We can move a piston in a dash- 
pot from one position to another through all sorts of oscillations that 
require different amounts of work by the piston against the damping 
force. No matter how the pLston is moved work must always be done 
against the damping force. 

When the work W depends on the end points only, we can associate a 
potential energy I ^ with tli(‘ particle so that W is the potential energy 
at the start minus this energy at the end. Writing W as (A — U) for a 
number A, arbitrarily chosen, relation (1.29) yields 

T + U ^ K (2.92) 

for a constant K. Equation (2.92) is an example of the law of the con¬ 
servation of energy. In actual practice the relation 

+ U, = 72 + f/2 


(2.93) 
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free of K is commonly used, where the subscripts indicate energies in 
two respective states. The above considerations extend immediately to 
systems of particles and continuous mass distributions. 

If F{x) in (2.91) is a constant, for example Fo, we have W = Fo(6 — a) 
for the work done in going from ar = a to t = 6. In this case, the particle 
possesses a potential energy proportional to the distance* betweem initial 
and final points. Thus a body of weight w raised a distance x against the 
force of gravity near the earth has a potential energy wx. 

A spring compressed a distance x can do the work 

// kxds, (2.94) 

where k is the scale of the spring. The potential energy possessed by a 
spring compressed a distance x is thus 

We consider the body B of Figure 11. We shall assume, as is customary 
in treating vibrations, that the body B inov(‘s a('(*ording to the law 

.r = A sin (2.93) 

for numbers A iind co. That this treatna'iit is (juilc* geii(‘i\il follows from 
the theory of Fourier series where w(* break up a ratiuT gen<‘ral periodic 
function into a sum oi‘ tcTins in sines and cosines. 

When X = A the kim'tic energy 7"i of the body B is zero, while the 
potential energy l\ of the spring is IkA'^ for the spring 8(‘ale k. When 
.r = 0 the velocity of the body B is ±o)A by (2.9.3), whence the kinetic 
energy T 2 of the body B is for the mass m of B, The potential 

energy U 2 of the sj'riiig is then zero. l>y (2.93) 

IkA- = ^rno)-A-, (2.96) 

Solution of (2.96) gives co = y/k/m. 

Thus this energy meihod yields a properly of the solution of the differ¬ 
ential equation of motion, even though it does not give the solution. A 
generalized method of Rayleigh and Ritz is very successful in treating 
physical systems with an infinite number ol* degrees of fri*edom. An exam¬ 
ple is the determination of the fre(|uen(*i(*s of vibrating beams. 

Extensive mathenuitical theories can be built frv)m equation (1.3), such 
as Lagrange’s equations of motion for a g(‘n(*ral coordinate system, where 
these theories are useful for setting up physical systems in mathematical 
form. For one-dimensional motion under conservative forces the law of 
conservation of energy yields the equation of motion immediately. 

Consider the body B of Figure 11 at any position in its motion, the 
position being denoted by the coordinate x as in Figures 11 and 12. The 
kinetic energy of B is im(j*')“» ^^nd the potential energy of the spring is 
ikx\ By (2.92) 


for a constant K, 


m{x'y + = jfiC 


(2.97) 
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If we integrate (2.5), after multiplying both sides by x\ we obtain 
(2.97). Thus (he equation of motion (2.97) obtained from (he law of the 
conservation of energy is an integrated form of the ordinary equation of 
motion (2.5) obtained directly from (1.5). 

The intelligent worker will use tricks such as the above in solving ap¬ 
plied problems, the techniques varying with the problem at hand. To be 
able to do this efficiently he must have considerable experienc'e and 
knowledge of advanced mathematics as well as engineering. 

The potential energy stored in a shaft due to the spring effect is ^kd- 
for the torsional stiffness k and angle of twist $. This is quite analogous to 
the case of a linear spring. 

2.19. Forces that can be neglected. In any engineering appli¬ 
cation account must be taken of the fact that a spring never furnishes a 
pure spring force, but is associated with inertial forces due to its mass, and 
with damping due to friction in the spring, which friction can be recog¬ 
nized by heat developed in the spring. However, il‘ the forces for a spring 
are represented by —mo;", —ex', and —kx for a position coordinate x, it is 
common to have m and c as small as and respectively, so 

that in many applications the damping and mass in a spring may b(' 
neglected. Of course, if the velocity and acceleration are very large com¬ 
pared to the displacement, such as 10® limes the maximum value of the 
displacement coordinate, these other forces may have to be taken into 
consideration. 

Even for a poor spring, ni ordinarily will not (‘xc(‘(»d and c will b(‘ 

negligible. 

In a dashpol the piston has a mass m. It is common to have ni as small 
as 10"V, and of course, no spring effect, the damping coefficient being r. 
Naturally, by using a heavy piston* or attachment to the piston the mass 
m can be made very large compart'd to r. 

For all kinds of rigid bodies the damping within the body and the elas¬ 
ticity can be neglected, in fact in many applications these are completely 
negligible. They art* negligible because of the smallness of the motion of the 
parts of the body relative to each other, a rf not because spring and damping 
coefficients are small. 

We have enumerated the above characteristics of springs, dashpots, 
and rigid bodies because a machine made from mechanical parts can often 
be analyzed into such elements. It is therefore important in the mathe¬ 
matical analyses of machinery to be familiar with the common character¬ 
istics of these elements. 

Experience in situations similar to the one being studied is of consider¬ 
able help in deciding what forces may be neglected, and what types of 
dominant forces to expect. 
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2.20. Primary and secondary quantities. The fundamental 
equations of motion of the physical world are equations relating variables 
associated with various dimensions, and dimensional constants. The con¬ 
stant k of ( 1 . 9 ) and (1.12) is an example of a dimensional constant. We 
are often concerned with obtaining an equation relating variables of phys¬ 
ical systems of a particular type. It may be too difficult, for practical 
reasons, to derive this equation from the fundamental equations of mo¬ 
tion, in which case resort is often made to dimensional analysis. 

A variable is called primary if its value is obtained by measurement in 
terms of a unit. Length and time are examples of quantities generally 
taken as primary. Secondary quantities are obtained by mathematically 
combining measurements on primary quantities. 

Let Ui, U2, . • • 9 Wm be a set of primary quantities, and/(ui, 112, ... , 
Um) a secondary quantity. Let (ui, 02, ... , am) and (61, 62, ... , 6m) be 
two sets of values of (ui, U2, • • • , Wm). If we make the unit of measure 
for the first primary quantity l/x times as large, the quantity Ui goes 
into xui. Under this change of a unit of measure the ratio of any two 
values of the secondary quantity should remain invariant. This means 
that 

fjaU a^y « « * » Qm) J*( 3 ^(Zi, ^2, . . . , dm) 

/(61, 62, . . . ,bm) ^ f(xbu 62, ... , bm) 

for all real values of a*, the a’s, and 6’s. We can write this as 
fixau a„ , a„) = /(xIh, b„ ... , 

J\0u O 2 , . . . ,0m) 

We assume that the first partial derivatives of / with respect to Ui, «2, 
. . . , Um exist for all real values of the u’s. Differentiating both sides 
of the last equation with respect to x and setting a* = 1 we have 

„ df(a) _ , a/(6)/(a) 
da, db, m’ 


where/(a) and/( 5 ) designate/(ui, 02, . . . , a^) and/(6i, 62, 
respectively. Thus 


ai 


dm 

dai 


61 


em 

dbi 


m - fib) 


• > bm) 

( 2 . 98 ) 


is an identity in the o’s and 6’s. Fix the b’s. Relation ( 2 . 98 ) shows that 


«i dfju) _ 
fiu) Oui 

for a constant au where we have replaced the a’s by a’s. Separating vari- 
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ablos we have 


df(u) 

kfi) 



Integrating both sides of ( 2 . 99 ) wo obtain 

In / = ai(ln Hi + K), 
wliere we shall write K as 


( 2 . 99 ) 


oti 


for a function g of U2, U3, . . . , Um- The solution of ( 2 . 99 ) is now 


By the argument applied to / we can show (if m ^ 2) that 


g = 


for a function h of Us, 114, . . . , Um and a (‘onstant a^. Following this line 
of argument we find that 


for constants C, au a^, , . , , am. Thus a secondary quantity is a constant 
times a product of powers of primary quantities. If the dimensions of a 
physical system are Li, Lo, , Lm, each secondary quantity has di¬ 
mensionality of the form 

. . . Lm^'% (2.100) 

where the exponents are the dimensions of the secondary quantity in th(' 
corresponding primary quantities. The dimensional formula for this second¬ 
ary quantity is (ai, a2y ... , am), but this formula is generally replaced 
by (2.100). 

A table of dimensions of various physical quantities is given in an ap¬ 
pendix at the end of this book. 


2 . 21 . The Buckingham Pi Theorem, A complete equation is 
one which is invariant when the sizes of the fundamental units are changed, 
that is, the equation docs not change in form for this transformation of the 
fundamental units. Equation (1.8) is an example of a complete equation, 
for it does not change in form when the units of mass, length, and time 
are modified. In industry, we are generally concerned with complete 
equations. 

Theorem 2 . 2 . (Buckingham Pi Theorem). Let 

f(Vi, V2, ... , Vn) = 0 ( 2 . 101 ) 

be a complete equation in the dimensional variables and constants Vi, ^2, .... 
t)n, where these variables and constants are dimensionally products of powers of 
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m primary quantities. Equation {2.101) can be written for a function F as 
F{tu TTa, . . . , tt.) = 0 (2.102) 


where tti, , Wa are dimensionless quantities, and a ^ n m. 


For each i in the range 1, 2, . . . , we let be the dimension of i\ 
in the first primary quantity. We change the size of the unit of measure 
of the first primary quantity by a factor \/jr, so that for each i the quantity 
Vt goes into Since equation (2.101) is comi)le1e, the relation 


f{x^Wi, x^W2, . . . , x^'Vn) — 0 ( 2 . 103 ) 

is an identity in x. 

We may suppose, without restriction on the generality of the argu¬ 
ment, that for some r with r ^ /i we have ai = ^2 = ... = ar-i = 0, 
and ofr, «r+i, . . . , an different from zero. When i\ 9^ 0 we write 


X 



Vn 


an 


(2.104) 


For i in the range r, r H- 1, . . . , // — 1 we inlroduce where 


1 





( 2 . 105 ) 


By (2.104) and (2.105) the identity (2.103) becomes 

f{Vi, . . . , Vr^i, Zr^r^ . . . , 1) = 0, 

and equation (2.101) reduces to an equation 

g{Vi, . . . , Vr-U Zr, , Zn l) = 0 (2.106) 

in the — 1 quantities ^i, . . . , ?v-i, Zr, . . . , z„_i, which quantities 
are dimensionJess in the first primary quantity. 

Unless the n — 1 variables in (2.106) are already dimensionless we can 
apply the above argument to equation (2.106) instead of equation (2.101), 
using another primary quantity. If necessary we can continue this process 
until the primary quantities are exhausted. In any event we arrive at an 
equation of type (2.102). 

The transformations used to obtain equation (2.102) involve only the 
mathematical operations of raising to a power, and taking a ratio. In 
view of these operations the x’s are dimensional quantities. The proof, 
however, shows that the tt’s are dimensionless in the m primary quantities. 

The assumption that Vn be different from zero is no real restriction on 
the generality of the argument, since the analyst will certainly be inter¬ 
ested in this case. If the r’s and a’s in (2.105) have certain properly chosen 
values, the variable Zi will take on an imaginary value. The theory above, 
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however, applies whether we are working with real or complex 
numbers. 

For each i in the range 1, 2, . . . , n we now write the dimensionality 
of Vi as (ail, at 2 , ...» aim), or in the more common notation as 

A TT-term is of the form 

TT = . . . I’J". 

From the dimensionality of the ?’’s wc can represent the dimensionality 
of the TT-term by 

(Li«« . . . . . . (Li“n» . . . 

Since ir is dimensionless the exponent of each L term must vanish, so that 

aiiGi + a2ia2 + . . . + anittn = 0, 
duCtl + a22G2 + . . . + OLn20'n = 0, 


aimGl + a2ma2 + . . . + CLnmdn == 0, 

We have thus m equations in the n unknowns Ui, 02 , , fln. Generally 

n > m, and we can usually solve for m of the a’s in terms of the remaining 
n — m. There are exceptions, as foUows from the tlieory of linear equa¬ 
tions. In any case, we can find the Tr-terms by solving a system of linear 
equations. 

Suppose that we can solve the above equations for Ui, 02 , . . . , a,„ in 
terms of am+i, an. For properly chosen values of the h's we 

have 

di — bi^m-\-ldt,i-\-l “1“ f'^l,m-j-2dm-j~2 “f“ ... 

d2 “ "f” ^2,m-f-2®w+2 “f" ... "4” 


dm — bm,m+ldm+l “t" 6m,in+2dm+2 H“ • * • “4“ ^mndn. 
The general solution for tt can now be written as 

TT = 

for the TT-terms tti, 7r2, . . . , Xn-m given by 

TTj = 


Vn^ = 



§2.22J DIMENSIONAL ANALYSIS AND A FALLING BODY [ 6H 

It follows that we can generally write (2.101) in the form (2.102) with 
(T ^ n — m. 

By the theory of implicit functions we may expect to be able to solve 
equation (2.102) for one of the tt’s in terms of the others. We can then 
reduce (2.102) to the form 

= ^(ir2, ITS, ... , TTa). (2.107) 

In model experiments, where the principle of similitude is used, the quan¬ 
tities TTa, TTs, . . . , are taken the same for the two systems. These 
systems are then said to be physically similar. We can write (2.107) in 
the form 

Vi = . . . r/’‘/l(^2, TTg, . . . , TTa) (2.108) 

when the exponent of in tti is different from zero. \\ e write h(ir) for th(‘ 
function h(T 2 i • • • ? ^(r)« Suppose that Vi does not oc(‘ur in t 2 , tt^, 
. . . , TTa. To determine /?(7r) for the prototype we need but take ^ 2 , r^, 
. . . , Dn for the model so that 7r2, tt^, . . . , tt^ have the same values as 
for the prototype. We then measure Vi for the model. Since the r’s are now 
known for the model, we can solve (2.108) for h(T), The value of h(ir) is 
now determined for the prototype. 

When <7 = 1 relation (2.107) simply means that tti is a constant. 

The Buckingham pi theonun has been especially useful in developing 
the sciences of heat transfer and fluid flow. 

In order to be able to choose the primary and secondary quantities 
intelligently in the treatment of a particular problem it is necessary to 
have a considerable experimental and theoretical background in the field 
of this problem. Otherwise the analyst may use too many or too few 
variables in the study of this problem. 

The TT-terms are often c>alled dimensionless groups, 

2.22. Dimensional analysis applied to a falling body. Con¬ 
sider the case of a body falling in a vacuum near the earth’s surface. Let 
be the distance the body falls in a time /, and g the magnitude of the 
acceleration of gravity. Taking these as secondary quantities, the primary 
quantities arc length L and time T, We write a 7r-term as 

TTi = s^t^g\ 

This term has the dimensionality L^T^{L/T-^y, Since we wish to solve for 
5 , we take x = 1. The exponents of L and T must vanish in iri. We thus 
have 

1 + z = 0, 

y ~ 2z = 0, 


from which y = — 2, z == —1. It follows that tti is str^fT^, Since there is 
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only one independent 7r-term, this term is a constant. Using k for the con¬ 
stant we have 

s = kgiK (2.109) 

The constant k can be determined from experiment. We could, of course, 
have obtained (2.109) with i as a solution of the equation of motion 
of the body. Dimeusional analysis often leads lo integraled forms of the equa¬ 
tions of motion. 

Suppose that we had taken s, I, g, and m as the secondary quantities, 
where m is the mass of the body, and L, 1\ and mass A/ as primary quan¬ 
tities. The TT-term would then have been sl^g^m^. Since this t(irm is dimen¬ 
sionless in Af, the exponent u vanishes. The tlieory of the preceding para¬ 
graph now appli(^s. 

2.23. Dimensional analysis applied to a vibration problem. 
(Consider the spring-dashpot-rnass system of Figure 16 and Section 2.5. 
We suppose that the base (support) of the system is moved sinusoidally 
in the direction of the vertical so that the vertical coordinate y of the 
base is yo sin w/ for constants yo and a>. It is to be understood that the 
coordinates x of the body and y of the base are measured with respect to 
the same vertical coordinate axis. Suppose that we wish a formula for the 
amplitude xm of the vibration of the body. The secondary quantities are 
now Xm, m, k, c, yo, and w. The primary quantifiers are mass, length, and 
time, denoted by A/, L, and T respectively. There arc thus three dimen¬ 
sionless ^’s, designated by tti, and tts respectively. The dimensions of 
the secondary quantities are as follows: 

QUANTITY DIMENSIONS 

Xm L 

m ‘ M 
k MT-'^ 

c MT-^ 

yo L 

a, 

We write a 7r-term as 

For this term to be dimensionless the exponents must satisfy the equations 

a + € =0, 

p+ y + h - 0 , ( 2 . 110 ) 

- 2y - h - X = 0. 

We can choose the values of a, /S, and X arbitrarily, and solve for the 
remaining quantities. We select a, and X as in the table 
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a 

0 

X 

TTi 

j 

0 

0 

T2 

0 

1 

0 

^3 

0 

0 

1 


Solution of (2.110) jj:ivcs 

_ Xm _ mk cu) 

^ -, ^- j ^ = 

yo k 

\\y tlie Buckingham pi Ihoorom \vc Inavo 

lor a function /. The function / may be determined from experiment. 
Equation (2.111) can also be obtained by solving the equation of motion 
of the body. 
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Problems for Part I 


In each of the following problems the reader is expected to set up a mathe¬ 
matical equivalent to the physical system described. He is not expected to solve 

the equations so obtained. 

1. One end of a spring with scale 100 lb per in is fixed, and the other attached 
to a body weighing 100 lb. The body is displaced 1 inch from equilibrium, 
with the spring distended, and then released. 

2. One end of a spring is fixed and the other is attached to a dashpot plunger. 
The scale of the spring is 20 lb per in and the damping coefficient for the 
dashpot is 10 lb sec per in. Neglect the mass in the system. The spring is 
stretched 2 inches and then released. 

3. A sphere of homogeneous material is dropped into a large body of water. 

4. One end of a beam is fixed at a wall and the other end is free. A heavy body 
rests on the free end. This body is given a downward velocity. We are inter¬ 
ested in the motion of this body. 

5. A body is suspended from a ceiling by a spring, and a second body is attached 
to the first body by a spring. The system is disturbed. 

6. A body is attached to a spring, which in turn is attached to a ceiling. The 
body is given a downward velocity so that it strikes a base of the same 
material head on. 

7. A railroad car runs against a bumper at the end of the track. 

8. A spring is attached to a wall; the other end is connected to a body. The whole 
system is submerged in oil. Motion of the body results from an arbitrary 
disturbance. 

9. A marine engine is suddenly disconnected from tbe propeller drive shaft. 
The shaft is rotating. We are interested in the motion of the propeller. 

10. A heavy object is dropped from an airplane in motion. We are interested in 
the motion of the object. 

11. The crankshaft of a reciprocating engine vibrates. 

12*. A boat is propelled through Ae water. We are interested in the equation of 
motion of the boat. 

13. A diesel with fixed throttle has a load which varies sinusoidally with time. 
We are interested in the speed of the engine. 

14. Rotating machinery is Suddenly uncoupled from the engine driving it. We 
are interested in the speed of the machinery. 

15. A body attached to a shaft is rotating about the axis of the shaft, the other 
end of the shaft being fixed. Use the energy method to analyze the motion of 
the body. 
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16. A driver suddenly applies the brakes to an automobile. We are interested 
in the motion of the automobile. 

17. A pilot suddenly moves the elevators of a plane where the plane travels “in a 
straight line” before the movement. Both elevators are moved in exactly 
the same manner. Analyze the effect on the plane. 

18. A band saw driven by a diesel engine is lowered into a block of wood. We are 
interested in the speed of the engine. 

19. A balance scale is e(juipped with a dashpot to make the scale come to rest 
in a better manner. A weight is suddenly set on the scales. Analyze the 
motion of the scale. 

20. A continuous belt is placed over a pulley whose axle is horizontal. The axle is 
attached to vertical springs at its ends, which in turn are suspended from a 
rigid ceiling. A weight is atUiched to a pulley at the other end of the belt. 
The system is disturbed. We are interested in the motion of the weight. 

21. A constant force is applied to a body attached to a base by a spring and also 
by a dashpot. 

22. An excavating shovel is driven by a diesel engine. The shovel has a load of 
dirt. The throttle on the engine is moved with constant velocity toward the 
increased fuel position while the dirt is being raised by the shovel. What 
happens to the speed of the engine? 

23. Two bodies attached by a stretched spring are free to slide on a dry hori¬ 
zontal surface. The bodies are held apart for some time and then suddenly 
released. We are interested in the motion. 

24. An engine shaft terminates in a gear that drives a second gear. This second 
gear is at an end of a shaft, the other end of wliich is attached to the rotor of a 
generator. The gearing is such that the shafts run at different speeds. The 
engine throttle is instantly shut down. It is assumed that the generator is not 
coupled with others supplying the same line. We are interested in the speed 
of the generator. 

25. A body rests on a flat circular disk. The surface of the disk is dry. The disk 
rotates, starling from rest, at constant acceleration. We are interested in I he 
motion of the body. 

26. The pressure p in an oil-fllled cylinder is varied directly as the sejuare of the 
time. A piston in the cylinder on which this pressure acts moves under the 
influence of this pressure. The piston is connected to a piston rod which in 
turn is connected to bodies subject to inertia only (not subject to spring and 
damping forces). What happens to the piston? 

27. A wheel with spokes is rotating freely on an axis. A wooden lath with one 
end fixed against a wall and held parallel to the axis of the wheel passes a 
little through the wheel so that the lath flips from one spoke to the other. 
Analyze the system. 

28. A laboratory room is supported at four corners on rubber blocks to minimize 
the effect of external vibrations on the room. Passage of a nearby train 
vibrates the base on which the rubber blocks rest. W hat happens to the room ? 

29. A cylindrical flywheel with a chunk missing is rotating at constant angular 
velocity about a horizontal axle that is supported on two vertical springs, the 
bottom ends of the springs being fixed on a foundation. The axle is free to 
move vertically only. We arc interested in the motion of the axle. 
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30. A body swings in a circle on the end of an inelastic string. We are interested 
in the centrifugal force. 

31. The speed of a diesel engine is governed by ordinary llyballs whose outward 
movement is diiectly transmitted to the throttle. We wish the equations 
relating the motion of the fly balls, throttle, and the speed of the engine 
Figure 33 illustrates a modern diesel governor 

32. The rotor of a ship gyroscope is spinning with constant angular velocity. 
We are interested in the gyroscopic effect. 



Fig. 33. Cutanay of a diesel governor. 

Courtesy of the Woodward Governor 
Compan}. 

33. By dimensional analysis find a formula for the time of swing of a simple 
pendulum. 

34. A sinusoidal force is applied to the body of Figure 16. By dimensional analysis 
find the amplitude of the oscillations of the body. 

35. A body falls freely in a vacuum near the earth. By dimensional analysis find 
the speed of the body. 








PART M 


ELECTRICITY AND MAGNETISM 




CHAPTER 


3 

Fundamentals of electricity 
and magnetism 


3.1. Inverse square law. Part II of this book is concerned with 
setting up electrical and magnetic problems in mathematical form. 

Michell and Coulomb verified experimentally that the inverse square 
law 


1F| 

^ 12 


( 1 . 8 ) 


holds when the masses mi and m2 are repla(*ed by the strengths of mag¬ 
netic poles. These poles are a distance ru apart and the force F is again 
directed along a line joining these poles. In (L.8) the quantity K is a 
constant and | /^ | is the magnitude of the force F. 

The magnetic property is basically recognizc'd tlirough the pointing of 
one end of a suspended needle of lodestone or magnetite tow^ard north. 
Such an end is called a north or N pole, whereas the other is a south or S 
pole. The strengths of two poles are said to be equal if they experience the 
same forces when brought into identical positions relative to a third pole. 
If these poles are not of the same strength we can assign numerical values 
to their strengths in proportion to the magnitude's of the forces they 
experience when brought into identical positions relative to the third 
pole. The mathematical theory is much simplified by using poles at points, 
that is, “point poles.” 

Although for gravitation the quantity K does not depend on the me¬ 
dium containing the bodies wdth masses mi and m2, the quantity K does 
depend on the medium when mi and m2 are strengths of magnetic poles. 

A pole of unit strength is called a unit pole. It is understood that a mag¬ 
netic field exists at the points of a region I? if a pole placed at any point of 
R experiences a magnetic force acting on it. As will be seen later this force 
need not be due to magnetic poles but may, for example, be due to the 
current in a conductor. 

By definition the strength at a point P due to a magnetic field is the force 
ff per unit pole which acts on a discrete iV pole placed at P, assuming that 

[7i 
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the pole does not affect the field. A field is given when its strength at 
each point is known. The strength H is commonly termed the magnetic 
intensity at P. At a point in a field the force acting on a pole of strength 
m is Hm, Here m is taken as positive for an N pole and negative for an S 
pole. Let II* be the sense and magnitude of the magnetic intensity H at a 
point P a distance r from a pole of strength m, wfiere H is the intensit> 
atP due to m. By “ sense ” we mean that if we replace m by — m the direc ¬ 
tion of H is reversed. Now by the inverse^ square law 

//* = —, (3.1 j 

Mo/*" 

for a vacuum, where go is a constant that depends on tlu* system of units 
employed. 

In actual practice a magnetic field is usually detcTinined from measure¬ 
ments made with a fluxmeter attached to a coil in which, if the field is 
constant in tinu», an electromotive force is indu(*ed by the movement of 
the coil through the field. If the field is varying in time the coil is usuall> 
held stationary. 

Although the inverse square law for magnetism is not ordinarily ust'd 
directly in practical engineering computations it is valuable for th(‘ 
understanding of the subject, in particular for siJ(*h concepts as magnetic 
potential and magnetic moment. 

When certain bodies are rubbed, such as glass or amber, the presence 
of electric charges is recognized by the mutual attraction or repulsion 
between these bodies, ("harges on bodies can be measured by comparing 
the forces between these bodies and a standard body, the measurement 
being made in a short period of time during which the charges on these 
bodies are relatively constant, that is, the c harges do not leak otf to the 
surrounding medium. Coulomb verified with pith balls that the inverse 
square law (1.8) is valid for electric point charges, where mi and m2 are 
replaced by the numerical values and of these charges. There are two 
kinds of charges, positive and negative. Like charges repell and opposite 
attract each other. The force F of the inverse square law (1.8) acts along 
the line joining the charges. Numerical values are assigned to charges 
just as they are assigned to the strengths of magnetic poles. The con¬ 
stant K in (1.8) for electric charges depends on the medium in which 
these charges are placed. 

It has been found that an electron carries a definite unit of negative 
charge, whereas positrons and protons carry the same magnitude of posi¬ 
tive charge. The electric charge carried by a body is the sum of the charges 
carried by the particles in the body. 

As was the case for magnetism and magnetic fields, it is often con¬ 
venient to use field theory to treat electric effects. The electric intensity 
E at a point P due to an electric field is the force E per unit charge which 
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arts on a positive charge at P, assuming that the charge at P does not 
affect the field. At a point in an electric field the force acting on a charge q 
is Eq, Here q is taken to be positive for a positive charge, and negative 
for a negative charge. Let £** be the sense and magnitude of the electric 
intensity E at a point P a distance r from the point Q at which a charge q 
is located, it being understood that E is due only to the presence of q. For 
a vacuum the inverse square law (1.8) yields 

E* = - 3 -, (3.2) 

€or2 

where co is a constant that depends on the system of units employed. 

A medium which can give rise to ai" electric field due to the presence 
of its charges is termed a dielectric. In engineering practice the term 
dielectric is generally understood to mean a medium which is a poor 
conductor of electricity compared with others termed conductors. When 
an electric field is present in a dielectric, due to a shift of the positions 
occupied by the electrons in the atoms, the dielectric may be said to have 
become charged or polarized. The substitution of a dielectric for a vacuum 
results in a change in the intensity E, Accordingly, it is necessary to 
replace (3.2) by the more general eipiation 


- 


J 

€i)kr- 


(3.3) 


where k is called the dielectric constant or relative permittivity of the me¬ 
dium. Tn homogeneous isotropic media, where the same condition prevails at 
each point of the medium and for each direction through each point, the 
quantity fe is a constant. In engineering computations k may be taken to 
be 1 for air. For normal conditions the difference between k for air and 
k for a vacuum is less than tId of 1 per cent. 

If in the case of magnetism tlie vacuum is replaced by a medium such 
as iron, equation (3.1) becomes 


= 


m 


(3.4) 


where g is termed the relative permeability of the medium. In homogene¬ 
ous isotropic unmagnetized media is a constant. The quantity /a is 
practically the same for air as for free space. In the ('ase of magnetic 
materials, like iron and nickel, the quantity g depends very considerably 
on the past history of the material due to hysteresis, and on other factors 
such as the field intensity. 

Since we shall be concerned with relative permeabilities only, we shall 
refer to g as the permeability of the medium, as is often done in engineering. 

The dielectric constant k ranges in ordinary applications from 1 for 
air to 80 for distilled water. In some less (’ommonly encountered materials 
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k may have much higher values. For a given substance under fixed phys¬ 
ical conditions, such as fixed temperature and pressure, the constant k de¬ 
pends on the frequency when the substance is subjected to an alternating 
field. The permeability of materials in ordinary applications ranges from 
I for air to as much as 275,000 for magnetic iron purified in hydrogen. 

In what follows we shall generally take our units so that €o = mo = I. 


^ 3.2. Potential. The study of fields is much simplified by the 

use of a potential function. Let x, y, and z be Cartesian coordinates. Let 
Fx, Fy, and F* represent the components of the field intensity F at a point 
P, where the field is electric or magnetic. By definition the potential for 
this field is a function /(a?, y, z) for which 


Fx = 



Fy 



dz 


(.3.5) 


To be the potential of the field the relations (3.5) must be valid at all 
points of the region of the field. 

Belations (3.5) differ from the corresponding ones for the gravitational 
field in that we have a minus sign on the right. 

A force field is conservative if a potential function exists for this field. 
We shall show that a field for which the inverse square law holds is a con¬ 
servative one. This result greatly simplifies the study of gravitation, mag¬ 
netism, and electricity. In the following theorem charge may be mass, 
electric, or magnetic charge. We restrict ourselves to finite fields for which 
the magnitude of the field intensity is everywhere finite in the region of 
space studied. 

Theorem 3.1. A fin ite field for which the inverse square law holds 
is conservative, whence such graviiQtional, magnetic, and electric fields in 
space free of charges are conservative. 


We consider the field generated by a point charge m at the origin of an 
^r, y, z-Cartesian coordinate system. By the inverse square law the field 
intensity F at the point P{x, y, z) of Figure 34 has the magnitude | F |, 
where 


F 


Km 

^2 + y2 + 2:2^ 


(3.6) 


provided m is positive. We introduce the function / where 


r = , . i) 

\/x^ + + Z^ 

Differentiation of / and the computation of the components F*, Fy, and F, 
of F show that (3.5) is satisfied, except that the minus signs do not occur 
when m is mass. It is readily seen that (3.5) is also true when m is negative. 
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The potential function/is defined up to a constant. This constant can 
be chosen arbitrarily. Generally, it is convenient to choose this constant 
so that the function/goes to zero as (| t | + [ y j + | z j) increases beyond 
all bounds. 

The treatment above for a field due to a point charge at the origin 0 
can be extended by usual methods to several such charges, and to a con¬ 
tinuous distribution of charge. As remarked above, this charge may be 
mass, magnetic strength, or electric charge. The reader should verify 
that there is always a potential function describing the field for continu¬ 
ous charge distributions over closed portions of space or surfaces of finite 
area. To obtain this potential at a point P in a charged body one should 
cut out from the body a region coni airing P, obtain at P the potential V 
of the rest of the body, and take the potential at P in the given body to 
be the limit of V as the region shrinks toP. 



Fig. 34. Field iniensitj F 
due to a charge m. 

The field due to a stationary distribution of electric charges is called 
an elecirosialic field. The field associated with moving charges is electro¬ 
magnetic, that is, both electric and magnetic. At any instant / this field 
has a component electric field which is the same as if tlie charges were at 
rest at th(' positions occupied at the instant t. The entire field is obtained 
by superimposing on this electric field the field due to movement of the 
charges. 

If we take the line integral (see Section 1.9) 

\ f'l eds (3.8) 

from a point A to a point P in a conservative force field with intensity F\ 
regardless of the path of integration from 1 to P, we have 

- \F\cmeds= - {FJx + F,dy + FJz) = df = (f)5 (3.9) 

for the potential fun(’tion/(a:, y, z). The integral in (3.8) is the work done 
in moving a unit point charge from A to P. It is clear that this work is 
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independent of the path along which this charge is moved. Since 

f^lFl cos eds + ff\F\ cos eds = 0, (3.10) 

the work done in moving the charge around a closed path is zero, that is, 
no energy has been dissipated in this pro(‘ess, whence we have the expres¬ 
sion conservative field. 

The work per unit charge done in moving a charge from one point A to 
another point B in a conservative field is equal to the difference of potential 
(Jb — fA) between these points, 

3.3. A connection between electricity and magnetism. We 
let g be a positive electric charge moving with constant velocity v as 



Fig. 35. Magnetic field in¬ 
tensity n due to a moving 
charge q, 

shown in Figure 35, and letP be a point a distance r from q. We have: 

Law 3.1. The positive charge q sets up a magnetic field ivith intensity 
H where 

( 3 . 11 ) 

for an angle 6 between the line through q and P and the line of the velocity v; 
the direction of H in Figure 35 is perpendicular to the plane of the paper and 
away from the reader. 

Let r be the vector from q to P, We can replace (3.11) by the vector 
form 

n _qvXr 
" “ Ir ■ 

If q in (3.11) is replaced by a negative charge, formula (3.11) applies 
with q replaced by \ q \, but the direction of H is reversed. The angle 6 is 
by convention taken between 0° and 180°. 

Law 3.1 has been credited to Biot and Savart, and was stated by them 
for electric currents. 

A drift of electric charges in a given direction is understood to be a 
current in this direction. If a current flows through a body, the body 
is called a conductor of this current. A current through a wire is to be 
recognized by the presence of a magnetic field around the wire, or the 
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heating of the wire under certain conditions (that is, when the heating is 
due to electric effects and not to chemical action within the conductor, 
an external heat source, or some other cause, which might be mechanical 
as when the bending of a wire produces friction). 

A current tlurough a wire is due to the drift of electrons, which are 
extremely light particles carrying negative charges. This is proved by 
accelerating a wire rapidly. With very sensitive measuring instruments it 
is found that a current is thus generated in the w ire. Calculations indicate 
that this current is due to the inertia of electrons in the wire. 

It is customary in electrical engineering to take the direction of positive 
current in a wire as opposite to the drift of electrons, that is, opposite to 
the true current. We follow this tradition here. 

A drift of electrons implies free electrons not fixed in atoms. 

A current may be due to flow of positively charged bodies, such as 
positive ions traveling in a solution, called an electrolyte, from one elec¬ 
trode to another. We shall, however, treat only c urrents due to elec^trons, 
the theory for currents of positively clnuged bodies being an immediate 
consequence with appropriate changes of sign. 

Although charges occur in discrete quantities, and there is no such 
thing as a continuous charge distribution in modern science, the substi¬ 
tution of a continuous (charge distribution for a s(*t of discrete (‘barges 
yields satisfactory mathematical results unless we are concerned with 
atomic distances. We may therefore use the limit methods of the calculus 
for ordinary phenomena. 

When electrons drift in a conductor there are many c.ollisions between 
them and the atoms in the conductor. The resultant agitation of the atoms 
exhibits itself as heat. 

If a surface does not bound a region of space, one of the sides of the 
surface may arbitrarily be taken as the outward side. By definition the 
current i through a surface at a given instant is the rate at which charge 
is passing outward across the surface, that is. 


dt 


(3.12) 


for the charge q and time /.We can cross tlie surface at a point in two 
normal directions, and the sign of i will vary accordingly. 

If a current i flows along a conductor for which th(‘ maximum chord of 
a cross section S is negligible compared to the distance from *S to a given 
point P at which the magnetic field intensity due to i is to be obtained, the 
Biot-Savart theorem can be stated in its usual form to be given below. In 
practical cases the word “negligible” usually applies where the ratio of 
maximum chord length to the distance SP is xirr or less. We write the 
current i at the cross section S as in equation (3.12), and let / be a coordi¬ 
nate of distance along the conductor. We let A/ be the average distance 
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the charges assumed to be at or near S at the instant t travel during an 
interval of time M after the instant /. We may chose I so that A/ is positive. 
The charges at S at the time t are assumed to be at the section S* at the 
instant (/ + A/) as shown in Figure 36. We let An be the total charge in the 
region R of the conductor between the surfaces S and S*. 

We shall assume that the current i is constant or slowly varying. What 
we can consider as slowly varying is to be understood from Maxwell’s 
equations to be given later. For many practical considerations we may 
suppose that the frequencies of up to 440 cycles per second used in power 
engineering are slowly varying, as is often also true for the 0 to 5,000 
cycles per s(>!Cond commonly used in voice transmission. We shall also 
assume that the points at which we wish to determine the magnetic field 
intensity are short distances from the source of disturbance of the field 



H 


Fig. 36. Magnetic field due to 
charges traveling along a 
conductor at a constanl aver¬ 
age velocity. 

if the field is not constant. Experiments verify that magnetic, and also 
electric, field disturbances, usually called wares^ propagate in a vacuum 
with the speed c of light, c being about 186,300 miles per second. For short 
distances, such as a foot or a mile, and considerations involving long 
enough time intervals, such as at least l/10,000th of a second, we may 
suppose, often with small error, that waves propagate instantaneously 
from the source to the points studied, so that the field always corresponds 
to the source. 

The charges making up Aq have an average speed rjiAl/At), where the 
limit of 1/ as A^ 0 is assumed to be 1. We let P be a given point outside 
JR, and let r be the distance from a point Q in the region R to P. Let 6 
(0 ^ 6 < 180®) be an angle between the line joining P and the point Q 
and a line at Q specifying the direction of the conductor at Q. By Law 3.1 
the magnetic field intensity AH at P due to Aq is such that 

I AH| = (3.13) 

with the direction prescribed in Law 3.1, and proper choices of Q (hence 0) 
and t). 
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Division by Al and the taking of the limit at At goes to zero yields 


dH 


dq 

dl 


dl 


(3.14) 


assuming that the derivatives exist. Multiplying both sides of (3.14) by 
dl and replacing dq/dt by i, we have (3.15) to follow. 

Theorem 3.2. Biot-Savart Theorem. I f a constant or slowly vary¬ 
ing current i flows through a conductor of negligible cross section, the magni¬ 
tude of the differential of the magnetic intensity H at a point P, where H is a 
function of arc length I along the conductor, is given for a point Q on the 
conductor by 

I rfff 1 = 1 1 1 ■ 1 I (3.15) 


7 vhere r is the distance from the point Q to the point P, and $ is an angle 
{() ^ 6 < 180°) between the direction of the current at Q and the line QP. 
The vector dll is perpendicular to the plane of the tangent line to the conductor 
al Q and the line QP, If the conductor is grasped by the right hand, with the 
thumb extended in the direction of current, the direction of the fingers indi¬ 
cates the direction of li. 

From tlio mathematical point of view it is convenient to replace a 
conductor of negligible cross s(H‘tion by a curve, carrying the same cur¬ 
rent, in fact, the word negligible means tliat the conductor can be repJa(*ed 
by a curve with the same practical results. 



Fig. 37. Magnetic field 
intensity at the center 
of a wire loop. 


There is a vector form 


dH 


idl X r 


of the above theorem. 

One application of the Biot-Savart theorem is to the determination 
of the field at the center P of a circular wire of small cross section. We 
consider a loop of radius r as shown in Figure 37. We let I be arc length 
measured from some point on the loop, and note that B == 90° for each 
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point on the loop. For i measured positively we thus have 

/•/-2irr • r2irr n • 

For an ordinary short coil with n turns, the intensity is uH. 

A commonly used unit of charge is the coulomb. One electron carries 
a charge of approximately 1.59 • 10“^^ coulombs. A current of one ampere 
means a rate of flow of charge of one coulomb per second, that is, a flow 
ofrl^bout 6.3 * 10^* electrons per second. Although individual electrons in 
a conductor may be traveling as fast as 10^ inches per second, the velocity 
of drift in a copper wire 0.04 inch in diameter carrying one ampere will be 
about 0.004 inch per second. 

3.4. Flux and lines of force. A field of vectors is not a par¬ 
ticularly convenient concept. It is simpler in many respects to think of 
lines of force, namely curves so drawn that at each point on the curve 
the line of the field intensity coincides with tlie tangent line to the curve 



Fig. 38. Magnetic flux across 
a surface £. 


at the point. Such Unes are also called lines of flux. In a magnetic field 
such lines can sometimes be visibly formed by iron filings sprinkled in the 
field. 

The field is known when the lines of force are known, as well as the sense 
of the force along each tangent line, and the numerical magnitude of the 
force. The sense is usually known from simple physical considerations. 
The magnitude in the case of a magnetic field is known from the perme¬ 
ability fjL, and the flax defined as follows. 

Wc l('t 2 be a surface in the field with a tangent plane at each point, 
and let AS be an elemeni of area on S as shown in Figure 38. We let H 
be the magnetic field intensity at a point on the element, and let 6 be an 
angle between H and the ouhvard normal N to the surface S at this point. 
The flux yf/ through the surface S is given by 

1 cos BdZ, 
s 

where 1 H1 is the magnitude of the vector ff. Vec^torially, wc have 

f = J J fiH - dX,. 


(3.17) 
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If n and H are constant at all points of the surface 2, and 2 is a part 
of a plane perpendicular to the direction of //, the relation (3.17) becomes 

^ = mI (3.18) 

where A denotes the area of 2, and $ has been taken equal to zero. For 
unit area 

^ (3.19) 

The flux ^ is thus a measure of /iH. 

It may happen that m and H vary from point to point. Assume that 
ju and H vary continuously (as functions of position) over the surface 2, 
and let 2 include its boundary if it has one. By the first theorem of the 
mean of the integral calculus we can write ^ of (3.17) as 

^ = A[fi\ H i cos dU (3.20) 

where [/x] H | cos d]p is the value of ijl\ H\ cos 6 at a point P on 2, and A 
is the area of 2. The surface 2 may not have a boundary, such as in the 
case of a sphere, or may have one like a hemisphere. Relation (3.20) 
implies that ^ = 0 when A = 0, provided the coefficient of A in (3.20) is 
different from zero. A mere change of notation yields 

= [mI II \ cos 0]p,A2 (3.21) 

for a point Pi on a given element of surface A 2 on the surface 2. Let 6 
be the maximum length of the chords joining points of this element. 
Divide both sides of (3.21) by A2, and take the limit as 6 goes to zero, and 
the element shrinks to a point P. The point Pj tlien approaches P and 
relation (3.21) yields 

^ = mI H 1 cos 9 (3.22) 

valid at P. The area A2 goes to zero with the maximum chord length. If 
the normal at P is in the direction of the vector H at P, relation (3.22) 
becomes 

g H H 1. (3.23) 

We have shown that the rate of change of flux with respect to area, on a 
surface normal to the magnetic field intensity U at a point P, is g.\ H the 
angle d being taken equal zero. When physicists and engineers speak of 
flux in lines per unit of area, they really mean the derivative dil//d'Z. 

In a field where fM and H are constant, d^/d2 is the flux ^ per unit area, 
the area being measured on a plane as for the formula (3.19), and with the 
correct sense of the outward normal. 
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We introduce the magnelic induciion B, where 


n = fiH. (3.21) 

The inagniliide of B is given in (3.23). It is customary in engiiuM r- 

ing circles to use the symbol B for a function representing the magnitude 
and sense of B, and to speak of the magnitude of B Rsflux density, measur¬ 
ing B numerically in lines per square inch. The magnetic induction B 
depends on the point at which B is eraluated, and the direction of B at this 
point, 

A force of 10® dynes is the same, for practical purposes, as 2.248 pounds. 
Using M = 1 for (mipty space, if H is in dynes per unit pole, the flux 
density is by definition in lines per square centimeter. One inch is approxi¬ 
mately 2.54 centimeters. 

In engineering the magnetic field intensity // is often called the 
magnetizing force. The magnitude and sense of II are leprescnted by //. 
The magnitude of II is normally measured in ampere turns per inch for 
reasons to be explained in a later section. 

The treatment of flux above applies in the sanu^ wa> to elec tric fields 
with 

^ = f J k\E\ cos dd^ (:5.25) 

s 

for the electric flux yp, dielectric constant ky and (dectric field intensity E. 
Vet'torially, (3.25) can be written as 

= I j kE - dj:. 

Corresponding to B there is an electric induction D for whicdi 

D kE (3.26) 

The vector D is also called the electric displacement, and electric flux 
density. 

Lines of force are sometimes replaced by tubes of force. These are merely 
geometric concepts to visualize the meaning of (3.23) and the analogous 
relation 

Although the dielectric constant k is in common use in numerical 
computations, this is not as much true of D and E. The concepts of D 
and E are invaluable for understanding the theory of dielectrics. The 
quantities B and H for magnetism are in constant use. 

Although the dielectric constant k is, for practical purposes, constant 
for a given homogeneous material under given physical conditions of 
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temperature, pressure, and rale of change dE/dl of E with respect to time, 
this is not true for the permeability jjl. Even for a steady state, the value 
of B for a given H is not uni(iue. When we go from an intensity H through 
a series of intensities and then back to H, the final value of B may be 
different from its initial value. This phenomenon is termed hysteresis. 
Such a path for iron is given in Figure 39 where // = 0 at the origin 0 
and increases to i/max at A and drops back to zero at C. The value of B at 
C is different from zero. Hysteresis results from the fact that considerable 
energy is lost in this process. This energy cannot be reclaimed by restoring 
the original H. 

Magnetic properties of materials are usually described by character¬ 
istic curves as in Figure 40. In this figure B is in kilogausses, one kilo- 
gauss being 1,000 gausses, and one gauss being approximately 6.45 lines 



Fig. 39. llymtereHin curve. Characteristic curve of 

armco iron (hysteresis loop). 


per square inch. The intensity H is in oersteds. One ampere turn per inch 
is approximately 0.495 oersteds, LInfortunat(4y, many other terms for B 
and H occur in the literature. The reader should become familiar with 
conversion tables. 

It can be shown that the area of the hysteresis loop formed by going 
from a pair of values of B and H back to this pair, as in Figure 40 for 
example, is proportional to the hysteresis loss of energy in going around 
this loop. 

If B is the flux density in a vacuum for a magnetic field intensity H, 
the same flux density B is obtained in a medium with permeability g by 
using a field intensity H/g; that is, with g > 1 much less magnetizing 
force is needed to produce a given flux in the medium than is required for 
empty space. It is because of this fact that magnetic materials are so 
desirable in many applications, cutting down the size of the equipment 
otherwise needed. Similar remarks hold for dielectrics. 

There are materials such as permalloy and hypernik for which the hys- 
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teresis loops have very small area, so that in many practical examples a 
hysteresis loop may be considered to be an arc of a curve. 

The normal magnetizing force of the earth is about 1 or 2 lines per 
square inch in contrast to the 60,000 lines per square inch often used in 
direct current motors and generators. The variation in the earth’s mag¬ 
netic field is so slow that, unless we are interested in weak magnetic 
fields over long periods of time, we may treat this field as constant, so that 
in equations of force the earth’s magnetic field plays a role like gravity in 
Section 2.1. 

From the definition of flux above, a number of valuable theorems can 
be proved. Among them is the following. 

Theorem 3.3. Gausses theorem. The electric flux across a closed 
surface S is 4 -k times the charge q bounded by the surface, that is, 

j j kE dS = 4^q 

We consider a positive charge q at the center of a sphere S of radius r 
as in Figure 41. For each point on the sphere the intensity E due to q is in 
the direction of the normal to the sphere at this point, whence 6 in (3.25) 



Fig. 41. Charge q at the center 
of a sphere. 


is zero. By (3.3) with €o = 1 we have 


|E1 



(3.27) 


at each point on the sphere. Thus (3.25) becomes 


(3.28) 


Since the area of the sphere is iurr^, relation (3.28) gives 

^ = 4n-?. (3.29) 

Similarly, for a negative charge q. 

Except where otherwise noted, we shall assume in the rest of this 
section that the dielectric constant k is the same at all points of the region 
considered. 
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Let F be a region free of charges and bounded by a surface Z assumed 
to have a continuously changing normal at each point. We let df/dn be 
the normal derivative of the potential of tlie field at a point on S. By 
Green’s theorem of the calculus for space we have 




av2 


+ 


ozy 


dV, 


Since the potential function / satisfies Laplace's equation 


dx^ dz'^ 


- 0 , 


and df/dn is | E | cos 0, the flux across 2 vanishes. 

Consider a surface 2i bounding a simply conneciU^d region V, where Si 
has a continuously changing normal at each point. Suppose that the 
origin is an interior point of V, and that V contains a single point charge 
q at the origin. We let S 2 be a sphere of radius r with the origin as center 
and lying within Si. In th(‘ region between Si and S 2 Laplace’s equation 
is satisfied. Assuming that (ireen’s theorem applic^s to the ri'gion V* be¬ 
tween Si and S 2 we have 



d'if 


^ ^ dz 




where the integration over eacJi surface is taken with the normal out¬ 
ward with respect to the region V*. If the inlegration over the sphere' S 2 
is performed with the normal outward wilh respect to this sphere we have 



so that Gauss’s theorem is valid for the surface Si. 

Suppose that we have charges < 71 , < 72 , . . . , at points which art' dis¬ 
tances ru r 2 , . . . , /*n from a given point P, respectively. The potential 
at P due to Qi is q./kri. By the principle of superposition, the potential at 
P due to all of the charges is 


n 



1=1 


If we have a surface S enclosing several point charges, we can enclose 
these charges by nonoverlapping surfaces such as spheres lying entirely 
within the sm'face S. We suppose that Green’s theorem for space applies 
to the region between S and the surfaces enclosing the charges. We then 
find that Gauss’s theorem is satisfied for S. 
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Suppose that we have a continuous charge distribution over a region V 
of space, and that we recognize the existence of this charge by an electric 
field in space, where the field intensity is E. Let q be the charge in the 
region V, We can define q so as to satisfy Gauss’s theorem, that is 

j j k\ E\ cos Sdl, = 47rg, 
z 

where we have used the notations of (3.25), and ^ is tlie surface bounding 
V, it being assumed that the integral exists. Here k may vary from point 
to point. 

Let /, m, and n be direction cosines of an outward normal to and let 
Ex, Ey, and E» designate the components of the electric intensity £. By 
Green’s theorem for space and the definition of the divergence of the 
vector E we have 




cos ed'^ 



(EJ + Eym + E^n)d:^ 


Suppose that div E exists and is continuous over the region V» By the 
first theorem of the mean of the integral calculus we have 

Ilf div EdV = Fo[div /s]q 


for the volume Vo of V and the divergence of E evaluated at a properly 
chosen point Q of V, l^y definition the charge q is poVo for an average 
value po of the density p, wIktc po is some value between the maximum 
and minimum values taken on by p for the region V. Thus 


fe[div E]q = irpo. 


Taking the limit as the region shrinks to a point P, assuming that this 
limit exists, we have 


div E — 


lirp 

V 


(3.30) 


for the divergence of E and density p at the point P. For charges in empty 
space we have simply 

div E = 47rp. (3.31) 

We have treated charges distributed over a region V of space. We can 
also have surface distributions of charge. 

Gauss’s theorem is valid for a rather general class of surfaces. 
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The proof of Gauss’s theorem holds for magnetic as well as electric 
fields. The divergence relation (3.30) is valid for any medium. 

3.5. Electromotive and magnetomotive forces. We consider 
a conductor in which current is flowing from a section ^ to a section B. 
It takes some work to bring a charge from section A to B because of 
collisions between the drifting charges, of whi(*h the current is thought 
of as composed, and the material of the conductor. The chord of maximum 
length joining points of A will be assumed to be small compared with the 
minimum distance from points on A to points on B, and the same is 
assumed to be true for section B. We make this fissumption so that we can 
treat A and B as equipoteniial sections in what follows, that is, sections 
where all points are at the same potential. 

The work done by a force of one dyne moving through one centimeter 
is one erg. By definition a Joule is 10^ ergs. If one joule of work must be 
expended to move a positive charge of one coulomb between a point P on 
A and a point Q on B, the difference of potential between P and Q is one 
volt. 

The following law has beim found to be triu' (experimentally. 

Law 3.2. Ohm’s law. If e is the potential difference between sec¬ 
tions of a metal conductor {or the electrodes of an electrolytic conductor) due 
to the resistance of the conductor to the current i flowing between these sections 
{or electrodes)^ the current i is proportional to c, that is, 

e - Bi, (3.32) 

The constant /? in (3.32) is ternued th(‘ resistance of the conductor. In 
engin(‘('ring practice we may assume that Ohm’s law holds in general for 

A B 



E 



Aq 



_^ --J 

1 A/ 


A/ 



A\ 

Fig. 42. Conductor. 


conductors, except that R depends to a certain extent on physical condi¬ 
tions, such as temperature. 

The difference of potential e between two points of a conductor is not 
a force, although it unfortunately is sometimes called an electromotire 
force (emf). The potential difference e is also termed a voltage. 

Let us consider a positive imit charge q which moves along a conductor 
under the influence of an electric force intensity. When the charge q is 
moved a straight line distance At along the conductor as in Figure 42 the 
work done is the difference Ae of potential between the starting point and 
the end point. We let E designate the component of the electric force 



FUNDAMKINTALS OF ELECTKIOITY AIND MAGNETISM [cHAP. 3 


88 ] 

intensity in the direction of the path of q, it being the component that does 
the work. The work done in moving q the distance Ax is thus | E \Ax where 
E is evaluated at some point along the path, provided E varies continu¬ 
ously along the path. It follows that 

j^, = IE|. (3.33) 

Taking the limit as Ax goes to zero yields (if the limit exists) 


E\ 


de 

dx 


(3.34) 


Thus the magnitude of the rate of change of potential with respect to 
distance in a given direction yields the magnitude of the electric force 
intensity component in this direction. In this sense the use of the potential 
is somewhat equivalent to working with aforee. 

When a battery, generator, or some other sour(*e of energy maintains a 
difleren('e of potential of e volts across the terminals of an electric (‘in'uit 
we say that it maintains an electromotive fori‘e of e volts. 

If in (3.32) the current i is in amperes and e is in volts, the resistance B 
is in ohms. 

For materials of the same geometrical dimensions it is known that B 
can vary over a range 1 to 4 • 10^^ Resistors with a resistance of 10^ ohms 
and only 1-inch long and :j-inch wide are in commercial use. Lower 
resistances recfuire even smaller elements. The wide range of B makes 
resistors very convenient to work with. See Figure 43 for a photograph 
of some commercial resistors. 

For magnetism there is a magnetomotive force ^ where 


ifl^ 

I dx 


H\. 


(3.35) 


If H is in oersteds, and x in centimeters the quantity 3^ is in gilberts. 
One oersted is the same as one gilbert per centimeter. Engineers often 
prefer to measure JT in ampere turns. One gilbert is approximately 0.7958 
ampere turns. 

The reluctance (H of a magnetic circuit is the capacity of a circuit to 
oppose the setting up of a magnetic field. By definition (R satisfies the 
relation 

SF = (R^, (3.36) 

analogous to Ohm’s law, where is the magnetomotive force on the circuit 
and yp is the flux across a section of the circuit. We note that the influence 
which normally magnetizes a piece of iron is external to the iron, and we 
may consider the iron to contain no magnetic charges. By Gauss’s theorem 
the total flux through the closed surface formed by the part of the mag- 



ELECTROMOTIVE AND MAGNETOMOTIVE FORCES 


189 


§3.5] 



Fig. 43. A group of industrial resistors with ratings of from 5 to 100,000 ohms. 
The largest has a resistance of 250 ohms, and the smallest 100,000 ohms. 
An inch ruler is included to show the sizes of the resistors. Courtesy of the 
Woodward Governor Company. 

netic circuit between sections A and C as in Figure 44 is zero. Neglecting 
leakage flux, that is, assuming that the flux through the lateral surface 
of the circuit is zero, the flux at A is the same as the flux at C. Thus, with¬ 
out leakage flux the flux through each cross section of the magnetic ma¬ 
terial is the same as for each other section. For example, if 100,000 lines 
of flux pass through A this is also true of C. The same mathematical 
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techniques used in treating Ohm’s law may thus be applied to (3.36), so 
that we can think of magnetic circuits in the same way as electric circuits 
of resistors. 

If the area of section C in Figure 44 is twice the area of A, and the flux 
density at A is 20,000 lines per square inch, the flux density at C is 10,000 
lines per square inch, neglecting leakage. The problem of leakage is 
ordinarily handled by first leaving it out of consideration, and then 
making a correction for it. If a magnetic path is entirely composed of 
magnetic material, such as iron, the leakage is normally quite small. If 
the path contains an air gap, the fringing due to spreading out of the flux 
in the air gap must usually be accounted for. 



Fig. 44. Flux through sections of a 
magnetic circuit. 

Suppose that the magnetic circuit is 20 inches long (length of an aver¬ 
age path around the circuit), that the flux density is 90,000 lines per 
square inch, and that the magnetic material is 4 per cent silicon steel. 
We assume that the whole path is through this steel. A typical B~H curve 
for this steel shows that H must be 25 ampere turns per inch to give this 
flux density, whence the magnetomotive force CF must be 500 ampere 
turns. If a coil of 5,000 turns is wound around the steel (see Section 3.12), 
we need a current of 0.1 ampere to produce the given flux. 

3.6. Heat loss in a conductor. We consider two surfaces (cross 
sections) A and B bounding a part of a conductor for which the current 
is the same at each cross section, or practically so, and for which the 
potential difference e between the two surfaces A and jB is a constant, the 
surfaces being equipotential. Consider an interval of time At. In this 
interval of time the charge Aq crosses the surface A as shown in Figure 42, 
the average speed of the charges being Al/Ai for a length coordinate /. 
In Figure 42 the charge Aq crossing A in the time At is pictured as occupy¬ 
ing an element of length At at the end of the interval A/, and the charge 
Aq crossing the section B in the time At is also pictured as occupying a 
similar element at the right end of the conductor part being treated at the 
beginning of the time At. We are assuming that the time At is taken so small 
that the spaces occupied by these charges do not overlap. We let n and At 
be such that the distance from A to JB is nA/, whence the charge Aqi always 
remaining between A and B during the time At is (n — l)Aq. We let 
Ae be the difference in potential between the ends of a length element 
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so that we may suppose that e = n^e. The total work done in the 
Lime A/ on (or by) the charges originally between A and B is nA^Ae, or 
simply eAqr. Thus we have 


Aq 

At ^ Al 


(3.37) 


Taking the limit as At goes to zero, and writing i for dq/di, and Hi for e, 
we obtain 

dW . 

= ei = HiK (3.38) 

Power p is the derivative of work with respect to lime. It follows that the 
power consumed by the conductor is such that 

P •- ei. (3.39) 

If i is in amperes and e is in volts, the power p is in 7 vatts. k common unit 

of electrical power is 1,000 watts, or one kilowatt (kw). The power p is 

normally evidenced as heat, and is due to the motion of the charge carry¬ 
ing bodies in the conductor. 

Although energy is needed to set up a magnetic or electric field, no 
power is needed to maintain it as long as the field does no work. Tin* 
power consumed by a resistor goes normally only into heat. 


3.7. Force on a conductor in a magnetic field. We consider 
a charge q moving as in Figure 1.5 with velocity v. By Law 3.1 there is at 



Fig. 45. Force F on a moving 
point charge q. 

each point P a magnetic force intensity //, satisfying (3.11), if q is posi¬ 
tive, which will be assumed to start with. 

We place a magnetic pole of strength m at P so that a force Hm acts 
on this pole. By Newton’s third law of motion a force F acts on the charge 
q in the same direction but oppositely sensed, that is 

I F I = I H |m = ^ = \B\q\v\Hme, (3.40) 

where by (3.4) and (3.24) the vector B is the magnetic induction at the 
charge due to the pole m, and we have taken go = 1. In Figure 45 F is 
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toward the reader, while H is into the paper. In what follows we also take 
the constant of proportionality €o equal to 1. 

Let us suppose that the charge q moves in a given magnetic field. At a 
given instant, 9 is at a point R in space for which the magnetic induction 
is a given vector B. We can always choose P, and m (in fact, either m or 
r, or both), so that we can think of B as due to the pole m. We have 
proved the following theorem. 

Theorem 3.4. If a positive charge q moves with velocity v in a 
magnetic field with magnetic induction B (flux density) at the charge, there 
is a force F acting on the charge given by 

I F 1 = 1 B |( 7 | 1 ? 1 sin (3.41) 

where 6 is an angle between the line of v and the direction of B, and the direc¬ 
tion of F is perpendicular to the plane of B and v as shown in Figure 45, 

In vector form (3.41) is 

F == qv X B, 

In Figure 45 the force F is toward the reader. For a negative charge q 
the direction of F is reversed. Since we usually work with currents the 
following form of Theorem 3.4 is stated. 

Theorem 3.5. If a current i flows through a straight line conductor, 
and the conductor is placed in a magnetic field with the same magnetic induc¬ 
tion B (flux density) at each point on the conductor perpendicular to the 
conductor, there is a force F given by 

|F| ^\B\.\i\l, (3.42) 

where I is the length of the conductor, and the direction of F is perpendicular 
to the plane of the current and magnetic induction B, and for i and B as in 
Figure 46 the sense of F is toward the reader. 

There is a vector form 

F = liXB 

of (3.42) for a cmrent vector i. 

If B is not perpendicular to the conductor, we must use the component 
of B perpendicular to the conductor in place of B in (3.42). It is to be 
understood that i, as well as B, does not change as we go along the 
conductor. 

We suppose that a charge Aq passes a section of the conductor in time 
At traveling with an average speed As/At, We picture an element of 
length on the conductor containing the charge Aq as shown in Figure 
46. The force on the conductor is due only to the moving charges if the 
conductor is nonmagnetic. If the conductor is magnetic, we restrict our¬ 
selves to the force due to the movement of the electric charges. We sup- 
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pose that Ag, As, and At are all positive. By Theorem 3.4 the magnitude 
of the force acting on Aq is | AF |, where 

|AF| = |B|A9^- (3.43) 


Dividing by As and taking the limits as At goes to zero, assuming that the 
limits exist, we obtain 


ds 


-\B\L 


(3.44) 


Integration yields (3.42). The direction of F follows from that given in 
Theorem 3.4. The force of Theorem 3.5 is used in electric motors to turn 
the rotor. 



Fig. 46. F’oroe F on a 
<’onduc*ior. 


If B varies in magnitude but not sense from point to point on the con¬ 
ductor, we have 

I F| = 1^1 Bids (3.45) 

integrated over the conductor. If at a point on the conductor the sense 
of B is reversed, the factor | B | in (3.45) must be replaced by — | B |. In 
this case the right member of (3.45) might yield -*1 F | instead of | F |. 

If B is in lines per square centimeter, I is in centimeters, and i is in 
amperes divided by 10, the force F is in dynes. 


3.8. Faraday’s law of induction. In electric generators used 
for power the voltage is induced in a conductor by moving the conductor 
in a magnetic field. A law pertaining to this action follows. 

Theorem 3.6. Faraday’s law. If a conductor moves in a mag¬ 
netic field nonvarying with respect to time, there is an electromotive force 
e generated in the conductor where e is minus the rate at which flux is cut by 
the conductor with respect to time, that is, 

d\l/ 


(3.46) 



FUNDAMENTALS OF ELECTRICITY AND MAGNETISM [cHAP. 3 


P4] 


We consider an element of length Al of a conductor moving with veIoc> 
ity i; in a magnetic field with magnetic induction B, as shown in Figure 
47. We shall suppose that at each point of the element of area AlAs, swept 
over by the conductor element in a time Al, the vector B is perpendicular 
to the surface of the area element in the sense shown. The flux across the 
area element is | B \AlAs where | B | is evaluated at some point on the 
area element, on the assumption that B varies continuously over the re¬ 
gion of space treated. This flux is the increment ASrp of the flux 6^ swept 
over, that is cut by the condu(*tor element of Figure 47 in moving from 
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Fig. 47. (Conductor moving in a 
magnetic field* 

some given position, for which we may take s = 0, to a value s for the 
position of the element in the figure. The flux 5^ is given b> 


Sf = M jj \B |rfs, 


it being assumed that the flux always has the same direction across the 
surface generated by moving the conductor element from 5 = 0 to the 
position of Figure 47. It follows that 


whence 


ds 


B\Al, 


dbf/ 

di 


B\Al 


It 


(3.47) 

(3.48) 


Measuring s so that ds/di is positive, we can write (3.48) as 

= \B\’\v\Al (3.49) 

for the speed j v 1 of the element. Approximating the conductor by a 
broken line composed of straight-line elements, and taking the limit as 
the maximum length of these elements goes to zero, we obtain 


(3.50) 
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where ^ is the limit of the sum of flux terms of the type tlie integra¬ 
tion being over the conductor. 

It is assumed that, as we move a point P along the conductor, the 
velocity v at P, the vector B perpendicular to t?, and the line T tangent 
to the conductor at P bear the same sense to each other. 

By Theorem 3.4 the force on a unit charge, and hence the electric field 
intensity E, at a point on the conductor element is such that 


1E| = 


(3.51) 


The electromotive force e induced in the conductor is the integral 



(3.52) 


the direction of E along the conductor being always the same. We can 
write (3.52) as 

It follows from (3.5())-(3.52) that 



(3.53) 


as was to be proved. The paragraph of (3.54) explains the sign. 

If the sense of B is reversed from that shown in Figure 47 we have 
-“I B 1 in place of 1 B | in (3.47). We still obtain (3.53). If B is not per¬ 
pendicular to the surface el(Tnent of Figure 47, we must replace B in 
(3.47) by its component perptmdicular lo this element. If the velocity 
i? of a point on the conductor is reversed r(4ative to B, the result is the 
same as if the sense of B is reversed. 

The electromotive force e of one volt is induced in the conductor if 
d\l//di is 10* lines per second, that is, 10* maxivells per seexmd, or one weher 
per second. 

In the proof of Faraday’s law we assumed that the conductor was one¬ 
dimensional. This is good enough for practical purposes. 

By Theorem 3.4 we know that E is in the direc’tion shown for the 
induced current i in Figure 47. A statement to this effect follows. See 
Figure 48. 

A current induced in a conductor mmnng in a magnetic field is in such a 
direction that the reaction between the current and the field is such as to pro¬ 
duce a force on the conductor tending to oppose the motion of the conductor. 

From Figures 46 and 47 it follows that the current generates a force F 
opposing the motion of the conductor. 

Fleming's right-hand rule applies to the current, field, and motion, 
namely, if the thumb and two adjoining fingers of the right hand are held 
mutually perpendicular, with the thumb in the direction of the motion. 
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the forefinger is in the direction of the field, and the second in the direc¬ 
tion of the curent. 

If a current i is maintained in a conductor placed in a magnetic field 
as in Figure 46, the conductor will move under the influence of the force 
F, but in so doing a counter electromotive force will be induced in the con¬ 
ductor so as to oppose the applied voltage. If the resistance of the con¬ 
ductor is i?, the applied electromotive force is e, and the negative of the 
induced electromotive force is ^c, we have 



Suppose that e and ee are positive. It follows from (3.54) that for a given 
e, as ee decreases, the current i increases, whence the corresponding force 
on the conductor increases in magnitude, and vice versa. In engineering 
practice we often refer to ec as the induced electromotive force. 



Fig. 48. Direction of in¬ 
duced current. 

In a later section Faraday’s law will be extended to the cases where the 
field or conductor shape may vary with time. 

3.9. Dipoles. In treating magnets and magnetic fields it is 
often convenient to introduce the concept of an elementary magnet or di¬ 
pole. The theory has an exact analogue for electric fields although the 
concept of the electric dipole is not as useful for our purposes because 
plus or minus charges can exist alone, whereas from experience we know 
that the following holds. 

Law 3.3. For a magnetic pole of given intensity m there is always a 
corresponding pole of opposite intensity — m. 

We consider N and S poles a distance apart, the N pole being of 
strength m and the 5 pole of strength — m as in Figure 49. We let Q denote 
the midpoint of the line segment joining the poles. We let P be an arbi¬ 
trary point in space, 6 the angle between the line joining m and — m and 
the line QP as shown in the figure, while r+ is the distance from m to P, 
and r- is the distance from — m toP, and finally r is the distance from Q 
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to the point P. For simplicity we take the permeability of the medium 
equal to 1. The potential at P due to m is Km/r^ and due to —m the 
potential at P is --Kmlr^ so that the total potential at P due to the two 
poles is V, where 

F = iiTm 1^^ - ^ j- (3.55) 

Since 


rl — = 2r cos 6As 


(3.56) 


for the distance As between the given poles, relation (3.55) is 


F = 2 . ^f .L g Lg- (3.57) 

r_r+(r^ + r+) 

where we have written M for the magnetic moment mAs of the magnet. We 
take the limit of V in (3.57) as goes to zero while m increases so that 



Fig. 49. Elementary magnet. 


M remains constant, and the poles approach Q, The angle 6 is kept con¬ 
stant. The potential V of (3.57) becomes 


V 


KM cos d 


(3.58) 


By definition V is the potential of a dipole at Q with magnetic moment M. 
The south-north direction of the dipole is the same as the direction from 
— m to m in the original magnet. A magnetic dipole is thus the limit of an 
elementary magnet as the poles of the magnet approach each other along 
a straight line while M remains constant. 

A magnetic dipole can be conveniently be thought of as a point magnet. 
In many applications, such as a compass needle, the magnet may be 
thought of as a dipole, the moment M and direction of the dipole being 
obtained in practice by experiment. 

It is sometimes convenient though not necessary to think of some 
magnetic fields as produced by magnetic shells. A magnetic shell is a sur¬ 
face S for which a magnetic moment density M is associated with each 
point Q on the surface and a south-north direction along the normal to 
the surface at Q. We consider a region of area AS about Q as in Figure 50, 
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We replace this region by a dipole at Q witJi intensity MAS and aligned 
along the normal at We can think of the surface S as cut up into such 
elements each of which is approximated by a dipole as described for the 
element pictured in Figure 50. There is a magnetic field Fp due to the 
dipoles. We let the areas of the elements go to zero simultaneously by 
letting the maximum chord joining two points in an element go to zero. 



Fig. 30. Magnetic Hhell 
£. 


If this process yields a unique limiting magnetic field F, we say that F is 
due to a magnetic shell. 

Consider a closed circuit in which an electric current i is flowing as in 
Figure 51. It is supposed that the current has the same numerical value 
at each point on the conductor and is always in the same direction (clock¬ 
wise or coimterclockwise). It can be shown that at each point not on the 
shell the magnetic field due to the current is the same as that of a mag¬ 
netic shell bounded by the conductor. It is understood that the cross seo- 



Fig. 51. Circuit with a cur¬ 
rent t. 


tion of the conductor is negligible, so that the conductor can be thought 
of as a curve in space. From the equivalence of the shell to the current, 
and mathematical theory of integrals, we can show that the field due to 
the current is conservative in any region not containing the conductor. 
This can be shown, however, without reference to equivalent shells, the 
equivalent shell method being at best a device to emphasize the relation 
between electricity and magnetism. 

For the purpose of obtaining a fundamental picture of magnetism it is 
convenient to treat magnets as bodies made up of dipoles co!Tq) 08 ed of 
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oriented atoms, molecules, and larger subbodies of these magnets. This is 
not ordinarily necessary for the purpose of setting up engineering prob¬ 
lems, involving magnets, in mathematical form. 


3.10. Magnetic field produced by a single charge and a 
current in a circuit. We shall show that the field produced by a single 
moving charge is not conservatwe. 

We shall consider the field with magnetic* intensity H at the point 
Pix, y, z) due to a single positive charge q at the origin 0 traveling in the 
positive direction on the j-axis with velocity v as shown in Figure 52. 
Since H is perpendicular to the plane of the r-axis and the ray OP, we can 
draw a ray N issuing from 0 parallel to If and lying in the yz-plane. 
Letting Hx, Hy, and Hz represent the components of the vector H in the 


Z 



P(x,y^) 




Fig. 52. Magnetic intensit} H due 
to a moving positive charge q. 


J-, y-, and z-directions respectively, and y the direction angle of N with 
the z-axis, we have 


Hx = 0 , 


7/^ = I I cos 



I // I sin 7. (3.59) 


Let a be the angle between the velocity r, and the ray OP as in the figure. 
Since 


H\ 


q\ 17 I sin a 


, tan 7 = -, sm a = 
Y 


- + 


we have 


H, 


- zjdjdf. 


(3.60) 


(3.61) 


If we assume that there is a potential function V for the field, the 
vanishing of Hx implies that dV/dT* = 0 and F is a function of y and z 
only. However, Hy cannot be dV/dy since Hy is also a function of t. 
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The same type of argument holds for a negative charge at 0. It follows 
that there is not a potential function V for the magnetic field generated 
by a single moving charge, and hence the Geld is not conservative in any 
region of space. 

Although the magnetic field of a single moving charge is not conserva¬ 
tive, as remarked in Section 3.9 the field due to a closed circuit (see Fig¬ 
ure 51) carrying a current i is conservative in any region of space not 
containing the conductor. Thus the superposition of the nonconservative 
fields due to the charges in a closed conductor yields a conservative field 
for regions not containing the conductor. In contrast, the electric field 
due to a continuous distribution of charge is a conservative field obtain¬ 
able by a limit process from the superposition of the conservative electric 
fields of individual charges. The same remark applies to magnetic poles, 
and continuous magnetic charge distributions. The proof of the conserva¬ 
tiveness of the field due to the current of Figure 51 for regions not con¬ 
taining the conductor is at best complicated, and will be omitted from this 
section. Once the conservativeness of the magnetic field due to a current 
carrying conductor is established it is easy to prove that the work done 
in carrying a charge around a conductor is proportional to the current (see 
Section 5.1). 

We note that the work necessary to move a unit pole at P of Figure 52 
around a circle with center on the x-axis and in a plane perpendicular 
to the x-axis is the magnitude [ // | of J? times the circumference of the 
path. The work done on the pole is thus not zero. 

3.11. Work done on a conductor moved in a magnetic field. 

We shall consider the conductor C of Figure 53 placed in a magnetic field 
where B designates the component of the magnetic induction (flux den¬ 
sity) perpendicular to the surface formed by moving C a distance As in 
one direction as in the figure. The density B may vary from point to point 
on the conductor. We take the current i to be positive. By Theorem 3.5 
there is a force AF acting on the element of length Al of the conductor C 
pictured in Figure 53, where the magnitude of AF is | B \ iAl, and B is 
evaluated at a properly chosen point on the element. In moving the ele¬ 
ment through the distance the work done against the force of the field 
opposing the motion is | B | iAlAs for B evaluated at a properly chosen 
point on the element of surface generated by moving the element of the 
conductor. We are assuming here that B varies continuously along the 
surface, so that on the element of surface the magnitude | B 1 takes on 
each value between its maximum and minimum for this element. It 
follows from limit theory that if the conductor is moved parallel to itself 
to sweep out a surface the work W is given by 

W = if f \B\dlds = i f f B-dS. 


( 3 . 62 ) 
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integrated over the surface 2. By the definition of flux the integral in 
(3.62) is the total flux yp across the surface 2. Relation (3.62) is valid 
for any surface generated by moving the conductor and any sense of B 
with the proper sign in front of | R (. We have proved the following, where 
ip is said to be the flux cut by the conductor. 



Fig. 53. Conductor moved in a 
magnetic field. 


Theorem 3.7. The work done in moving a conductor, carrying a 
current i, through a magnetic field is the product of i by the flux yp cut by the 
conductor. 


3.12. Ampere turns. We shall show why magnetomotive force 
is often measmed in ampere turns. 


I 



Fig. 54. Solenoid with N turns. 


As normally used the term solenoid refers to a closely wound helical 
coil of wire. We shall extend the term to cover the coil of Figure 54 wound 
symmetrically about a circular ring of radius r and cross-*sectional diam¬ 
eter d. The wire need not be closely wound. The leads in Figure 54, indi¬ 
cating a source of voltage to maintain the current i in the conductor, are 
neglected in the following argument. The cross section of the wire is 
assumed to be so small that the wire may be treated as a curve. 
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We let T designate a single turn of the wire, so that the surface S of 
the ring can be generated by moving T about the axis of the ring through 
the center 0. We suppose that there are N turns { T] composing the coil. 
We place a magnetic pole with strength m at a point P inside the ring. By 
Gauss’s theorem of Section 3.4, which applies to the surface of the ring, 
the total flux ^ across the surface S is 47rm. 

We move the pole m about a circle C with center at 0 perpendicular to 
the axis of the ring. We consider the work w necessary to bring the pole 
m once about the circle, and due to the magnetic field of a single turn T 
only, as in Figure 55. This is the same as the work necessary to move the 
turn T about the ring keeping the pole m fixed. By Theorem 3.7 this work 
w is 47rmi. The work of moving the pole m around the ring is thus 4!TmNi 
for the N turns of wire in the solenoid. 



Fig. 55. Circular path of a 
pole m in a ring. 


Let Cm denote the circle C of radius r + d/2 at the middle of the coil. 
The point P is on a ray perpendicular to Cm- Let this ray intersect the 
wire at a point Q. Suppose that the diameter d of the ring is small com¬ 
pared to the radius r of the ring, so that the coil may be treated as a right 
circular cylinder in a neighborhood of P. For each element of current in 
the coil on one side of Q a distance / along the wire there wifi be a similar 
element a distance / from Q on the other side, so that by the Biot-Savart 
theorem the component of the magnetic field intensity at P perpendicular 
to Cm vanishes, at least in the limit as r increases beyond all bounds 
while d and N/r are kept constant. Thus the magnetic intensity H at P 
due to the current i may be considered to be tangent to the circle C 
thl^ough P. Because of symmetry the magnetic field intensity H h the 
same, relative to the coil, at all points of C. Let R be the radius of the 
circle. The work done in moving the pole m about the circle is thus 
27rPl H [m. If the diameter d of the ring section is small compared 
to the radius r of the ring, the value of R deviates but little from r for 
the different circular paths in the ring. Since the work 4irmiVi derived 
above is identical with 2vR\ ff |m, it follows that H is practically the same 
relative to the solenoid at all points inside of the solenoid (that is, inside 
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the ring). In precise mathematical terms, as d is kept fixed and r is 
increased beyond all bounds, N being kept proportional to r. the limit of 
H is the same in magnitude at each point in the solenoid. 

Any continuous curve T around the ring within the coil can be approxi¬ 
mated by a curve F' composed of arcs of circles {C}, and segments of 
straight lines through the circle Cm perpendicular to Cm, and arcs of circles 
with centers on Cm in planes perpendicular to Cm- The integrals of H • ds 
along the arcs of the circles with centers on Cm will vanish, as will these 
integrals along the segments of straight lines through Cm, because H is 
perpendicular to these arcs. Thus when r is large compared to d the 
integral of H • ds around any curve F will be 2Tr\ H \m for practical 
purposes, and thus the work done in bringing a pole m once around the 
ring is the same for all paths. 

We write / for the length of a circular patli around the solenoid, so that 

I // I = (3.63) 

The magnetomotive force ^ is the work /| // | per unit pole necessary to 
bring a magnetic pole around the interior of the solenoid. The mag¬ 
netomotive force CF due to i amperes and N turns is said to be Ni ampere 
turns. The average value of the field intensity AT, termed the magnetizing 
force, is then measured as to magnitude in ampere turns per inch. 

Due to symmetry the magnetomotive force for a partial path in the 
solenoid is the ampere turns per inch times the number of inches along 
the solenoid taken up by the path. For a solenoid with d small compared 
to r, the part of the ring between two cross sections made by planes 
through the axis of the ring, which axis passes through 0, can be con¬ 
sidered to be a straight coil wound on a right circular cylinder, provided 
the sections are not too far apart. Further, the field at one section of the 
ring depends primarily on neighboring turns, the distant ones having 
little influence. It is therefore reasonable in practical problems involving 
solenoids to suppose that these solenoids are parts of solenoidal rings of the 
type we have been treating. We may then consider that the field intensity 
is constant in the interior of the solenoid, and the magnetomotive force 
may be taken in ampere turns. Results accurate to one or two per cent 
may be expected in many engineering examples. 

The solenoid of Figure 54 was taken with circular cross section. The 
above development holds regarding however, for a ring with constant 
cross section bounded by any simply closed curve. In practical engineering 
examples considerable deviation from constant cross section may be made 
without appreciable error. Unless there are definite reasons for not doing 
so, the reader should assume that the above treatment applies to his case. 

As an illustration of the practical use of ampere turns we consider an 
ordinary toroidal ring of armco iron with a 0,01-inch air gap. We let the 
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length of an average path around the ring be 10 inches, and the cross-sec¬ 
tional area of the core be 2 square inches. Suppose that a core flux of 
129,000 lines per square inch is desired. Since the core area is 2 square 
inches the flux density is 64,500 lines per square inch. A typical magneti¬ 
zation curve for armco iron shows that a field intensity of 5 ampere turns 
per inch is required, so that for a 10-inch path a magnetomotive force of 
50 ampere turns is needed. 

For air the field intensity H in ampere turns per inch is approximately 
times the flux density in lines per square inch. For 64,500 lines per 
square inch we obtain 20,000 ampere turns per inch. The magnetomotive 
force required for the air gap is thus 200 ampere turns. 

The total magnetomotive force required for the ring is 250 ampere 
turns. 

In practice the cross-sectional core area at the gap is increased to take 
care of fringing and leakage. This increase is normally less than 20 per 
cent. 


3.13. Capacitors. Two surfaces of conductors separated by a 
dielectric (or by a vacuum) form a capacitor, \ capacitor was formerly 



Fig. 56. Points on a charged 
surface. 

called a condenser. Suppose that all points on one such surface 2, as 
in Figure 56, are not at the same potential V. We suppose that V and the 
derivatives of V needed for the following argument vary continuously 
over 2. There is then a point Pi on 2 where the directional derivative 
dV/ds for some direction does not vanish. It follows that there is a non¬ 
zero component of the electric field intensity at Pi. We can then choose 
a neighborhood rii of the point Pi on 2 so that the component has 
everywhere a magnitude greater than some positive number a. There is 
thus a net force on the charge in Tlx which will cause this charge to move 
so that there is a current on the surface. In practical examples we may 
suppose that there is always charge in fli on which the force can act. 
Further we can associate a resistance R with neighborhoods of each pair 
of points Pi andP 2 on 2 in the following manner. We construct a neighbor¬ 
hood about P 2 . Suppose that each point in Hi is at the same potential, 
and the same is true of points in n 2 . By Ohm’s law we obtain a resistance 
R between Hi and H 2 . 
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In any practical example of a conducting surface used in a capacitor, 
the resistance between any two points on the surface is relatively small, 
so that for a small difference of potential between two points Pi and P 2 on 
the surface there is a large current i flowing between these points, or more 
correctly between the neighborhoods of these points. 

We suppose that no potential difference is maintained between points 
on the conducting surface 2) by external means. If potential differences 
persist between points on 2 so that the power dW/di as given in (3.38) 
always exceeds a positive number no, we can draw any amount of energy 
from the surface over a sufficiently long period of time, and thus have a 
case of “perpetual motion.” This contradicts the assumption, to be 
treated in the chapter on thermodynamics, to the cfl*ect that this is impos¬ 
sible. Thus the surface will come to an equilibrium so that the potential 
is the same at all points on the surface. 



Fig. 57. Parallel plane conducting 
plates. 


For capacitors used in practice, the potential becomes uniform over 
each surface in much less than a microsecond (one millionth of a second), 
so that this process may be assumed to take place instantly. 

If charges of like sign are placed in a conductor in the case where poten¬ 
tial differences are not externally maintained, repulsion between these 
charges will force them to the surface of the conductor. 

We consider two large plane conducting plates parallel to each other 
as in Figure 57. By a plane plate we mean a conductor bounded by two 
parallel planes relatively close together. Close together signifies that the 
thickness of a plate is small compared to all other linear dimensions of the 
plate. 

We let TTi be the surface of the first plate facing the second plate, and 
7 r 2 the surface of the second plate facing the first plate. We suppose that 
each of these surfaces is equipotential. The electric field intensity is then 
normal (outwardly) to the surface, and the same is true of the flux lines. 
One would expect that, for practical purposes, there is then a uniform 
charge density <rj on tti, and a similar charge density 0*2 for X 2 . This can be 
proved from the theory of partial differential equations. 

If the surfaces tti and 7r2 are close together we may treat them for the 
moment as if they were infinite in extent, that is, planes. Due to sym- 
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metry the flux lines run from ti to jr* along straight lin P ' P „ 

these surfaces. At each point between these surfaces the electnc neia 
intensity is perpendicular to these surfaces. We construct a cylindrical 
surface with elements perpendicular to the given planes ri and 7r2, and cut 
off a region Ri bounded by this surface and two planes parallel toiri, one 
inside the first plate and the other between these plates. Let A be the 
cross-sectional area of the cylinder. By Gauss’s theorem (Theorem 3.3) 
the flux across the surface S bounding /?i is 47rcrii4. There is no flux across 
the part of S inside the plate because the field intensity vanishes at each 
point within the plate. There is also no flux across the given cylindrical 
surface whose sides are lines of flux. It follows that the total flux is across 
the face of Jti nearest the plane 7r2. Using this same face for a region f ?2 
formed with respect to ri and 7r2 just as i?i was constructed with respect 
to 7r2 and Ti, we find that the flux across this face is 4<7ra2A. Since the out¬ 
ward normal to Bi on this face has the opposite sense of the outward 
normal to J ?2 on this same face it follows that 


(r2 = -“O'!. (3.64) 

Let us suppose that <ri is positive. The magnitude of the electric induction 
D at each point between the planes tti and t 2 is given by 

I D I = 4<ir<ri. (3.65) 

By (3.26) and (3.65) the magnitude of the electric field intensity E is 
given by 

I E I = (3.66) 


at each point between the given planes, k being the dielectric constant of 
the medium between the plates. • 

The above argument involving Ri and limit methods may be used to 
show that in general 

Lira I E I = (3.67) 

for the limit of the electric field intensity magnitude | E | along a flux line 
to an equipotential surface S as a point P on S is approached, a being the 
.charge density at P, and k the limit of the dielectric constant of the 
medium as P is approached along the flux line. In usual terminology the 
vector E, whose magnitude is given by (3.67), is the electric field intensity 
just off the surface S. 

It can be shown by elementary limit methods that the quantity E at 
each point on the surface is one-half that given in (3.67). Thus the 
electric field intensity is quite discontinuous at the surface of a conductor 
in static equilibrium, being zero inside the conductor, having magnitude 
2irl <r \/k on the surface, and 4ir| or \/k just off the surface. 
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The above discussion of the surface of a conductor is based on certain 
logical and simple assumptions about mathematical limits, and continuity 
of the charge density (x on 2. 

The potential difference e between the plates of Figure 57 is the work 
done in bringing a unit positive charge from one inner surface to the 
other. Letting d be the distance between the plates we have 


4T<rid 

nr"‘ 


(3.68) 


The field intensity E is away from the plane n since ai is assumed to be 
positive. Following convention we shall say that e is the potential at wi 
minus that at 7r2. In fact, if we imagine the plates connected by a con¬ 
ductor, at the instant of connection the positive charges on tti will tend to 
travel to 1 x 2 - 

For plane capacitor plates used in practice the cross section is small 
enough compared to the other dimensions so that these plates may be 
considered to be parts of large plane plates, in which case the potential 
difference between them is given by (3.68). If S is the area of the inside 
surface of such a plate the total charge q on the plate is given by 

q - <ri5. (3.69) 

It follows from (3.68) and (3.69) that 

q = Ce (3.70) 


for a constant C. The coefficient C of proportionality in (3.70) is called the 
capacitance of the capacitor. 

In the usual engineering units e is in volts and q in coulombs, whence 
C is in/ararf.<f. The farad is too large a unit to use in practice, and for this 
reason the microfarad is employed, this being one millionth of a farad and 
abbreviated gf. A millionth of a microfarad is termed a micromicrofarad, 
written ggf. 

Capacitors made of metal plates separated by air usually cover a range 
from 3 to 1,000 micromicrofarads. 

If greater capacitances are desired the dielectric can be changed. Capac¬ 
itors of mica are often used for capacitances from 50 micTomicrofarads to 
0.1 microfarad. Impregnated paper capacitors normally cover a range 
from 0.0001 to one microfarad. Electrolytic capacitors are often used for 
the range from one to 1,000 microfarads. It is to be recalled that an 
electrolyte is a conducting solution. 

For normal ranges from zero to a few hundred volts the above capaci¬ 
tors can be obtained in small sizes occupying no more than a few cubic 
inches and weighing no more than a few ounces. See Figure 58. 

Dielectrics used in capacitors can conduct a little current, so that some 
current leaks through a capacitor if there is a potential difference between 
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the leads. When the voltage is sufficiently high the dielectric breaks down 
and becomes a conductor of comparatively low resistance. This voltage 
varies with the capacitor. Thus for many radio capacitors this voltage 
ranges from 100 to 1,000 volts. When an arc forms between two electrodes 
in air the resistance between these electrodes through the air becomes very 
small, so that only a small voltage is necessary to maintain a large current. 

The capacitance of a paper capacitor will vary from time to time be¬ 
cause of changes in the dielectric constant k, but will ordinarily be con¬ 
stant to 1 per cent The capacitances of mica capacitors often are constant 



Fig. 58. A midget industrial condensor. Courte8> of the Cornell-Dubilier Electric 
Corporation. 

to 0.02.5 per cent, whereas those of electiolytks will often vary by 100 per 
cent. 

The capacitance of a capacitor will change with temperature, frequency 
of applied alternating voltages, and other factors. 

The conductor surfaces in a capacitor need not be a plane, in fact, will 
tiften not be so. The above treatment for parallel plane plates when 
applied to other surfaces not far apart, such as right circular cylinders, 
shows that (3.70) applies. 

\s will be seen later, several capacitors may be coupled to give a re¬ 
sultant capacitor with much larger capacitance. This is actually done in 
commercial products, such as variable air capacitors with several plates. 

3.14, An induction law. We shall extend the treatment of 
Section 3.8 to the general case of varying flux. 
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We consider the conductor element of length A/ of Figure 47. We may 
picture the ends of this element as moving on rails as shown in Figure 59. 
The element need not be moved parallel to itself. In Figure 59 the mag¬ 
netic flux density normal to a surface S through the circuit of this figure 
is denoted by B. We let ^ designate the total flux across this surface so 
that 

(3.71) 


integrated over S, it being supposed for the moment that the vector B 
is in the direction of the normal to S. We can write (3.71) in vector form 
as 


yp = I j B-dX. 



RaiU 


Fig. 59. Conductor element of 
length Al moving in a magnetic 
field. 


The electromotive force e generated in the moving element is then given 
by (3.46). Since ^ in (3.71) is the flux across a surface bounded by the 
conductor, the following theorem is suggested. 


Theorem 3.8. Let yf/ denote the magnetic flux across a surface 
bounded by a closed circuit C ivith a continuously turning tangent, and sup’ 
pose that the magnetic field intensity varies continuously (as a function of 
position) over the region of space considered. For the rate of change d\l//dt 
of the flux with respect to time t there is an electromotive force efor C where 



The flux yp can change in two ways. One of these is by deformation of 
the conductor from one shape (n to another shape C 2 as in Figure 60 
while the magnetic field remains constant. The other is where the con¬ 
ductor remains constant in shape while the magnetic field changes. Of 
course, both phenomena may occur at the same time. Because of the 
principle of superposition of forces each effect can be considered sepa¬ 
rately. It is to be remembered that e is the integral of the tangential com¬ 
ponent of electric field intensity around the conductor, and that this 
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intensity can be thought of as the sum of two intensities, one due to the 
rate of change of the magnetic field, and the other the rate of change of 
conductor shape. 

Consider first a constant magnetic field but a changing conductor shape 
as in Figure 60. In going from the shape Ci to the shape C 2 in a time we 




Fig. 60. Conductor Oi ob- Fig. 61. ElemcntH of the con¬ 
tained by the deformation doctor Ci moved to C 2 . 

of the conductor Ci. 


may think of this as the limit of a sequence of steps, in which elements of 
(ji such as the element of length Al of Figure 60 are separately moved ovei- 
rails to new positions occupying each at least one point on the curve C 2 as 
shown in Figure 61. In Figure 61 sections of the curve Ci comprising Ci 
have been moved to new positions. Each element is moved in such a way 



Fig. 62. Closing of the Fig. 63. Section of a curve 

triangular sections of Ci * whose einf approximates 

Fig. 61. that of C 2 . 


that the ends of the element describe parallel lines, and one of these lines 
is normal to the curve Ci. After this operation the side AB' of a tooth is 
pivoted about the point A on Ci to the position AB" on the line AB 
forming a side of the next tooth as shown in Figure 62. This is done for 
each tooth so that from the curve Ci there is obtained a curve Cf of which 
a section is shown in Figure 63. 
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In Figure 63 the arc CB' is the new position of an element FA on Ci in 
Figure 61. The arc B'B" is obtained by the pivoting operation pictured in 
Figure 62. The line segment lies on the line segment AB, or AB 
extended. The arc BD' is the new position of the next element AE on Ci, 
etc. The electromotive force from B" to A is the negative of that from A 
to B", so that these cancel in obtaining the electromotive force about the 
curve C*• Thus the electromotive force about C* is the work done in 
bringing a unit positive charge around the path CB'B"BI)'i)"i), etc. 
Let this path be denoted by Cf. For the problems arising in engineering 
we may suppose that as the largest of the lengths Al of the elements of arc 
on Cl go to zero, the curve approaches C 2 uniformly, and the electro¬ 
motive force for C* approaches the electromotive force for Cg. In going 
from Cl to C 2 we have cut a ('ertain flux We can think of each of the 
above operations described lor going from Ci to L* as occurring in the 
time A/, so that by Faraday's law there is an average electromotive force 
for fv* and the time A/, equal to the flux cut in going from Ci to 0% 



Fig. 64. Flanc circuit moved in a plane translation, 
divided by A/, and in the limit as the A/’s go to zero, there is such an 
average electromotive force —Ayp/Ai for ("2. 

We have to use the word average because we have not yet taken the 
limit as At goes to zero. Taking the limit as At goes to zero we gel an elec¬ 
tromotive force € in Ci given by (3.46). 

To complete the proof of Theorem 3.8 we must treat the case of a 
constant conductor in a varying magnetic field. We consider the special 
case of a plane closed circuit C as shown in Figure 64. In this figure the 
magnetic field intensity normal to the plane within C at a given instant / 
is designated by B, We let (B + AB) designate the new value of the mag¬ 
netic field intensity at the same point at the instant (/ + At), Instead of 
keeping the conductor fixed in the plane and changing the field intensity 
from B to (B + AB), we may think of moving the conductor C to a new 
position in the plane by translation, where in the new position the normal 
component of magnetic field intensity is given by (B + AB). Of course, 
we are making the reasonable assumption that the magnetic field intensity 
varies continuously (as a function of position) within C in each of its 
initial and final positions. By having the left and right positions of C in 
Figure 64 separated by intervening space we may suppose that the field 
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traversed by C in going from the left position to the right varies con¬ 
tinuously from point to point (varies with position, not time). 

In Figure 64 the point Pi is a highest point on the curve C, while P 2 is a 
lowest, and C is moved horizontally in going from one position to the 
other. The flux across the shaded region in the figure is cut by both 
the arcPzflPi andP 2 LPi. We let V' be the flux across the region bounded by 
C in its left position and + A^) the flux for the right position. The 
flux cut by the arcPaRPi in the time Al is (^ + A^ + ^*), while the flux cut 
by the arcP^LPi in the same time is (\f/ + ^*). It follows from Faraday’s 
law that there is an average electromotive force — A^/Af generated in the 
circuit C. We note that to get the average electromotive force around C 
we subtract this electromotive force for the arc P 2 LP 1 from the electro¬ 
motive force for the arcP 2 PPi. Taking the limit as A/ goes to zero, we have 
(3.46) for the case of flux varying across the region of the plane bounded 



Fig. 65. Surface bounded b> Fig. 66. Surface formed b> 

a conductor C, approxi- two triangles bounded b> 

mated by a surface of conductors, 

triangles. 

by a plane closed circuit. The results hold for ratlier general plane circuits. 

We consider now any closed curve C in space as in Figure 65. Let S be 
a surface bounded by C. It is assumed that there is a normal at each point 
on S and a normal magnetic field intensity B. We replace S by a surface 
S* made up of triangles as shown in Figure 65, such that each triangle is 
tangent to the surface S at one or more points {P} and the vertices on the 
edge of 2)* lie on C. 

We shall treat the electromotive force around the boundary of a surface 
formed by two triangles as in Figure 66. We let e^J be the work necessary 
to bring a unit positive charge from the point i to the point j in this 
figure. If the flux across the surface is changing there is an electromotive 
force ei generated in the circuit 124 equal to the rate of change —d\l/i/dt of 
the flux across the triangle bounded by this circuit, and similarly an 
electromotive force C 2 generated in the circuit 234 equal to for the 

flux ^2 across the triangle bounded by this circuit. The work done to bring 
a unit positive charge from the point 4 to the point 2 is the negative of 
that necessary to bring this charge from the point 2 to the point 4. It 
follows that the electromotive force generated around the path 12341 is 
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the sura (ei + C 2 ), which is minus the derivative d(^i + ^ 2 )/^/ of the fhix 
+ ^2 across the entire surface formed by the two trian^jles. 

The argument for two triangles clearly extends to any number of tri¬ 
angles. We let C* be the boundary of the surface 2* of Figure 65. The 
electromotive force e* around C* is —d\l/*/d( for the Ilux yp* across 2*. We 
form a sequence of surfaces j 2*} continuously deforming into 2, and take 
the limit e of the corresponding sequence {e*}, assuming that it exists, 
and also the limit \p of the ^*’s, the quantity rp being the flux across 2. 
It follows that (3.46) applies to the general case of flux varying across 
the surface bounded by the circuit C, whence Theorem 3.8 is proved. 

It might be thought that the flux \p of Theorem 3.8 depends on which 
surface 2 is taken to be bounded by the curve G. Tins is not so since the 
flux across the surfac'e formed by two such surfaces 2i and 22 , and bound¬ 
ing a simply closed region devoid of charge, is zero by Gauss’s theorem. 
It follows that the flux across 2i is equal to the flux across 22 for the 
proper normal directions to these surfaces. 

We have considered three cases of induced electromotive force» They are 
as follows: 


Case 1. The conductor shape and the field may he nonvarying with respect to time^ 
while the conductor moves as a rigid body relative to the field. By Faraday’s law of 
Section 3.8 we have an induced electromotive force corresponding to the rate 
(hp/dt at which flux yp is cut by the conductor. This flux \p is not to be confused 
with the flux across a surface bounded by the conductor as in the treatment of 
Theorem 3.8. The flux discussed in Section 3.8 is the flux across a surface gen¬ 
erated by the conductor in its motion. 

Case 2. The conductor shape may be nonvarying while the field varies with 
respect to time, there being no motion of the conductor as a rigid body. This is covered 
by Theorem 3.8. 

Case 3. The conductor shape may be varying with respect to time, while the field 
is nonvarying, and there is no motion of the conductor as a rigid body. In this case we 
may think of the deformation of the conductor as motion relative to the fleld so 
that this case is related to Case 1. Theorem 3.8 applies to this deformation. 

When two or all of the processes are occurring simultaneously we add 
the corresponding electromotive forces. 

In Theorems 3.6 and 3.8 it is necessary to adopt the point of view of 
relativity in that we must treat our fields and motions with respect to a given 
coordinate system. Thus suppose that we have a field unchanging with 
respect to an xyz-coordinate system. Let a conductor be moved relative 
to this coordinate system, so that an electromotive force is generated in 
the conductor. If the conductor is shielded by an iron tube rigidly attached 
to the conductor, and the conductor undergoes the same motion as before, the 
same electromotive force is induced in the conductor as for the motion without 
the shield. This is true even when the total magnetic intensity is zero at 
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the conductor, and the shielded conductor does not cut lines of flux duo 
to the resultant field. The conductor does not move relative to the shield, 
and there is therefore no electromotive force induced in the conductor 
because of the presence of the field set up by the shield. The electromotive* 
force is thus due to the given field only. 

If the iron is not saturated, enough of the elementary magnets in the 
iron line up so that the magnetic field of these magnets neutralizes the 
given field. If the iron is saturated, and the given field is strong enough 
this neutralization will not be possible. 

We shall express the principal results of this section in vector notation. 
Consider a given coordinate system Si, and let B denote the magnetic 
intensity of a field relative to this coordinate system. Suppose that the 
magnetic field is varying. By Section 5.1 to follow the electric intensity E 
relative to Si, and associated with the given magnetic field, satisfies 
Maxwell’s equation 



Let V be the velocity of a charged particle relative to Si, and let S 2 be a 
coordinate system attached to the particle. By Theorem 3.4 the force 
intensity E' acting on the particle is 

E “1“ t? X E. 


Let C designate a conductor (this does not have to be closed). The emf 
induced in C due to a field of intensity E' is the line integral 

f^{E+vXB)- ds. 

Suppose now that C bounds a surface 2 to which Stok(*s’s tlicortjrn applies. 
By this theorem 


L 


(E "h V X E) • ds 


= -//C 


dB 

di 


curl V X 


") 


rfs. 


With some manipulation tlie last integral can be seen to reduce to 


A 

dt 



BdlL. 


3.15. Self-inductance. We shall consider a solenoid with N 
turns carrying a current i as in Figure 67. We shall simplify our discus¬ 
sion by assuming first that all turns occupy the same space. By the Biot- 
Savart theorem and integration over the coil, assuming for mathematical 
purposes that the cross section of the wire is zero, we find that the mag¬ 
netic field intensity at each point on the coil due to a single turn is pro- 
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portional to the current L Due to /V turns this intensity is proportional to 

IVi. 

If the current i varies, the magnetic field due to the current i changes. 
By Theorem 3.8 there is a counter electromotive force in each turn due to 
this effect. We assume that the medium is of constant permeability 
Since the magnetic induction B is proportional to the magnetic field in¬ 
tensity H at each point, it follows that B is proportional to NL By 
Theorem 3.8 the electromotive force in a single turn, due to the magnetic 
field of the current i, is proportional to the derivative dNi/dL Since there 
are N turns the total electromotive force e is proportional to NHi/di, that 
is 

. . -l4 (3.72) 


for a constant L. The quantity L is termed the inductance of the solenoid. 
Since L is due to the solenoid itself it is often called the self-inductance 


mRnmmn 


Fig. 67. Solenoid. 

of the coil. For the simple coil we have been treating the inductance L is 
proportional to the square of the turns. 

In a practical case all turns do not occupy the same space. The relation 
(3.72) still applies since the flux density at each point is proportional to 
the current i. To attain a given value of L it is necessary to use more than 
the N turns which will be satisfactory for the simple coil. 

The coil of Figure 67 is not a closed circuit. However, we can unravel 
this coil to obtain the wire of Figure 68. The coil is usually so far away 
from most of tl^.e rest of the circuit that the flux density everywhere except 
in the immediate vicinity of the coil can be neglected. We can form a 
surface through this unraveled circuit shown in Figure 68. A surface 
through this circuit can be deformed into a surface through the coil, as 
the wire of Figure 68 is bent into the shape of the coil. The flux linking 
the coil, and used in applying Theorem 3.8 here, is understood to be the 
flux across such a surface. 

As was the case for the counter electromotive force Cc of a conductor 
moving in a magnetic field, occurring in (3.54), the same argument shows 
that the electromotive force e of (3.72) is such as to oppose the change in i. 
Thus if the electromotive force applied to the coil externally to maintain 



Fig. 68. Surface obtained by 
unraveling the coil of Figure 
67. 
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the current / is increased to increase i, the counter electromotive force e 
of (3.72) will oppose the applied electromotive force so that the net elec¬ 
tromotive force is the sum of these quantities, e being negative. 

For a wire not wound in the form of a coil the inductance L of the wire 
is normally relatively small compared to its resistance R, 

If i is in amperes, time / is in seconds, and e is in volts, the inductance L 
is in henries. If the medium is air the coil is said to be air-cored; with iron, 
iron-cored. Normal-sized air-cored coils, occupying not more than one or 
two hundred cubic inches, cover an inductance range from 0.1 millihenry 
(0.0001 henry) to I henry. By using iron cores instead of air the flux 
density B is increased by a certain factor n, so that coils weighing only 
three pounds and possessing an inductance of 1,000 henries are available. 
Unless powdered iron is used for the core the permeability g in the core 



Fig. 69. An inductor standard of 0.1 millihenries. Courtesj of the General Radio 
Company. 

will vary greatly, with wide variations ofL resulting. Coils with powdered 
iron cores weighing only a few ounces, occupying only two or tljrec cubic 
inches, and having an inductance of 0.1 henry are not uncommon, especi¬ 
ally in voice transmission work. See Figure 69 picturing an inductor 
standard. 

The wire in a coil has a resistance R which usually cannot be neglected. 
Rarely ever does the ratio L//? attain the value 10. In the case of industrial 
coils, often called chokes, the resistance R of the coil is frequently 100 or 
1000 times as much as the inductance L. 

The inductance L will vary with the frequency of the current if alter¬ 
nating current is used, this variation being due to a different distribution 
of the current in the wire thus producing a different flux distribution. The 
inductance L will also change with variations in the permeability of the 
medium, and other factors. 


3* 16. Mutual inductance. If a current ii flows through a coil 
Cl, and there is a second coil Cj near Ci, it may be necessary to consider 
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the effect of the magnetic field, due to Ci, on the coil Cj. By Theorem 3.8 
there is an electromotive force et in coil C* where 

(3.73) 

for a constant M, the flux due to Ci and “linking” C 2 being proportional 
to the current ii in Ci. Two such coils are pictured in Figure 70. There is 
also an electromotive force ei in Ci given by 

-M* (3.74) 

We shall show that M and Af * are equal. 

The flux linking the coil C 2 due to the current i\ in the coil Ci is Mi\, 
and the flux linking the coil Ci due to the current U in the coil C 2 is 
M*i 2 - There is a net force F 2 acting on C 2 due to the magnetic field of Ci 
and a force Fi acting on fJi due to the magnetic field of (^ 2 . By 


C, C2 



h iz 

Fig. 70. Coils Cl and Cz induc¬ 
tively coupled. 


Newton's action-reaction law Fi = — F 2 . We remove the coil C 2 from the 
influence of the coil Cj so that the flux from Ci linking C 2 is zero, and then 
bring the coil C 2 into the original position of C 2 relative to Ci. If C 2 were a 
single turn we could move it parallel to itself as was done with C in Figure 
64. In any case the net flux cut by C 2 is Mii, By Theorem 3.7 the work 
done in bringing C 2 back is Miii 2 , Instead, we could have thought of this 
operation of bringing C 2 back to Ci as one where Ci is brought back to C 2 , 
in which case the work done is M*i 2 ii. It follows that the M’s are equal, 
whence there is a unique coefficient M of mutual induction between the 
two coils. 

The values of M attainable for reasonably sized coils are the same 
as those for L discussed in Section 3.15. Mutual inductance is particu¬ 
larly important for transformers of all kinds, since conductively distinct 
circuits may be coupled inductively. 

The constant M depends, as does L, on the geometry of the coils, and 
can be varied over wide ranges by changing the relative positions of the 
coils, as in variometers. 
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3.17. Networks. The standard electric circuit is composed of 
resistors, capacitors, and inductors as elements. We usually think of a 
circuit as a simply closed wire. We may, however, have a network of such 
wires as shown in Figure 71 composed of more than one simply closed 
circuit. The points Pi, ...» P? of Figure 71 are called branch points, or 
nodes, and the sections of wire between consecutive branch points are 
termed branches. The network of Figure 71 has 11 branches. 





Fig. 71. Network. 


A branch need not be a continuous wire. It may be a wire joining 
batteries, capacitors, and other electric elements to be taken up later. 
Although a capacitor inserted in a branch breaks up the conductor con¬ 
tinuity, we can think of a current as traversing the space between con¬ 
ductor plates (see Section 5.1). 

The treatment of electric networks is much simplified by the use of 
notations for electric elements, as in Figure 72. These need not correspond 
to different physical bodies. Thus a coil is pictured in Figure 73 as a 

-AAAA-- -II- 
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(c) (d) 

Fig. 72. Symbols for electric 
elements. 

a. Resistance. 

b. Capacitance. 

c. Inductance. 

d. Battery. 

resistance R followed by an inductance L, the quantities R and L being the 
resistance and inductance of the coil, respectively. When one electric 
element is followed in a branch by another as in Figure 73 we say that 
these elements are in series. That the arrangement of Figure 73 is justified 
is seen from the fact that there is a potential difference Ri across the coil 
due to the resistance R and current i, and a potential difference Ldi/dt 
because of the inductance of the coil. These potential differences are 
clearly additive, so that the total potential drop across the coil is 
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(Ri + Ldi/dt). This is precisely the drop across the two elements in Fig¬ 
ure 73. 

There is also capacitance between the turns of the coil, two such turns 
forming an elementary capacitor. If we take into account this capacitance, 
called distributed capacitance, we find that the coil behaves, for practical 
purposes, as if in place of it we had an inductor L, resistor R, and capacitor 
C connected as in Figure 74. In this figure two branches meet at the points 


—^ ->\aaaaaa<— onnnnnp— 
i R L 



Fig. 73. Symbolic form of a coil. Fig. 74. \ctual coil circuit, 

neglecting capacitance effeotH. 

Pi andP 2 , and are said to be in parallel. TJie capacitor C is thus in parallel 
with the inductor and resistor. 


3.18. KirchhofTs laws. The following laws follow immediately 
from the definitions of current and difference of potential. 

KirchhofTs first law. The algebraic sum of the potential drops around 
every closed circuit is equal to zero. 

KirchhofTs second law. The algebraic sum of the currents at any junc¬ 
tion of conductors is zero. 



Fig. 75. Currents at a 
junction. 

As an illustration of the first law consider the boundary of the network 
in Figure 71. Let Vab be the potential at the point Pa minus the potential 
at Pb. By the first law we have for the boundary circuit of the network: 

1^12 + 1^27 + V^76 + V%b + Vbl = 0. (3.75) 

Consider the junction, or node, Pi of Figure 71. We let iab designate the 
current flowing from Pa to Pb along the branchPaPb. By Kirchhoff’s second 
law we have: 


Ue + l41 + 143 = 0, 


(3.76) 
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or what is the same thing (see Figure 75) 

*46 + *41 = *34* (3*7 *) 

In an example where the currents are unknown we may imagine the cur¬ 
rents as flowing in any assigned direction. The signs of the currents in the 
solution will give the correct picture. Thus if iu in Figure 75 turns out to 
be negative, the current is actually flowing from Pt to Pi. 
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CHAPTER 


4 

Electric systems 


4.1, Example of a resistance network. We consider the net¬ 
work of Figure 76 where the problem is to find the currents in the branches. 



By Kirchhoff’s first law the potential drop around the circuitP 6 P 6 P 4 P 6 
vanishes, whence 

(P 3 + = 0. (4.1) 

For the circuit PJ^iPiPiPa we have 


E — (/?1 + ^ 2)^3 ““ Ebl2 = 

(4.2) 

By Kirchhoff's second law we have 


ll + I 2 = ^3- 

(4.3) 

Substituting the values of Figure 76 we obtain from (4.1), (4.2), and (4.3) 
the linear equations: 

7,000ti - 6,00012 = 0, 

6,000i8 “h 6,000 12 ~ 100, 

+ h = *3 

Solution of (4.4) yields 

(4.4) 

1 . 7 . 13 

** 200 ’ 1200 ’ 1200 

(4.5) 

H21 
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The values of (4.5) are in amperes. Since all of these values are positive, 
the directions of the currents in Figure 76 are correct. Had we taken the 
direction of ii opposite to that of Figure 76 we would have had — ii in 
place of ii in the equations above, and the solution for ii would have been 
“■yiir ampere, that is, —5 (a milliampere is 0.001 ampere) milHamperes. 
We would then know that the current flowed in the opposite direction. 


4,2. Elements in series. It is convenient to have a rapid 
method of handling like elements, such as capacitors, in parallel or in 
series. 

That resistances and induettmees are respectively additive when the 
corresponding resistors and inductors are in series follows immediatel> 
from the fact that the same current flows in elements in series. Thus the 
inductances of two inductors in series are mathematically equivalent to a 
single inductance equal to the sum of the given inductances. For this 



Fig. 77. Capacitor, in (lerles. 


reason all of the inductances in one branch are lumped into one. Other 
like elements are also lumped. 

We shall consider capacitors A and B in series as in Figure 77. The 
horizontal line segments indicate conductors. We let i designate the cur¬ 
rent in the left branch, and for simplicity shall suppose that the current of 
positive charges is flowing to the left in this branch as shown. The charge 
—(Ti on the left plate of the capacitor A is thus becoming more negative. 
We also assume for simplicity that <ri is positive. As the charge —a-, on 
the left plate decreases, at the same time, to balance, the charge o-i on the 
right plate increases at the same numerical rate. Since i is the rate c/(//e/i 
at which charge is flowing at any point on the left conductor, and the same 
must hold at the end point on the left capacitor plate, it follows that 


dai 

W 


(4.6) 


Let us suppose that the conductor element between the capacitors was at 
some time in electric equilibrium with no net movement of charges in 
any dirwtion. We let <rs denote the charge on the right plate of B. Cor¬ 
responding to the charge <ri at one end of the middle conductor there must 
then be an equal but opposite charge —ai at the other end, namely the 
left plate of capacitor B, whence 


= ffj. 


(4.7) 



CAPACITORS IN PARALLEL 


§4.3] 


[123 


The current at each point on this middle conductor is the same and is 
therefore equal to the current at the left end. It follows that there is a 
c urrent i in tlie middle conductor where i satisfies (4*6). Similarly, the 
current in the right, branch is also i. 

Capacitors may be suddenly inserted in a circuit so that <ri and a 2 are 
not equal. It still follows that (4.6) is valid. The rate at which charge is 
changing on the left plate of A is the negative of the rate for the right 
plate of this capacitor. Since the current everywhere is the same we have 

_ ^2 /A 0\ 


We let <ri(0) denote the charge on the right plate of the capacitor >1 at a 
time / = 0, and 0 - 2 ( 0 ) the corresponding charge on the right plate of the 
capacitor B, We let q(i) be such that the charge on the right plate of the 
capacitor A is cri(O) + q(i). The corresponding charge for the capacitor B 
is 0 - 2 ( 0 ) + q(t). Then 



(4.9) 


Let Cl and C 2 be the capacitances of A and B respectively. The potential 
difference ei across the capacitor A is now 

Cl = Si[(ri(0) + (7(0], (4.10) 


where Si is the elastance 1/Ci. Differentiating (4.10) we have the simpltT 
relation 

$ - - c;- 

Similarly, the potential difference €2 across B is such that 



(4.12) 


The potential difference across both capacitors is thus e where 


de _ dei de 2 
di di di 


{Si + 6^2) i 


(4.13) 


Thus the elastance of two capacitors in series is the sum of the elasiances of 
these capacitors. It follows that the capacitance C, equivalent to the capaci¬ 
tances Cl and C 2 of capacitors A and B in series^ is such that 


C 


C1C2 
Cl + C2 


(4.14) 


4.3. Capacitors in parallel. Any like elements, such as two 
resistors, in parallel are equivalent to a single element of the same kind. 
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We shall illustrate this with the capacitors of Figure 78 with capacitances 
Cl and C 2 . Here ii is the current in the Ci branch, while I 2 is the current 
in the C 2 branch, and i is the total current. 

By Kirchhofif’s first law the potential differences across the capacitors 
are equal, taken, of course, in the same direction. Hence by (4.11) 

U = (4.15) 


Since i is the sum (ii + is), we have 


Cii 

Cn + Cs' 


(4.16) 


Let Cl be the potential difTercncc across the capacitors. It follows that 


dei _ _ i_ 

dl (.'1 + Ci 


(4.17) 


Cl 



Fig. 78. Capacitorn in parallel. 


whence the capacitances of two capacitors in parallel are equivalent to one 
capacitance equal to the sum of the given capacitances. Thus by joining 
( apacitors in parallel a capacitor with larger capacitance is obtained. 

The same type of argument shows that the resistances /?i and R 2 of 
resistors in parallel are equivalent to one resistance with the value 
+ ^ 2 ). Similarly, inductances Li andL 2 of inductors in parallel 
are equivalent to a single inductance with the value LiL 2 /(Z/i + L 2 ). 

Reluctances are treated like resistances as far as combining magnetic 
elements in parallel and in series is concerned. 

4.4. Capacitor discharging through a resistor. We shall 
treat the example of Figure 79 where capacitors are both in series and 
parallel. The initial voltages across the capacitors are shown. 

The capacitors in parallel in Figure 79 are equivalent to a third capac¬ 
itor with the capacitance 0,3 gfd, which is the sum of the capacitances of 
the given capacitors. This third capacitor and the 0.3 gfd capacitor of 
Figure 79 are then in series. By (4.14) these two capacitors are equivalent 
to the capacitor of Figure 80. In this figure e and i denote instantaneous 
values of the voltage and current as shown. With the initial value of 110 
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volts for e, the instantaneous value of e is given by 

e = 110 + 67 • 10“ idt. (4.18) 

From the resistor 

e = -lOO.OOOi. (4.19) 

By (4.18) and (4.19) 

10“i + 67 • 10“ idi + 110 = 0, (4.20) 

which by dili'erentiation yields 

10®i' + 67 • lOH = 0. (4.21) 



Fi| 5 . 79. Capacitors discharging Fig. 80. Circuit equivalent to 

through a resistor. that of Fig. 79. 


The solution of (4.21) is 

i = (4.22) 

By (4.20), when / = 0 we have i = —11 • 10“^ ampere, or —1.1 milli- 
amperes. The minus sign shows that current flows opposite to that shown 
in Figure 80. From this initial value of i and (4.22) we have 

i = -11 • (4.23) 

Substituting i from (4.23) in (4.19) we obtain the formula for e in terms of 
time, whence the problem has been completely analyzed. 

The technique of differentiating the equation (4.20) to remove the 
integral is standard. Such integrals arise in the study of networks because 
of the capacitances in the network, and when the equations are expressed 
in terms of voltages instead of currents these integrals will come from 
inductances. Note that the initial condition was obtained from (4.20). 

4.5. Coil in a circuit with a switch. We suppose that a coil 
with inductance of 0.1 henry and resistance of 1,000 ohms is in series with 
a 10-volt battery as shown in Figure 81. The circuit is initially open with 
the switch in the position 1, and then the circuit is suddenly closed by 
moving the switch to the position 2. 

The battery has internal resistance which we shall either neglect or 
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assume has been included in the 1,000 ohms. In a typical case of a storage 
battery this resistance would be 0.001 ohm. 

The potential difference across the inductance and resistance is (O.li' 
+ 1,0000 for the instantaneous current i and the time derivative i\ 
When the switch is closed this is 10 volts, whence we have 

O.lf + l,000t = 10. (4.24) 

0.1 h 1000 ohms 

I—onroinnp— nAaaaaa/— i 


-,1,1,1,1-.'i- 

lOv ^ 

Fig. 81. Coil in a circuit with 
a switch. 

Our initial condition is 

/ == 0, i = 0. (4.25) 

The relations (4.24) and (4.25) completely determine the solution for i. 


4.6. Circuit with switch opened. Let us suppose that in the 
example of Figure 81 the switcli is closed, and then is suddenly opened to 
the position 1. In the open position 1 the air between the points 1 and 2 

1000 ohms 
WVAAA/W#— 

C 

^l-1 


L-VWWWV-' 

-r*" R 

l2 

Fig. 82. Circuit equivalent to 
that of Figure 81. 

of the figure acts like the dielectric of a capacitor of very small capacitance 
C if the points are far apart. We shall neglect arcing effects. The air 
between the points 1 and 2 also has a resistance R. Normally R is very 
large. 

We replace the opened switch in Figure 81 by an equivalent capacitor 
and resistor as shown in Figure 82, We introduce the currents h and 1*2 as 
shown where 

i = ii + h» (4.26) 

Considering the circuit without C we have, by Kirchhoff’s laws 
O.ir + l,000e + Ri2 = 10. 


0.1 h 


10 V 


(4.27) 
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Since the drop across C is the same as the drop across R, we have the 
additional relation 


RU == ^0 + J iidl (4.28) 

for the initial voltage Eq across the capacitor. At the start i' = 0 (just 
before the disturbance), whence by (4.24) 

/ = 0, / = 10, (4.29) 

where i is in milliamperes. We may suppose that C is uncharged at the 
start, so that 

/ = 0, = 0. (4.30) 

By (4.26), (4.28), and (4.30) we have 

RCi2 + h = /. (4.31) 

Equations (4.27) and (4.31) may now be combined to yield a second- 
order ecjuation in L To determine i the initial (‘ondition of (4.29) does not 
suffice. With 

/ = 0 , 12 = 0 , 

(4.27), and (4.29) we obtain the inilial value of i'. 

4.7. Alternating current generator in a circuit. We shall 
treat the circuit of Figure 83 with a resistanc'c of 20,000 ohms, capacitance 

R C L 

20,000 ohms Ififd 100 h 

—vAAAA^w—II—- 

E -t 

I-0-1 

110 V 60 cycle 
alternating 
current 

Fig. 83. Generator in a circuit. 

of 1 microfarad and inductaime of 100 henries. By convention an alternat¬ 
ing voltage Fis given by F \/2 sin {wt + </>) for constants co and <^, and time 
i (see reference 7 at the end of this chapter). Alternating current is sim¬ 
ilarly defined. There is an alternating 110-volt 60-cycle source, so that 
the voltage E across the generator may be given by 

i? = 110 \/2 sin 12(hr/. (4.32) 

We introduce the current i as shown. We have then 

loor + 20,000i + 10« idi = 110 V2 sin 120 t<. 


(4.33) 
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We have neglected the initial charge of the circuit because we are clearly 
interested only in steady-state performance, and we shall differentiate 
(4,33) to obtain the equation to be solved for the steady-state component. 
As a matter of fact, after a sufficiently long time the state of the system 
will be independent of starting charge, so that this may be disregarded. 
Differentiating (4.33) we have the equation 

lOOi" -f 20,000i' + lOH = 13,2007r \/2 cos 1207r/. (4.34) 

Equation (4.34) can be solved for a unique steady-state solution i by the 
theory of differential equations. 

4.8. Impedance. Because it is (‘onvenient to have linear equa¬ 
tions in place of differential equations it is customary in ele(*4rical engi¬ 
neering to use impedance and reactance. 

The quantity sin 1207r/ of (4.33) is the imaginary part of the power 
^i 20 ir;< jf substitute this power for the term sin 1207 r/ in (1.33), and 
solve for i of the form the imaginary part of this solution is the 

desired one. We shall give a general argument to justify this. (Consider 
the differential equation 

0(D)v = Eo sin co/, (4.35) 

where 0(D) is a polynomial in the derivative operator D with real coeffi¬ 
cients. By the theory of differential equations the equation (1.35) has 
the steady state solution v, where 

V — A sin 0)1 + B cos co/ (4.36) 

for numbers A and /i. Differentiating both sides of (1.35) witli v as in 
(4.36), and dividing by <o, we obtain 

0(D)ii = Eo'cos co/, (4.37) 

where 

u = A cos co/ ~ B sin co/. 

Combining (4.35) and (1.37), making use of 

= cos co/ + j sin co/, 

we obtain 

0(D)(u + jv) = Eqc^'^K ( 4 . 38 ) 

Thus the steady state solution v of (4.35) satisfies (4.38), where u = v'/o). 
Conversely, equation (4.35) can be obtained from (4.38) by equating 
imaginary parts, so that a solution v of (4.38) also satisfies (4.35). Thus the 
steady state solution of (4.35) is the imaginary part of the steady state 
solution u -f- jv of (4.38), which steady state solution is of the form 

U +JV — 

where his A + BJ> 



IMPEDANCE 


If in place of the right member of (4.35) we have 0,(D) for a poly¬ 
nomial operator Oi{D) with real coefficients, the treatment of (4.35) still 
applies, and the solution v of 

0{P)v = Oi(P) sin w/ 
is the imaginary part of the solution of 
0{D){u + jv) = 

Consider Figure 83 where we have denoted the inductance, resistance, 
and capacitance by L, /?, and C respectively. Let the given alternating 
voltage be written as 

e — Eo ^in wl. 

The coinph'x form of e is Ihen The differt^ntial equation of the 

circuit 


Iji' Hi -\- 


idl = So sin o)/ 


is of the type (4.35), and corresponds to the complex form 




obtained from (4.38) by setting u + jv = This equation has the 

solution 

Sn 


fo = — 


R+j 


~ i;) 


(4.39) 


The advantage of writing h as in (4.39) is that we can immediately ob¬ 
tain from it the amplitude and phase of i. In particular, the amplitude of 
i is \/^A^ + B\ when i is written in the same form as v in (4.36), whereas 
the magnitude of h is also \/^“ + From (4.39) we have 

I • I -^0 /M 


(- - iy 


for the amplitude | i | of i. We write 

Xl = 0 >L, Xc= - - 4 ^,’ 


Z = R+j{X^, + Xc). 


(4.40) 


(4.41) 


The quantity Xl is termed the inductive reactance of the circuit, Xc the 
capacitive reactance, and Z the impedance. Relation (4.38) for the case 
under consideration becomes 

Z/o - E^ 

identical in form with Ohm’s law. 


(4.42) 
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These considerations generalize to any linear network with alternating 
voltage. By linear network we mean a network made up of resistances, 
inductances, capacitances, and potential sources, where the resistances, 
inductances, and capacitances satisfy the properties given for them in 
sections above. We shall illustrate the technique with a more complicated 
example. 

Current that flows in one direction only is called direct current. 

4.9. Impedance method of treating a network. We shall 
derive complex algebraic linear equations for the network of Figure 84. 
We introduce the currents i, ii, h as shown so that i is the sum of ii and U. 
We write 

E = i = h = h = (4.43) 

We shall leave it to the reader to verify that Kirchhoff’s laws hold when 
applied to such quantities as Eo, /, /i, and h- 


Ri 



Fig. 84. Alfjprnating current 
network. 


From the left loop we have 

Ril + ZJi = Eoy 


where 




Going around the outer circuit we have 

Ril + Z2I2 = Eq, 




Ci)Cj9 


We also have 


Ii + h = 1. 

The equations (4.44) - (4.46) yield the /’s in terms of Eq. 


(4.44) 


(4.45) 


(4.46) 
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It follows readily from the theory of linear equations that if there are 
several sources of electromotive force at different frequencies, the cur¬ 
rent distribution can be obtained for each individual source, and the 
results added. Thus the principle of superposition holds for currents in a 
linear network with several sources of electromotive force. Through 
Fourier analysis the output of one generator may be considered to be du(; 
to several sources of electromotive force in series if the generator voltage 
wave is periodic but not sinusoidal. 

4. 10 , Impedance in a mechanical system. Consider th(i 
spring-dashpot-mass system of Figure 16 treated in Section 2.5, but 
introduce a forcing function B sin c*>i so that the differential equation of 
motion becomes 

ma:" + car' + Aar = B sin a>/ (4.47) 

for constants B and w. The right side of (4.47) is the imaginary part of 
the term Be^^\ whence we consider the equation 

mar" + car' + Aar = Be^^^ (4.48) 

instead. Setting ar = for a number A\ equation (4.48) becomes 

(-mco^ + cjcc + k)X = B. (4.49) 

The coefficient of X may be thought of as the mechanical impedance of 
the system being studied. Because (4.47) is second-order, this is not pre¬ 
cisely the analogue of electric impedance. By first integrating (4.47) and 
replacing the right side of the new equation by B sin o>t we obtain an 
exact analogue. 

These results can be extended to rotations of rigid bodies about axes. 

4.11. Mathematical formulation of a linear network. We 

shall now set up the equations and initial conditions for the network of 
Figure 85 where the switch S is first in the position 1 while the network 
is in a state of equilibrium, and then the switch is suddenly moved to the 
position 2 , cutting out the battery. There is only one voltage source E 
in the circuit for the position 1. The three horizontal stripes beneath the 
battery indicate ground^ namely a convenient reference potential. The 
resistance Rlx is the resistance of the coil with self-inductance Li forming 
the primary of an iron-cored transformer. The fact that the transformer 
is iron cored is indicated by the vertical lines between the primary with 
inductance Li and the secondary with inductance L 2 . The mutual induc¬ 
tance between these coils is M 12 . There is a second transformer in the 
circuit with primary of self-inductance L 4 , secondary with self-inductance 
Lb, and mutual inductance M 4 B. This transformer is air cored. The resist¬ 
ance of the coil with inductance L 2 is and similarly for the other coils. 
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We introduce the Ts as shown for the currents in the various branches. 
We shall suppose that the transformer secondaries are so connected that 
the electromotive forces due to mutual induction subtract as in the analy¬ 
sis to follow. From Kirchhoff’s first law and the first circuit (most to the 
left in Figure 85) we have 

{Ri + ^ ^ 

when the switch is in the position 2, the quantity qoi being the initial 
charge on the capacitor with capacitance Ci, Similarly, from other circuits 



Fig. 85. Network with various elements. 

we have 

gr go2 + Udt + (/?2 + + L,2 — Mi2 = 0, 

^ ^02 + J 14^1^ -\-L 4 -J 1 — ^^ 46 -^ = 0 , 

BLbib + ibdl^ Lb-^ — ~ 

By Kirchhoff’s second law we Jiave 

1*2 + U - i3 = 0. (4.52) 

Differentiation of equations (4.50) and (4.51) yields a system of second- 
order differential equations, which can be solved by the usual methods of 
ordinary differential equations if the initial values of the f s and their 
derivatives are known. 

Before the switch is moved from 1 to 2, the left circuit being in equi¬ 
librium, the current ii must be zero. If the current were never zero, the 
charge on the capacitor would build up forever, which would be impos¬ 
sible. This fact can also be seen from the differential equations of the net¬ 
work valid for the initial position of the switch. 
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It follows that for the switch position 1 the potential drop across Ci 
equals the drop E across the battery, whence 



Ci* 

(4.53) 

Similarly, 


902 = = ^04 = 

(4.54) 

and 


= ^2 = I 3 — ?4 = is “ 0. 

(4.55) 


With the initial values of the ^’s and Ts known, wo can solve equations 
(1.50), (4.51), and (4.52) for the initial values ot the derivatives of the Ts 
with respect to /. The problem is thus mathematically determined. 

In treating the network of Figure 85 we have followed the usual tech¬ 
nique of neglecting distributed capacitam^e effects in the transformers, 
variations in the inductors, and similar aspects normally of secondary 
importance. 

4.12. Electronic amplification stage. We shall treat the stand¬ 
ard amplification stage shown in Figure 86 with a triode tube. See Figure 



87 for commercial triodes. The element 2 is the cathode heated by a fila¬ 
ment froni a voltage source not shown, so that the cathode emits electrons 
due to the thermal agitation of its atoms. The element 3 is the anode, or 
plate, which is relatively cold, and to which the electrons are attracted 
by the positive potential on it, where this potential is due to the voltage 
source E. The quantity E need not be the constant potential difference 
across a battery, but in actual practice may be the potential difference 
across a power supply which rectifies given alternating current, to give 
direct current. It is convenient to indicate a constant source of potential differ¬ 
ence by a battery. 

The plate being cold we would expect no electronic current from the plate 
to the cathode, and that is what happens, so that the tube is really a 
rectifier tube, for practical purposes passing current only one way even if 
the cathode is put at a higher potential relative to the plate. 
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The element 1 is the grid, which in the triode is placed between the 
cathode and plate. By varying the potential of the grid relative to the 
cathode the current between the cathode and plate can be correspond¬ 
ingly changed. 


f 



Fig. 87. A csollection of tricnles. An inch ruler is included in the picture to show 
the sizes of the tubes. Courtesy of the WcN>dward Governor Company. 

The relation between the plate voltage Cp (relative to the cathode), the 
grid voltage Cc (also relative to the cathode), and the plate current ip 
(from plate to cathode) is shown in Figure 88 for a typical tube. By work¬ 
ing within a region R as shown we may suppose that 

^€p ” /* p^lp —“ 


( 4 . 56 ) 
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where Ae,,, Ar^, and Ae® are the deviations of the values of ip, and Cc 
from those at a fixed point Po in P, the constant is the plate resistance 
of the tube, and p is the amplification factor. 

Let us return to Figure 86. We shall suppose that e, is an alternating 
voltage, and we can therefore write e, as 

Cl = A sin u)t (4.57) 

for constants A and w. We shall suppose that A is small enough and the 
grid bias Rr large enough so that the fluctuations in grid voltage are 
within the range of the region R, Clearly, 

Cr = e^ — Rcip (4.58) 

Our problem will be to determine the output eo of the amplification stage. 



Fig. 88. Characteristic curves of a triode. 


By Kirchhoff’s first law, for the circuit with the elements Pc, the tube. 
Pi, and E we have 

E - Pi(i + ip) - ep - Rcip = 0. (4.59) 

In Figure 86 we have shown the current as going from the plate to the 
cathode in agreement with the convention of treating a flow of electrons 
in one direction as a flow of positive charges in the other. 

By KirchhofF’s first law we have also the following for the right-hand 
circuit: 

E - Rid + ip) - 5 [go + J‘ - Rii = 0, (4.60) 

where go is the initial charge on the capacitor. Differentiating (4.60) we 
have the more convenient relation 

Pi(i + ip)' ”1" g = 0, 


(4.61) 
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where the primes denote derivatives with respect to time. If we let e^o, 
ipo, and Cco be the values of ep, ip, and Ce at the point Po we can write 

Bp = epi) + ACp, ip = ipQ + Aip, Cc = €co + ACc. (4.62) 

We may choose Po so that we are at Po when e, ^ 0. Let the value of i 
when we are at Po be designated by io so that 

i = io + Ai, (L63) 

By (4.61) we have io == 0. The relations (4.58), (4.59), and (4.61) now 
yield 

ACc “ ““ UcAip, 

RiAi + Aep + (Pi + Rc)Aip = 0, (4.64) 

Pi(Ai + Aip)' “t" ■g’ + R^iAiy = 0. 

It is customary to use the symbols for the variables in place of the incre¬ 
ments because we are interested only in deviations from equilibrium. With 
the driving function (4.57) we can solve (4.56) and (4.64) for the incre¬ 
ments, and in particular for Ai, whence from 

^0 = R2Ai (4.65) 

we have the desired output. Since we are working with a steady states we 
do not need initial conditions, as the theory of ordinary differential equa¬ 
tions shows. 

For high frequencies such as 10^ cycles per second the interelectrode ca¬ 
pacitances cannot be neglected, whence the network is more complicated. 

If a nonsinusoidal periodic voltage ei is applied to the amplifier, the 
standard analytic technique is fo break up this voltage into its harmonic 
components by Fourier series. From the principle of superj^osition the re¬ 
sults for the given voltage can be obtained. 

4.13. Electric motor raising an elevator car. We shall ana¬ 
lyze an elevator where the car is raised by an electric motor as shown in 
Figure 89. 

For the sake of simplicity we shall assume that the field of the electric 
motor is fixed and is stationary in the motor as indicated in Figure 90. We 
shall suppose that a constant potential difference E is suddenly applied 
across the rotor of the motor as shown. The car is counterbalanced by a 
weight as in Figure 89 so that the motor must raise a net weight w, which 
we shall take in pounds. The car and counterweight are suspended from 
a pulley with radius r, whence there is a torque on the shaft of the 
motor given by 


Tv; = rw. 


( 4 . 66 ) 
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By Theorem 3.5 there is a torque Ti due to the current i in the rotor 
^iven by 

Ti = ki (1.67) 

for a constant k. Letting N be the angular velocity of the rotor in revolu¬ 
tions per minute (and hence of the shaft and pulley), and / the moment 
of inertia of all of the moving parts relative to the axis of the shaft, the 


N 



Fig. 89. Elevator car Fig. 90. Electric 

raised by an electric motor with a fixed 

motor. field. 


units being for example, in pounds, feet, and seconds, it follows from 
(2.55) that we have 

irJN' 

+ rw = kl (4.68) 

Letting B and L be the resistance and inductant'e of the rotor we have 

Li' + Ri = E, (4.69) 

As initial conditions we have 

/ = 0, 1 = 0, iV = 0. (4.70) 

We are of course neglecting friction, windage, and other factors. These 
may be taken into account as in Part 1. 

In an elevator installation the field coil might be in series with the 
armature, or rotor, coil so that the same current i flows through both, 
and the magnetic flux density B is everywhere proportional to L The 
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proportionality factor will depend on the relative position of the rotor to 
the stator, but as a rough approximation we may take it constant, in 
which event the relation (4.67) is replaced by 


Ti = ki^ 


(4.71) 


and ( 4 . 68 ) is changed accordingly. A practical simplification of (4.69) is 
obtained by neglecting the L term. 

It is readily seen that generator problems are similar to motor problems. 


4.14. Transmission line. We shall analyze a transmission line 
composed of two parallel conductors as shown in Figure 91. For a long 
line it is reasonable to suppose that the conductors will act like a capacitor 
so that there will be capacitance distributed along the line between the 
conductors. We would also expect current to leak from one conductor to 
the other through the air as the conducting medium. We shall take these 



Fig. 91. Transmission line composed of two parallel 
conductors. 


factors into account, as well as the mutual inductance between the con¬ 
ductors and the self-inductance of each conductor. 

We consider a section of length Ax of each conductor as shown in Figure 
91, X being the coordinate of length along the line. We let U be the current 
through the point Pi i at the instant we are considering. By symmetry we 
have a current U at P 21 directed as indicated. Similarly, we have currents 
equal to ii at the right ends of the elements as shown in the figure. We 
let Cl and 62 be the potential differences between corresponding points 
on the conductors as shown. We let ^1? be the resistance of a conductor 
in ohms per unit length, assumed to be uniform, and the inductance in 
henries per unit length, where the mutual and self-inductance are lumped. 
We let the distributed capacitance between the conductors be designated 
by C farads per unit length. We let Pi be the leakage resistance for a unit 
length. 

The element of the top conductor in Figure 91 is equivalent to the 
branch in Figure 92 (a) composed of a resistance ^RAx and inductance 
iLAx in series. 

We let a be the potential difference between two corresponding points 
Pi and P 2 on the conductors as shown in Figure 91, whence ei and ^2 are 
particular values of e. In this figure i is the current at Pi. Assuming that e 
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variss continuously along the transmission line, and possesses a continu¬ 
ous first derivative with respect to x we can write: 


where 


if 


- ei + + * 1 , 


Lim = 1, 

ax 


(4.72) 

(4.73) 


de 

dx 


^ 0 , 


RAx Y 

’‘-r-yAAAAAAr-^ f9 1 i ' 


(et-ei)- 


Pu 


1*12 

h i 

CAac^ 

j'i ' 4 = 

'1 

= CA* 


fzi I'xt 


(a) (b) 

Fig. 92. Circuits equivalent to an element of a transmission 
line. 


and the derivative in (4.73) is evaluated atPi 2 . By symmetry the poten¬ 
tial atPi 2 minus the potential atPn is the potential atP 2 i minus that at 
P 22 , whence the potential at Pu minus that at Pu is i(e 2 — ei). From 
Figure 92 (a) we have 

62 — Cl = {RAx)i + LAx ~ ; (4.74) 


the current i in the first term on the right is evaluated at some point 
on the element, and di/df also at some point on the element. Relation 
(4.74) is set up on the assumption that i and di/dt are continuous func¬ 
tions of ar. From (4.72), (4.74), and the limit as Ax goes to zero, we obtain 

+ (1.75) 

valid at each section of the line. Typical values of R and L are 0.162 oliiu 
and 0.002 henry per mile. 

The quantity G, where G = 1/Pi, is termed the leakage conductance. 
We replace the section of the transmission line composed of the elements 
of the conductors of length Ax by the network of Figure 92 (b), where the 
current ( 1*2 — ii) is split into two parts, one ii due to the conductance and 
the other (r due to the distributed capacitance. We assume that de/Sf 
varies continuously along the transmission line. It follows that 
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dc 

h = (GAx)e, in = (CAa:) 


(4.76) 


where e in the left equation of (4.76) is evaluated at some properly chosen 
section of the line, and the same is true of the derivative in the second 
equation. Since 

ii — ii = i'l "h i/e> (4.77) 

and the analogue of (4.72) holds for i, the limit as Ax goes to zero yields 

|i=f;| + Ge. (4.78) 


Equations (4.75) and (4.78) are the desired equations of the trans¬ 
mission line. For steady state alternating currents and voltages these 
equations may be solved by usual partial diflerential equation methods. 
For transients we must have initial conditions, such as the initial e and i 



Fig. 93. Block diagram of a 
transmission line with lumped 
elements. 


at each section. A typical value of C is farads per mile. The (juaiitity 
G can generally be neglected. 

We can often lump the distributed electric elements for a transmission 
line, that is, replace the distributed self-inductance of the line by a single 
self-inductance, the distributed capacity by a single capacity, and the 
distributed resistances by a single resistance. When the electric elements 
are lumped, the partial differential equations of the system are replaced 
by ordinary differential equations, which are more easily treated. It is 
common practice to use 9 or 10 lumps per wavelength, each lump being 
composed of resistances, inductances, and capacitances. For 60 cycle 
alternating current the wavelength is the speed of light divided by 60, 
that is, approximately 3,100 miles. Thus for a 100 mile transmission line, 
and for this frequency, one lumping of the elements will do. 

For a short power transmission line, not exceeding 50 miles in length, 
the capacitance of the line is often negligible, and its omission will gen¬ 
erally introduce an error of not more than one per cent. 

In Figure 93 we have a block diagram of a lumped transmission line 
for a typical three-phase line. The inductance and resistance of one com- 
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ponent of the line, corresponding to one phase, are L and Ft respectively. 
The capacitance of the line relative to the ground is C. 

4.15. Ideal Iransformers. We shall treat a transformer com¬ 
posed of primary and secondary coils wound on the same core. Let Ni and 
N 2 denote the numbers of turns in these respective coils, let ii and 1*2 be 
their respective currents, and let Vi and be the respective voltages 
across the terminals of these coils. 



Fig. 94. A transformer taken apart, showing the iron case (shield), the lamina¬ 
tions forming the iron core, and the composite coil (center) formed from the 
primar> and secondary wound for the same leg of the transformer. Courtesy 
of the Wooduard Governor Company. 

We assume that we can neglect the resistances and capacitances of the 
windings, and that all the magnetic flux passes through each turn. We 
suppose that the permeability of the iron core is so high that a negligibly 
small magnetomotive force produces the required flux. 

By Section 3.14 we have 

...Mf 
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for the flux ^ crossing a surface bounded by one turn. Thus 


V2 N2 


The magnetomotive force is assumed to be 7ero for practical purposes. 
If positive directions of the primary and secondary coil currents are taken 



Fig. 95. SubBtatioii with four power transformers. Courtesy of the General 
Electric Company. 


properly we have 

Njii -j- IV2I2 ~ 0 

so that 

l2 Nl 

Practical experience shows that the simple expressions here obtained 
are adequate to explain transformer performance in many cases of vary¬ 
ing currents. 

For photographs of transformers see Figures 94 and 95. 
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4.16. Permanent magnet direct current motor* A perma¬ 
nent magnet direct current motor has a rotor (armature) which moves 
between the poles of a magnet. A coil is wound on the rotor. Let in be the 
number of turns in this coil, and i the current. Actually, the rotor circuit 
may be composed of several coils in parallel, but for simplicity we shall 
refer to only one rotor coil.* In what follows we may neglect the parts of 
the turns of the rotor coil not parallel to the rotor axis, and suppose that 
the rotor has n conductors of length I parallel to the rotor axis at a dis¬ 
tance r from this axis. We let B denote an average flux density of the 
magnetic field so that the force on a conductor is Bli, and the correspond¬ 
ing torque on the rotor is Blir. Thus the total torque on the rotor is nrBli 
(see Theorem 3.5). 

Let N be the speed of the rotor, and I its moment of inertia. An equa¬ 
tion of motion for the rotor is given by 

I~ + cN= nrBli (4.79) 

for time /, and a term c/V to take care of friction and windage. The term 
cN may often be neglected. 

We let e, L, and B designate the voltage applied lo the coil, the induct¬ 
ance, and resistance of the coil respectively. The symbol Cc will denote the 
counter electromotive force generated in the coil due to the motion of the 
conductors in the magnetic field. By Theorem 3.6 

Cc = nrlBN, (1.80) 

The current i now satisfies the equation 

L~ + Ri==e-e,. (4.81) 

Equations (4.79)-(4.81) describe the motor. 

Equations (4.79) and (4.80) are not in a convenient form for practical 
use. Suppose that e and Cc are in volts, i is in amperes, N in rpm, B in 
lines per square inch, t in seconds, L in henries, R in ohms, / in inch-pound 
seconds squared, while r and / are in inches. Equations (4.79) and (4.80) 
become 

^ “I” == X 10~^^rirBli, e® = ^ 10”®nrZB7V 

oU at o 

respectively, where Ci is a constant. Equation (4.81) still applies. 

4.17* Direct current series motor. In a series motor the same 
current i flows through the armature as through the stationary windings 
{field). The average flux density B of the magnetic field is proportional to 
i, whence the torque on the rotor is Ki^ for a constant K. The counter 
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electromotive force Bc is proportional to BN, where N is the speed of the 
rotor, whence Cc is kiN for a constant k. The torque equation is given by 

where cTVis the damping torque, and the first? term is the inertial torque. 

Let e be the electromotive force applied to the motor. The current i 
satisfies the equation 

L^. + Ri = e - kiN. 
at 

4.18. Induction motor. The induction motor is one type of 
alternating current motor in common use. This motor is essentially a 
transformer with a moving secondary. The field (primary) is not elec¬ 
trically connected to the secondary circuit. A current is induced in the 
rotor by the varying magnetic field of the stator (stationary member). 
There is a synchronous speed N corresponding to the rotating magnetic 
field of the stator. Let N be the speed of the rotor. In practice N > N. 
If we had an ideal case, the same flux would pass through the stator as 
through the rotor, and the voltage Vi supplying the field would satisfy 
the relation for Vi in Section 4.15, where Vi is proportional to ctyp/dL 

There is an electromotive force induced in the rotor due to the motion 
of the rotor, and one due to the variation of the field (that is, the voltage 
supplying the field; with respect to time. Suppose that the voltage sup¬ 
plied to the field is constant. When the rotor does not move relative to 
the rotating field, in which case N = Ns, there is no electromotive force 
generated in the rotor. We take the net secondary alternating voltage V 2 
proportional to iV, — when Ns — N h not too large. We suppose that 
the same is true of the secondary current 12 , whence the driving torque 
may be assumed to be proportional to AT, — A^. We have the equation 

for a constant k, time /, and moment of inertia /. 

For a more accurate analysis of the electrical features of the motor, the 
resistances of the windings and the leakage flux must be taken into ac¬ 
count. This can be done by replacing the stator and rotor circuits by 
equivalent circuits of inductances and resistances. 

4.19. Direct current generator. Let N be the speed of the 
generator, and if, e/, Lf, and Rf the field current, voltage, inductance, and 
resistance respectively, and let the corresponding symbols for the arma¬ 
ture be the same except that the subscript / is replaced by a. The field 
voltage is supplied by some external source, such as another generator 
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M La + fiaia = Ca- 


(4.82) 


In writing the first equation of (4.82) we have neglected the counter 
electromotive force due to the magnetic field of the armature current. 
This electromotive force can be taken care of. when necessary, by inserting 
a term proportional to Nia. We might also have a term in this equation 
proportional to dia/di. 

It is common practice to have R/ approximately equal to Lf, and /?« 
about 10 times La. 

The electromotive force Ca is given by 

Ca = kNif (1.83) 

for a constant k. 

The torque equation is 

dN 

+ kifia = r (4.81) 

for a constant A^ moment of inertia /, time /, and driving torque T. 

Equations (1.82)- (1.81) are four equations in the four dependent vari¬ 
ables i/, la, Ca, and TV. 

4.20. Voice coil. In Figure 96 we picture a cross sedion of a 
voice coil with the iron part in the form of the capital letter E. A prac¬ 
tically uniform flux density is produced in the air gaps by a coil wound 
around the middle leg of the A, and indicated by cross hatching. Another 
coil fits into the air gaps free to move toward and away from the base of 
the E. This coil is spring loaded. 

Voice coils are used in dynamic radio speakers. They can be made 
round so that there is but one air gap in the form of a circular ring. 

The dashed line in the figure indicates a magnetic path. Let <l> be the 
flux across the middle leg of the circuit, and JF the magnetomotive force. 
If (Ri and (Ro designate the reluctances of the iron and air paths respec¬ 
tively, we have 

”h 

The reluctances are known from the B-H curves for the iron and air. If 
i is the current in the fixed coil, and TV the number of turns, the force $F 
is Ni. Thus if i is given, we can find the flux density B in the air gap, or 
gaps. We may take this flux density to be uniform. 

The fixed coil may be omitted, and a permanent magnet used instead. 
In any case B can be assumed known for what follows. 
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Let ie be the current in the movable coil. There is then a force on this 
coil in the direction of the axis of the coil, and proportional to BL. Let x 
be the axial coordinate of the coil. The coil now satisfies the equation 

mar" + car' + fee = KBic^ 

where m is the mass of the moving part, c is a damping coefficient, k a 
spring scale, and K a constant of proportionality. The prime denotes 
differentiation with respect to time. 



If a voltage ec is applied to the movable coil, the current iV satisfies 

Li' + Ric = fc (4.85) 

for the inductance L and resistance R of the movable coil. 

4.21. Microphone. A common type of microphone is of the 
voice coil variety treated in the*preceding section. We use the same nota¬ 
tions as in that section except that —K will be employed in place of K. 
The movable coil is attached to a diaphragm fixed at the edge of the 
diaphragm so that the diaphragm supplies a spring force. Let G denote 
the force on the diaphragm due to the impingement of sound waves. The 
force equation for the diaphragm-coil is 

mar" + car' + kx + KBie = G. 

The induced electromotive force Cc is given by 

€e = ABx' (4.86) 

for a constant A. 

Equation (4.85) again applies except for external circuit terms. We 
thus have three equations in the three unknowns ar, L, and 

4.22. Low pass filter. Suppose that we have a resistor of resist¬ 
ance R in series with a capacitor of capacitance C. The capacitor is in 
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parallel with a load resistor of resistance The system described forms 
a filter. A voltage e» is supplied to the system. The output of the filter is 
the voltage eo across the load resistor. It is desired to obtain eo in terms of 
ei. See Figure 97. 

Let i be the current through the capacitor, and the current through 
the load resistor. The voltage drops across the resistors yield 


+ ih) + Co = €i, 

RlIl = Co. 


(4.87) 


The voltage drop across the capacitor is eo, so that 


Co 



idt *4“ EJe 


(4.88) 



Fig. 97. iUock diagram of a low 
paHs filtor. 


for the initial voltage drop Ec across the capacitor, and time /. By (4.88) 
the current i is CVJ. By (4.87) we now have 

RCeo + ^1 + €[) = €{. (4.89) 

\s usual, the primes denote derivatives with respect to time. The per¬ 
formance of the filter is determined by equation (4.89) and the initial 
condition < = 0, eo = Ec. 

If we are interested in the response of the filter to sinusoidal inputs, we 
replace eo and e^ in (4.89) by and £,e'"* respectively, with . 

In this case (4.89) becomes 

jwRCEo + = Ei. (4.90) 

We can take d and eo to be the imaginary parts of and Eo&*^^ respec¬ 
tively. Equation (4.90) is algebraic. By (4.90) the amplitude Eo of eo 
satisfies 

Ei 
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It is seen from this relation that, if is small enough, | Eq j is, for prac¬ 
tical purposes, proportional to /?». As the frequency increases beyond all 
bounds, the quantity | Eo j tends to zero. W (* thus have a low pass filter. 

4.23. Neon tube. There is a large range of currents for which 
the voltage drop across a neon tube is practically independent of the 
current, for which reason the tube can be used for voltage regulation. We 
suppose that a neon tube N is in series with a resistor of resistance /?, and 



Fig. 98. Neon tube circuit. Fig. 99. Rectifier stage. 


in parallel with a load resistor of resistance Rl. Let i be the current 
through the tube, ii the current through the load resistor, the voltage 
drop across the tube, and e the voltage drop across the system. See Figure 
98. We have the equations 

RlIl = Cn, 

R(i + ih) + = e, 

eo + ~ io) = en, 

where io is a value of i around which we are working, and eo is the value 
of Cn which corresponds to io. The quantity c is numerically small. 

4.24. Rectifier stage. Suppose that we have a rectifier ele¬ 
ment G in series with a load resistor of resistance Rl. See Figure 99. This 
rectifier element may be a selenium or germanium cell, an electronic diode, 
or some other rectifying device. An input voltage e, is applied to the 
system. We are interested in the output voltage Co across the load resistor. 

We let /? designate the resistance of the rectifier element, and i the 
current through this element. We may suppose that R = Rq for i ^ 0, and 
that R is, for practical purposes, infinite if i < 0 (rigorously, the voltage 
drop across Rl is zero if i is not positive). Then 


€o — 0 , €i ^ 0 , 
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4.25. Transistor. A transistor is a block of germanium or some 
other properly chosen material in contact with three electrodes as de¬ 
scribed below. See Figure 100. There is a large area low resistance contact 
Cb on the base of the block. Two point contacts Ce and Cc on the upper sur¬ 
face of the block are the emitter and collector respectively. These two con¬ 
tacts are very close together, such as a distance of 0.002 to 0.01 inches. 

The transistor can be used as an amplifier. It has the advantage that it 
needs no warmup time, as is required in the case of electronic tubes. 


le h 

— VeK 



Fip. 100. Transistor. 


The emitter is connected to the base in series with the signal element S 
and a bias voltage, which places the emitter at a higher potential than the 
base when the signal element has zero potential drop. The collector is 
connected to the base in series with the load and a voltage which biases 
the collector negatively relative to the base. We let Be be a resistance 
representing the load, the emitter voltage relative to the base, Vc the 
collector voltage relative to the base, le the emitter current, and Jc the 
collector current. Let E be the signal voltage. Then 

Bcic — Vc = El, 

Ve-E = E,, 

for the bias voltages Ei and £ 2 . Experiment shows that regardless of the 
bias 

le = KVe + RfIc) 

for a constant By and a function /. An additional relation 

g(Ve, Vc, le, Ic) = 0 

is needed to complete a set of four equations in Vc, V®, E, and /«. 

4.26. Transductor. Alternating voltage is applied to windings 
of two transformers, these windings being connected in series. We shall 
call these windings “ac windings,” The other two windings of the trans¬ 
formers are connected in series, so that the alternating voltage induced in 
them cancels out. We shall call these windings the “dc windings.” The 
configuration composed of the two transformers is a transductor. It may 
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be used as an amplifier when the alternating current is rectified and used 
for feedback. Like the transistor it requires no warmup time. 

As the current in the dc circuit of the transductor is varied the current 
in the ac windings is also changed. 

The inductance, resistance, current, and voltage of the dc circuit will 
be designated by L, /?, i, and e respectively. 

For the dc circuit we have the equation 

LV + Ri = e, 

where the prime denotes differentiation with respect to /. An average 
value of L should be used here. This value can be determined from a 
study of the flux in the transductor. 

Let Jav and Eav respectively denote the average alternating current and 
voltage at the terminals of the ac windings of the transductor. Experi¬ 
ments show that for a large class of applications the relation between 
Eav, lav, and i can be expressed by characteristic curves so that there is a 
function f{Eav, hv, 0 for which 

fiEav, lav. 0 = 0 . 

The reader should be reminded of the characteristic curves of triodes (see 
Figure 88). Suppose that the load is a resistor in series with the ac wind¬ 
ings, and that an alternating voltage with average value E^) is supplied to 
the ac windings and load. Let R denote the total resistance in the ac circuit. 
A study of average currents and voltages shows that there is a load line 
with the equation 

Eav + Rlav = Eq. 

We now have three equations in the variables lav, Eav, and L 

As an approximation to the performance of the transductor we can use 

lav ~ kly 

where kis r constant of proportionality and I is the deviation of i from 
an equilibrium value. 

Transductors may have the ac windings in parallel instead of series. 


4.27. Procedure for setting up electrical problems. It is 
advisable, when possible to replace the electric elements by an equivalent 
network of resistances, inductances, capacitances, and sources of constant 
or variable current or voltage. If a conductor is not coiled, not excep¬ 
tionally long, and the voltage and current changes in it are not rapid, we 
can usually neglect inductance and capacitance effects for the conductor. 
In the case of extensive neighboring conducting surfaces capacitance must 
generally be taken into account. It is usually a good approximation to 
assume that dielectric constants and magnetic permeabilities remain near 
their mean values. If a wide range of frequencies is being considered, such 
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as 10* to 10* cycles per second, the variation of all electric elements may 
have to be studied. These variations must also be considered if wide 
temperature ranges occur, such as 0 degrees Fahrenheit to 500 degrees 
Fahrenheit. Pressure changes of 100 per cent or more may cause large 
changes in leakage conductance and other constants. If magnetic fields, 
as in electromagnets, are used, a sort of mean value of flux can often be 
assumed to hold over the whole space affected. The same is true of 
generators. 

4.28. Dimensional analysis applied to a transmission line 
problem. Suppose that we have a long transmission line, and that a 
constant voltage E is suddenly applied to the line at the input end. Until 
the first reflec tion from the load end of the line, the input current i is 
independent of the load. We assume the line to be uniform with the 
resistance /?*, inductance L*, and capacitance C per unit length. We 
neglect leakage. It is desired to obtain the input current i as a function 
of time /. 

The secondary quantities in this problem are E, i, JR*, L*, C, and L 
We may take resistance, current, length, and lime as primary quantities, 
denoted by the symbols /?, /, L, and T respectively. The dimensions of 
the secondary quantities follow. An explanation of these dimensions will 
be given immediately. 

QUANTITY DIMENSIONS 

E HI 

i I 

«* RL~^ 

L* RTL-^ 

C R-^TL-^ 

t T 

An inductance is a potential difference divided by the derivative of a 
current with respect to time. Inductance thus has the dimensionality R1 
divided by /7'”\ or simply RT, Since L* is inductance per unit length 
we must divide by L to obtain the dimensionality of L*. Since capaci¬ 
tance is the quotient of a current by the derivative of a potential differ¬ 
ence with respect to time, the dimensionality of a capacitance is JR~^r. 
The dimensionality of C is an immediate consequence. The reader can 
readily verify the remaining entries in the table above. 

A dimensionless product of the secondary quantities will be written as 
EH^R^^L^OV. Since that is dimensionless 

(i-f- c d — 6 

a + 6 =0, 

— c — d ^ e =0, 
d+^+/= 0. 
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We solve this system of equations for the two cases where /» = 1, and 
where / = 1. We thus obtain the dimensionless terms 

^ i P 

L*’ Eyjc' 

If follows that 

for a function/. 

We could have obtained the same results by using some other system of 
primary quantities (see the Appendix). 
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CHAPTER 


5 


Electromagnetic fields 


5.1. Maxwell^s equations for electromagnetic fields. The 
material of this chapter is needed for the proof of the Stefan-Boltzmann 
radiation law of Chapter 8. 

Consider a curve C which is the boundary of a surface S, where a mag¬ 
netic intensity H is defined at each point of 2. Let E be the electric inten¬ 
sity at a point of C associated with H. Let ^ be the flux across S. By 
Theorem 3.8 


e = 


dif/ 

W 


Since 


and 


for B = ixll^ we have 


e = f^Eds, 

^ = f J B dJ:, 


L 


£•€18 = 




di 




assuming that the dift*erentiation under the integral sign is allowed. 

Assuming that we can apply Stokes’s theorem of the calculus to the 
integral of E • ds around C we have 


Thus 


f^Eds = j j (curl E) • dS. 



(curl £) - dS 



Let us consider the equation 



curl E + 


dt) 


•ds = 0. 
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Assuming that this equation holds for a sufficiently large class of surfaces 
it follows that 

curl E= - (5.1) 

or if we wish 

curl E = —fjL (5.2) 

when fjL is constant. 

Equation (5.2) is a triple of Maxwell’s equations written in vector form. 
This vector equation represents three equations relating the x-, y-, and 
z-components of the vectors involved. 

Let us consider an infinitely long wire in the form of a straight line 
along which a constant current i is flowing (see Figure 101). By the Biot- 



Fig. 101. Straight cxinduc- 
tor with a current i. 

Savart theorem there is a contribution dH to tlie magnetic intensity H 
at a pointP due to an element of length dl where 

I I _> 

I I ^2 


Here r is the distance from P to some properly chosen point Q on the 
element, and B is an angle between the line from Q to P and the line of the 
wire. Let 0 be the perpendicular projection of P on the line of the wire and 
let a be the distance OP. Let an angle from PO to PQ be denoted by <l>. 
The magnetic intensity H at P due to the current in the wire then has the 
magnitude \ 11 where 


H 


L 


(sin 6)dl 



(cos (t>)dl 



cos <f>d<l> = 


2i 
— ; 
a 


and K denotes the conductor. For Figure 101 the vector H is perpen- 
dicular to the plane of the paper, and is pointed into the paper. 

Let us evaluate the line integral o( H • ds around a circle of radius R 
with center on the wire, and in a plane perpendicular to the wire. The 
magnetic intensity is everywhere tangent to this circle. It follows that 

j^Hds == j^\H\ds j^ds = ^ (2xR) = 4ir», 
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where G is the circle. Thus the integral around the circle (in the direction 
of H) is independent of R. 

Let AB be an arc of a circle of radius with center on the wire and 
plane perpendicular to the wire, and let a be the smallest positive angle 
in radians subtending the arc AB at the center of the circle. Let CD be 
the arc of a circle of radius pm where the center of this circle is on the wire, 
the wire is perpendicular to the plane of the circle, this arc subtends the 
same central angle a, and the line through A and D and the line through 
C and B pass through the wire. We consider the curve ABCD formed from 
the arc AB, the straight-line segment BC, the arc CD, and the straight- 
line segment DA. Along the straight-line segments the vector H is per- 



Fig. 102. Rf^gicm approxi¬ 
mated b> weclors. 


pendicular to these segments, whence the integral of H • ds along these 
segments vanishes. For the arc CD we have (with H • ds = |H| ds) 

H ds = — f^ds = ~ (art,) = 2ia. 

Jc rMjc Pm 

For the arc AB we then obtain 


H ds= -2ia, 

the minus sign being due to integrating in the opposite direction to the 
integral over CD, Thus the integral around the curve ABCD vanishes. 
This curve does not enclose the wire. 

The arcs AB and CD used above are not necessarily in the same plane. 
Suppose now that we have an arbitrary curve G around the conductor 
A as in Figure 102. For simplicity we consider a curve G in a plane per¬ 
pendicular to K. We can enclose the wire with a circle T in the plane of G 
where the center 0 of the circle is on the wire, and the circle lies entirely 
within the region bounded by the curve G. To simplify the argument we 
assume that a ray emanating from 0 in the plane of G cuts G in one and 
only one point. The argument is readily extended to more general curves. 
We can take a point P on G and draw through this point an arc CD of a 
circle with 0 as center. Through the end points of this arc we can draw 
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radii to 0 cutting out an arc AB on r. With the proper labeling of the 
points we thus obtain a region ABCD as in Figure 103. We can obviously 
put in a finite number of such regions, so that these regions do not over¬ 
lap, but each point of T is on at least one of these regions. We can inte¬ 
grate H • ds in the positive direction around each region. The sum of these 
integrals for all of the regions is then zero. The integral of H • ds along 
the common boundary of two regions may be neglected because we 
traverse this boundary in opposite directions in integrating around these 
two regions, whence the sum of the integrals of H • ds along this common 
boundary for the two regions vanishes. The sum of the integrals around 
the regions is then the integral around T in the negative direction with 
respect to the interior of the circle, plus the integral around the curve G* 



Fig. 103. Region 
ABCD bounded 
by arcs of circles 
and straight line 
segments. 

in the positive direction, where G* is the outer boundary of the region 
composed of the regions of type ABCD. It follows that 

ds =i ■ ds = 47ri, 

where the integral around F is taken in the positive sense with respect 
to the region bounded by F, and the other integral is taken in the positive 
sense with respect to the region bounded by G*. We think of G as the limit 
of approximating curves {G*}, where the maximum of the arc lengths 
goes to zero. We therefore say that (for the proper sense of H) 

• ds = 4x1. 

Thus the integral of H • ds around any curve G enclosing the wire once is 
4x times the current in the wire, it being assumed that G is in a plane 
perpendicular to the wire. The same kind of argument shows that the 
integral of H • ds around a plane curve G not enclosing the wire vanishes. 

Suppose now that G is not a curve in a plane perpendicular to the wire; 
in fact let G be an arbitrary closed space curve. We can let G bound a 
surface composed of triangles as used in Section 3.14 where the wire 
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passes through one of these triangles in a plane perpendicular to the wire, 
if it passes through th^ curve G. In the following sum of integrals around 
triangles we exclude one triangle, and let this be the one through which 
the wire passes, if there is such a triangle. The sum of the integrals of 
H • ds around all the triangles in, for example, the positive sense with 
respect to each triangle is equal to this integral around the outer perim¬ 
eter G* of the surface in the positive direction plus this integral in the 
negative direction around the triangle through which the wire passes, if 
there is such a triangle. IL follows that the integral of H • ds around G* is 
47 r times the current i through the wire if G encircles the wire. If G* does 
not encircle the wire the integral of H • ds vanishes. Suppose that G is the 
limit of curves of type {G*}. It then follows that the integral of H • ds 
around G is zero if G does not enclose the wire^ and is iirifor the current i in 
the wire if it encloses the wire once. The current must be taken in a direc¬ 
tion that corresponds properly to the direction of integration around the 
curve G. 

With each point of a conductor we can associate a current density vector 
J, where J = aE for the conductivity <t of the conductor, and the electric 
intensity E. The direction of J is the direc tion of current flow. If J is 
constant for a region with area Ay and is everywhere normal to this 
region, the current flowing across this region has the magnitude \ J \ A. 
Current density can be defined similarly for surface currents. Let 6 be 
an angle between J and a normal ray to a plane region R with area A. 
l^et C be the boundary of R. If the region R is small enough we would 
cixpect the current across R to be traveling for practical purposes as if it 
were the current along a straight wire, or composed of currents along 
several parallel straight wires. We conclude that 47r| J \ A cos ^ is a good 
approximation to the integral of H • ds around C, where | J | cos 6 is 
evaluated at a properly chosen point of the region R. We therefore write 

II ■ ds = J f J dH. 

Since any plane region R can be broken up into smaller regions and suc'h 
subdivisions can be performed so that the maximum chord of these regions 
goes to zero, we conclude that 

f^H-ds = 4ir j j J dS, 

for any such region, H being the magnetic intensity associated with J. 

Assuming that Stokes’s theorem applies, we have 

f^Hds = j j (curl H)-dX = W f I J-dl., 
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Since this relation is valid for every plane region containing a point P, we 
conclude that at P 

curl H = iirj. (5.3) 

With J = aE this gives 

curl H = 


Maxwell postulated the existence of a displacement current pro¬ 
portional to dE/dU and for which 

curl H = k (5.1) 


which is analogous to (5.3). Here k is the dielectri(* constant of tin* 
medium. The validity of (5.4) was verified experimentally by Hertz. 

The magnetic intensity H of (5.4) must not be confus(‘d with the mag¬ 
netic intensity H of (5.3), nor with H of (5.5). Superimposing the mag¬ 
netic intensities, the equations (5.3) and (5.4) can be replaced by 

curl H = ife ^ + inj. (5.5) 

ot 


Equation (5.5) is another triple of MaxwelVs equations written in vector 
form as a single equation. We often write this equation with / replaced by 
<rE. 

The equations (5.2) and (5.5) with / = erE are equivalent to independ¬ 
ent equations in the six functions representing the (ornponents of H 
and E, and are enough with boundary conditions and initial conditions 
to determine H and E. We therefore need to look no further for equations 
relating H and E. Maxwell postulated that equations (5.2) and (5.5) are 
the general equations relating the magnetic intensity H and the electric 
intensity E for homogeneous isotropic media. 

To complete the set of Maxwell’s equations we must adjoin the 
relations 


div D = iirp, 

div B = div pH = 0, 


(5.6) 


where D kE (see equation 3.30). The last relation is due to the absence 
of true magnetic charges. 

The Maxwell equations above are valid for homogeneous ist^fropic 
media which are at rest. A.t each point of an isotropic medium k and p 
are independent of direction. For homogeneous media k and p do not vary 
from point to point. 

By vector analysis 

curl curl E = grad div E — AE. 

In the absence of volume charges we have p = 0 and div E = 0, so that 


purl curl E = —AE, 
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We take the curl of both sides of equation (5.2) and differentiate both 
sides of (5.4) with respect to t. Making use of the relation 

d curl H . dH 

—m - 

to eliminate H we obtain 

= (5.7) 

Equation (5.7) is valid in homogeneous isotropic dielectrics and empty 
spa(*e. Eliminating E from equations (5.2) and (5.4) we have 

AH = (5.8) 


which has the same form as (5.7). For the function Ex representing the 
x-component of E the vector equation (5.7) yields 


d'^Ex , d'^Ex . d^Ex ___ I d'^Ex __ 


(5.9) 


There are identical equations for the other components of E and H with 
respect to an xyz-Cartesian coordinate system. The solution of (5.7) for 
spherical waves yields the Hertz result for radio transmission. 

A justification for displacement currents may be seen from a consider¬ 
ation of a capacitor with capacitance Ci in a circuit as in Figure 77. We 
have found, in the ideal case, that the electric field intensity E between 
the plates is proportional to the charge <ri. Since the capacitor is inserted 
in a branch for which the current i is dai/dl, it is logical to associate a 
current with the term dE/dt, proportional to this derivative. 


5.2. Light. Although it is necessary to go to quantum mechanics 
to explain certain phenomena, experiments indicate that light is electro- 
magn(‘tic and satisfies Maxwell’s equations. 

We shall concern ourselves with the important case of a plane wave, 
that is a wave for which all quantities depend on t and one space variable 
only. Let this space variable be x, whence the partial derivatives of com¬ 
ponents of E and H with respect to y and z vanish. Suppose that p = 0 
for the region of space considered. Since by (5.6), with k constant. 


we have 


div E = 


dEx 

dx 


dEy dE, 


= 0 , 


dEx 

dx 


0 . 


Thus Ex and Hx are constants. Since they are constants, they are of no 
interest in the study of wave motion, and may be taken equal to zero. 
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d^y , d^y 

d^E. , dm, 

for the functions Ey and Ez representing components of £• We can write 
these equations as 

d^y ^ 1 d^Ey 

(510) 

dx^ dt^ ' 

where 


We now have a solution for Ey of the form 


Ey = E^ sin 




where w and Eq are constants. This is readily verified by direct substitu¬ 
tion. 

There is a similar solution for Ez with other arbitrary constants. We 
shall concern ourselves with Ey only. Equation (5.4) now yields 


dHz _____ jL 

lx 


Substitution of Ey given in (5.11) into (5.12) yields 


= —(jokE 


^0 cos CO 


Integration gives 


Hz = vUEq sin 




+/») 


for an arbitrary function/(/). Substituting for H, in 


we obtain 


Thu8/"(/) vanishes, and 


dm, ^ 1 dm, 

dx^ r‘ dl^ 
Qxi »>•' W. 

m = At+ B 


(5.12) 
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dEy_ dH^ 
dx ^ at' 

Substitution for Ey and Hz yields v4 = 0. Since we are interested in waves 
we may drop the constant B, Thus 

Hz = vkE^ sin Cl) ^/ — (5.15) 

The expression Ey is a function Ey (x, t). As given in (5.11) we have 
Ey(x, t) = Ey{x + ?’A/, t + Ai) 

for each set of values of a*, /, and the increment Ai. This means that we 
have a plane wave traveling with the speed v in the positive direction of the 
x^axis. Let c be the speed of the wave in a vacuum. Then, no matter what 
units we use, we have 



This V is then the speed of light in the given medium. 

The vectors E and H are now given by Ey and Hz, whence E and H are 
perpendicular, in phase, but with different formulas for amplitudes. 

The plane wave given by (5.11) and (5.13) is of much practical interest. 
Thus at a considerable distance from the source a radio wave may be 
treated as plane. That tliis plane wave is rather general can be seen from 
the following considerations. We shall need some properties of series 
which will be stated but not proved. By definition we have a plane wave 
associated with Ey if there is a number co such that 

Ey (r, i + = Ey{x, t) 

for all values of x and t under consideration. For each x the function Ey 
is then a periodic function of t with the period 2t/o). Consider a given 
value of X. If Ey is a continuous function of t for an interval of values of t 
with length 27r/co or more, we can write Ey as the unique Fourier series 

Ey = ao(x) + [ai(a:) cos + bi(x) sin 0 ) 1 ] 

+ [a 2 ix) cos 2o)t + b^ix) sin 2o)t] + . . . , 

which converges to Ey. The a’s and 6’s are functions of x that can be 
expressed in terms of Ey (note reference 5 at the end of this chapter). 
Assume that we can differentiate this series term by term to obtain unique 
series that converge to the first and second derivatives of Ey with respect 
to X and L The first equation in (5.10) is then an equality between Fourier 
series. Transforming (5.10) to an equation with the non-vanishing terms 
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all on one side we obtain a Fourier series equal to zero. Now zero has a 
unique Fourier series in sines and cosines of multiples of and the coeffi¬ 
cients of these sines and cosines vanish. Thus the terms in the Fourier 
series for Ey in a given multiple of w/ must satisfy the equation (5.10). 
We can thus study the harmonic components of Ey separately. 

It is therefore no real restriction on the generality of the method to 
consider only a solution of (5.10) of the form 

Ey = h{x) sin cat + gix) cos cal. 


By differentiation we obtain 


= /i"(j*) sin cal + ^"(x) cos cat, 
ox 


d^Ey 


= - 0>^Ey, 


SO that the first equation in (5.10) becomes 

|^A"(a;) + ^ /i(a:) j sin ul + ^g''{x) + j cos w/ = 0. 

This implies that 

h"{x) + h{x) =■ 0. 

This ordinary differential equation has the general solution 

h{x) = A cos — + B sin — 
for constants A and R, Similarly, 

/ \ /'* caX . jv . caX 

q(x) = G cos-f- sm — 

for constants C and D. 

It follows that Ey is a linear combination of the four products of the sine 
and cosine of (ax/v by the sine and cosine of cat, where the coefficients are 
arbitrary. By trigonometric identities we can then express Ey as a linear 
combination of the sines and cosines of a?(/ + x/v) and w(/ — x/v). The 
sine and cosine of w(/ -f* x/v) represent waves traveling toward the nega¬ 
tive half of the ir-axis, while the sine and cosine of co(/ — x/v) represent 
waves traveling toward the positive half of the x-axis. Since the term in 
the cosine of o){i — x/v) represents a wave of the same type as the term 
in the sine of this angle, we may restrict ourselves to the sine only, which 
we have done in (5.11). Thus the solution (5.11) is not as special as it might 
first appear. 

Visible light waves, heat waves due to radiation, and radio waves are 
examples of electromagnetic waves which satisfy Maxwell’s equations. 
We apply the term radiation to such waves. 
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In the field of geometric optics it is assumed that light is composed of 
rays which travel in straight lines in a homogeneous isotropic medium, 
and that these rays are independent of each other. Let a ray R strike a 
plane surface, and let /?/ be the reflected ray. The angle of incidence is the 
smallest angle between R and the normal ray N to the plane, where the 
normal is on the same side of the pi me as R. The smallest angle between 
N and Rf is termed the angle of reflection. From Maxwell’s equations and 
continuity assumptions we can justify the statement that the angle of 
incidence is equal to the angle of reflection. This is the law of reflection. If 
the ray R strikes a surface at a point P where the surface has a tangent 
plane, the ray R strikes the s^face as if it struck the plane tangent to 
this surface at P. 

When a ray R strikes a surface there may be a refracted ray Rr traveling 
from the point of impact into the medium AU beyond the surface. By 
definition the angle of refraction is the smallest angle between Rr and the 
ray normal to the surface at the point of impact and directed into the 
medium M 2 beyond the surface. Let the medium on the other side of the 
surface be called Mi. Maxwell’s equations and continuity assumptions, 
can be used to justify the law of refraction of geometric optics, called 
Snell’s law, which says that the ratio of the sine of the angle of incidence to 
the sine of the angle of refraction is equal to the ratio 112 /ni of constants ni 
and r ?2 of the media Mi and U 2 , respectively. These constants are called 
indices of refraction. The index of refraction of a medium is the ratio of the 
speed of light in ('mpty space to its speed in the medium. 

5.3. Energy density. It is convenient to associate an energy 
density with the points of space at which we have an electromagnetic field. 
We shall arrive at this concept by means of dimensional analysis. 

By the inverse square law we have 



for the dimensions F, e, L, and q of force, permittivity, length, and electric 
charge. Thus q has the dimensionality Fh^L. The electric field intensity E 
is a force per unit charge, and therefore has the dimensionality 
The simplest scalar that can be obtained from E is probably E • E. The 
dimensionality of cE- £ is which is F/L^. Since energy has 

the dimensionality FL, energy density has the dimensionality F/L^, We 
therefore say that an electric field has an energy density proportional to 
eE • E. 

Various justifications can be made for this definition of energy density. 
One of the simplest follows. 

We consider a capacitor composed of two parallel plates (see Section 
3.13). We suppose that these plates are a distance d apart, that the area 
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of a face is A, and that the charge density on this fa(^e is <r, whence the 
total charge q of the capacitor is A<t, We let C be the capacitance of the 
capacitor, so that 

(7 = Cr (5.14) 

for the potential difference v between the plates. By Section 3.13 the 
electric induction D satisfies 

I Z> I = 47r(T, (5.15) 

where we take a positive. Now 

V = \E \d, (5.16) 

where E = D/k for the dielectric constant k. By (5.15) we have 


q = 


a\d\ 

4’7r 


(5.17) 


By (5.14), (5.16), and (5.17) we have 

A\D\ M 
47r\ E \d iwd 


(5.18) 


We imagine that a capacitor is charged by successively bringing charges 
from one plate to the other. Suppose that we transfer charge Aq from one 
plate of the capacitor to the other. We then do work AW, where 

AW = V*Aq = J 


for the potential difference F* between the plates at some time during 
the addition of the charge Aq, and the value g* of the charge q correspond¬ 
ing to the potential difference F*. We add up such increments of work 
where we start with zero charge on the capacitor and build up the charge 
to a value Q. Taking the limit as usual in the calculus, we obtain the total 
work VF necessary to build up the charge Q, where 

If the potential difference for the charge Q is F, we have 

W = iCV\ (5.19) 

which is then the potential energy stored in the capacitor. We imagine 
that this energy is uniformly stored in the space between the plates. Since 
Q — Act for the charge density cr corresponding to Q, relations (5.18) and 
(5.19) give 

,,, 2va^Ad 
W =-i- 
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If we divide W by the volume Ad of the region between the plates and 
malce use of (5.15) we have the energy density u, where 

_ W _ I _I) D 
" k '&irk Srk 


It follows that 


k\E\^ ^ kE E 

^TT BtT 


for the electric intensity E, This relation is taken as the definition of the 
energy density due to the electric field with tlif' ^'lectric intensity E. 

We similarly define the energy density u due to a magnetic field to be 
given by 

“ Btt 


lor the magnetic intensity H and the permeability g. 

With both electric and magnetic fields present we thus have the energy 
density n, where 

_ (kE.E+,H ^ 


5.4. Radiation pressure. To give a proof of the Stefan-Bolt/- 
mann law in Chapter 8 we shall need the concept of pressure of radiation, 
which we now derive. 

Consider first a plane surface tt bounding two media Mi and M 2 . Let 
STUV (Figure 101) be a rectangle with two sides parallel to the surface tt, 
where the side ST is in Mi and the side UV in M 2 . The symbol ^ desig¬ 
nates the flux across this rectangle. Since the electromotive force e for the 
circuit formed by the boundary of the rectangle is the integral of E • ds (in 
the direction shown) around the rectangle for the electric intensity £, we 
have 

e= f^^E-ds+ f^^Eds + ., 

where € is the contribution of the sides TU and SV, For convenience take 
the bounding plane t parallel to the yz-plane. By the first theorem of the 
mean of the integral calculus and the continuity of E in each medium 

- ds = EnL, E ds= -Etdi, 

where L is the length of the side ST, and En, En eu-e functions representing 
the components of E tangential to the sides ST and UV respectively, 
evaluated at properly chosen points on these sides. By Maxwell’s equa¬ 
tions (see Theorem 3.8) the quantity e is — d^/rf/. Take the limit as the 
sides of the rectangle approach the surface simultaneously. Let B„ be the 
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component of the flux density normal to the rectangle. We suppose that 
I Bn I is bounded by a number M, Let A be the area of the rectangle. The 
flux across the rectangle is Xi4, where | X | ^ M. Now 

^ — A — 

d! ^ 

We assume that d\/dt exists and is bounded in absolute value. It follows 
that as the sides of the rectangle approach the surface tt, the derivative 
dyl/fdl goes to zero. Thus the limits of En and Et 2 are equal. Now taking 
the limit as ST goes to zero, we find that at each point of the bounding sur¬ 
face T the tangential component of E is continuous. It is seen that by limit 
methods we can show that this is true even though the bounding surface 
is not plane. 



Fig. 104. Plane M^ave striking a 
plane surface of a conductor C. 


We consider a plane wave in a vacuum striking the plane surface of an 
almost perfect conductor C head-on as in Figure 104. We suppose that 
the surface of the conductor is in the plane a? = 0. We assume that the 
wave has the intensities E and H given by 



as in Section 5.2, where c is now the speed of the wave. The conductor is 
understood to have very large conductivity so that for practical purposes 
there is no current inside the conductor, and no electromagnetic field. 
The wave impinging on C is then completely reflected. Since the electric 
intensity is zero inside the conductor, its tangential component is zero 
at the surface. We shall use primes to denote quantities associated with 
the reflected wave. The quantities (Ey + E^) and + Eg) vanish at the 
surface, and we have 

Ey = —Eq sin «/, Eg = 0 
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at the surface. Since E'y satisfies Maxwell’s equations, E' must be of the 
form 




—Eo sin w 



The components of the field intensities are independent of y and z. By 
(5.2) we have (noting that the units are taken so that the speed of the 
wave is c in a vacuum and not 1) 

if' = cEq sin oj 

Since i^' is continuous at the surface of C, and the limit of E^^ is zero as 
the surface is approached, and further satisfies Maxwell’s equations, it 
follows that 


(everywhere. Outside of the conductor there is no current. By (5.1), (5.4), 
and (5.6) 

= ff; = js: = 0. 

The reflected wave is now determined. We will observe that when a com¬ 
ponent of E' or H' turned out to be a constant, we wrote zero for it as 
we did in deriving (5.13). 

From the manner in which magnetic fields arise we know [see equation 
(5.5)] that the incoming wave induces a current on the surface of C, and 
this current emits the reflected wave. Let J denote the density of this 
current. The magiictic field of J reinforces the incoming magnetic wave 
near the surface outside of C and for practical purposes cancels it near 
the surface inside of C, 

We shall compute the integral of //' • ds along the perimeter of the 
horizontal rectangle STVV which was used at the beginning of this sec¬ 
tion. The rectangle STUV has the side ST near the surface of the con¬ 
ductor C but outside the conductor and parallel to the z-axis, whereas the 
opposite side UV is inside the conductor. Due to symmetry the sum of 
the integrals of H' • ds from V to S and T to U vanishes. Let the sides 
ST and UV be the same distance from the surface of C. Now L is the 
length of the side ST. The integral of JT' • ds around the rectangle is 
(approximately) 21, //' |L, that is, 2| H \L for the magnetic intensity H. 
Since the path around the rectangle encloses a current | J \L, this integral 
is 4irl J \L. It follows that 

I HI =2Tr| J| 

approximately. 

We consider the element R of area AyAz as shown in the figure. The 
current on the surface of the conductor C flows normal to the magnetic 
intensity H', and is thus in the y-direction. The current flowing across a 
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line segment of length Az is then | J\Az. By Section 3.7 there is a force 
AF on the surface element i?, where 

|AF| c= |B|.|/i.A^ 

for the area A>1 of the region fi, and magnetic induction B corresponding 
to H. This force is due to the pressure of the incoming wave and arises 
because of the reaction of the magnetic field of the incoming wave with 
the current induced by it on the surface of the conductor. For a vacuum 
(and the proper units) we have 

|AF| = |lf|*l 

Let H" designate the total magnetic intensity {H + //')• The pressure 
p on the element B is by definition | AF \/A A, whence 

|AF1 \H\^ |//"|“ H' ir 

^ = = 27 - = - 8 ^ = - 8 ^’ 

where H and H" are evaluated at the surface. Since the electric energy 
density is zero at the conductor surface, the pressure p is the electromag¬ 
netic energy density a at the surface (see Section 5.3). We take the limit 
as the conductor tends to a perfect conductor with infinite conductivity, 
and the side of the rectangle, along which we evaluated the integral of 
H' • ds, approaches the surface of the conductor. We thus have 

p - u (5.21) 

at the plane surface of a perfect conductor, where u is the energy density 
at the conductor, and p is the pressure of radiation associated with a plane 
wave normally incident with the surface of the conductor. 

The radiation pressure is clearly the sum (m, + Ur) of the energy den¬ 
sities Ui and Ur of the incident and reflected waves respectively. In terms 
of the given waves, with the units chosen so that €o = go = c = 1, 
the energy densities Ui and Ur are (FJ + HI)/Sir and (F'^ + JF/'2)/87r 
respectively. 

As a result of the above considerations we associate momentum with 
electromagnetic waves as well as energy density. We suppose that there 
is a momentum density at each point as well as energy density. Let 
[ gi I and I gr I be the magnitudes of the densities g, and gr of the momenta 
of the incident and reflected waves respectively. Here gi and gr are respec¬ 
tively directed toward and away from the surface of the conductor C, 
In a time At the magnitude of the momentum incident with the region R 
of the surface of the conductor C is | gi \AV for the volume AF = cAAAt, 
and a properly chosen value | g* |. There is a similar expression for mo¬ 
mentum carried away by the reflected wave. In the expression | g< |AF 
the absolute value | g* | of the momentum density gi is between the maxi¬ 
mum and minimum values of the magnitude of the incident momentum 
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density, assumed to be continuous, and striking R in the time A/. By 
Newton’s second law of motion the force AF acting on the element R has 
the magnitude 1 AF 1, where 


lAFl 


Lim g* 

Ai-»0 


AV 

A/’ 


and gr* is j gr — gt |, that is, the sum of ] gJ and 1 gr |. Thus 

I AF I = eg* AA. 

As a consequence 

P = eg*, 

and 

^ u 

g* = — 

^ c 


(5.22) 

(5.23) 


Relation (5.21) is valid for surfaces that arc not perfect reflectors, where 
u is the total electromagnetic energy density at the surface. 



Fig. 105. Prismatic element making an angle 0 with, the 
normal iV to a surface 

We shall consider radiation impinging on an element of a surface 2, 
where the element has area A A, and the radiation is at an angle 6 with 
respect to the normal to the surface, the normal being directed toward 
the side of the surface from which the radiation is coming. For con¬ 
venience we may consider this radiation as due to plane waves striking 
and leaving the surface at an angle 6, where the surface is part of a plane. 
In a time Ai the radiation in the prism shown in Figure 105 strikes the sur¬ 
face 2, where the slant height of the prism is cAL At the same time 
radiation leaving the element in the direction d due to reflection during 
the time At fills this prism. The corresponding force acting on the surface 
element is AF, where 


I AF I = eg* • (cos d)AA, 
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which can be written as 

I AF I =* n(cos 0)AA, 

for properly chosen values of g* and w. The direction of the force Af 
is into the body of which Z is the surface, and makes an angle (180° —• 6) 
with the normal ray TV. This force has normal and tangential components 
represented by AFn and AFt respectively, where 

AFn = m(cos2 d)AA, (5 21) 

AFt = m(cos 6 sin d)AA. 

Taking the limit, as At and the maximum chord of the element go to 
zero simultaneously, while the element shrinks to a point P on 2, we ob¬ 
tain the normal pressure p given by 

p — n cos^ d, (5.25) 

and a tangential stress pt given by 

Pi — u cos B sin B. (5.26) 


The density of the electromagnetic field at a point P varies at P with 
the wave. It will be understood that we should use an average value of n, 
and corresponding average values of gr* and p. 

It is convenient to imagine that radiant energy is localized in separate* 
beams or rays. Through one point in space there may be infinitely many 
rays, but there can be only one ray through two given points. We suppose 
that the rays are traveling in a homogeneous and isotropic medium, so 
that they are straight, and the velocity of propagation is the same in all 
directions. Let L be a straight line that passes through the plane regions 
Pi and P 2 in space. We let Ai and A 2 be the areas of these regions, and let 
^1 and B 2 be smallest positive angles that the normals to these regions 
make with the line L. We suppose that the distanc*e r from a point on Pi 
to a point on P 2 is large compared to the maximum chords on Pi and P 2 . 
By assumption (which we shall justify presently), the rate at which radi¬ 
ant energy is transmitted from Pi to P 2 is for practical purposes the 
quantity Q, where 

(5.27) 


and if is a constant. It is assumed that Q in (5.27) is also the rate at which 
radiant energy is transmitted from the region P 2 to the region Pi, the 
rc^diation being associated with the same fourfold infinity of straight lines 
joining points of Pi to points of P 2 . Relation (5.27) is approximately 
valid if Pi and P 2 are almost plane. In the limits that we shall take later 
the approximations disappear. 

It is readily seen that the assumption of the validity of (5.27) is a 
reasonable one. Let a conical beam with vertex V cut out regions Pi and 
P 2 on spheres Si and 5^2 with centers at F. Let ri and be the radii of the 
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spheres 6i and S 2 respectively, and let Ai and A 2 be the respective areas 
of the regions Ri and /? 2 . The same energy falls on the region Pi as on the 
region R^. If the radius is much larger than ri, the radiation on S 2 is 
much weaker than on aSi; in fact, from solid geometry we know that the 
area cut out by the beam on a sphere with center at V increases as the 
square of the radius. On the sphere Si a region with area kAi will have k 
times the radiation falling on Pi. We therefore conclude that the radia¬ 
tion on a region Pi is directly proportional to the area Ai of Pi, and in¬ 
versely proportional to the square of the radius ri. 

If the cone is narrow enough we may approximate the regions Pi and 
P 2 on Si and S 2 by plane regions normal to a ray of the beam and with 
approximately the same areas as aSi and *^2 respectively. Consider such a 
plane region ir, and let tt' be a region in a plane that makes an angle 6 with 
the plane of the region t. Suppose that the region tt' is such that it pro¬ 
jects into the region tt using the rays of the beam to perform the projec¬ 
tion. Suppose that all points of the region tt' are about the same distance 
from V as the points of tlie region ir. Approximately the same energy will 
then fall in a lime At on tt' as on tt. The area of the region ir is now the area 
of the region ir' multiplied by cos 6. It follows that the radiant energy 
rate for tt' is approximately proportional to A (cos 6)/R^ for the area A of 
tt' and the distaiu'e P from a point on tt' to V. The presence of the factor 
A iCcos 02)/r^ in (5.27) is now explained. 

We return to the regions Pi and P 2 in the discussion just above ec(ua- 
tion (5.27). Since Q depends on Pi, we can now write 


<? = f(Ri) 


A 2 cos 02 
r- 


for a function/(Pi) of Pi. The radiation rat(' from Po to Pi is the same as 
the radiation rate Q from Ri to P 2 . Therefore* A](cos 0i)/r^ is a factor of Q. 
We conclude that 

/(Pi) = KAi cos ^ 1 , 
so that we arrive at (5.27). 

The constant K in (5.27) is often termed the brightness of the beam 
from Pi to P 2 . In what follows we shall restrict ourselves to isotropic radi¬ 
ation where the radiation is independent of time, is the same for all 
directions, and is the same at each point. The brightness K is then inde¬ 
pendent of the point, direction, and time. 

We consider a region Pi with area AA as in Figure 106 where the points 
of Pi are near the center of a sphere S of radius r. We choose an element 
P 2 of area A2 on the sphere 2, where the rays leaving Pi for P 2 make or 
approximately make an angle 0 with a normal ray to Pi as shown. The 
energy transported across the region Pi in the direction 0 and in a time 
At fills, or approximately fills, a prism of slant height cAt, where c is the 
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speed of propagation. The prism is pictured in Figure 105. The volume of 
the prism is c cos BAtAA, By (5.27), the energy is equal, or approximately 
equal, to QAi, where 

_ K cos BAAA'Z 
V - ^2 


'rhe corresponding contribution Au to the energy density u at a point of 
the region Ri is then approximately QAl divided by the volume of the 
prism, whence 


Au 


AAS 

cr^ 


(5.28) 



Fig. 106. Source of radi¬ 
ant energy at the center 
of a sphere. 


The limit of (5.28) as Ai tends to zero is an expression of the same type. 
We take the limit of the sum 


n 





over the regions of a subdivision of the surface of the sphere S, as the 
maximum chord of the regions on the sphere tends to zero (in lengtii) 
and simultaneously the maximum chord of Ri tends to zero while Ri 
shrinks to the center P of the sphere S. We obtain the energy density 


at the point P. Thus 




(5.29) 


Suppose now that the region Rt of area AA in Figure 106 is a plane 
region on a perfectly reflecting surface of a given body. The beam travel- 
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ing from the region /?2 on the sphere contributes an energy density Aui 
to the density at the point P of the region Pi, where by (5.28) 

A KAX 
Aui = -ST- 


The radiation reflected from the surface at Pi to the region P 2 on the 
sphere contributes an energy density Au 2 to the density at the point P, 
where 

Aui = Au2. 

The total contribution to the energy density at the point P due to radia¬ 
tion between Pi and P 2 is thus Aw, where 


Aw = Awi + Aw 2 = 


2/iCAS 


By (5.25) there is a normal pressure Ap corresponding to the energy 
density Aw, where 

Ap = All cos^ B. 

Let 2* be the hemisphere of radius r with center at the point P on the 
region Pi, and lying above Pi with Pi in its base. The normal pressure p on 
Pi is now the integral 




os^ 


Due to symmetry the stress pt tangent to Pi vanishes. 

We set up an j’yz-Cartesian coordinate system with origin at the center 
P of the hemisphere and the normal N to Pi at P on the z-axis. For the 
hemisphere we have the equation 


from which 


Further, 


z = \/r^ — X‘ — 


li 4 , 4 . f^^Y - 


for a point (x, y, z) on the hemisphere. Thus 




cos^ Bd 


To evaluate the integral it is convenient to change to polar coordinates 
p and <t> from x and y so that 
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It follows that 


cos‘^ ddl = - f f pdpd^. 

r Jo Jo 



cos* del's = 


2 ^* 

3 ■ 


Making use of K in (5.29) and the relation (5.30) we find that 


(5.30) 


u 

^ = 3 - 

Thus we have the following theorem. 

Theorem 5J, For isolropic radialion in a vacuum the pressure of 
radialion is one third of the energy density. 

Tlie proof of this result depended on the fact that the radiation was 
due to plane waves. However, at some distance from a point source, or 
source region, a wave from this source is plane for practical purposes. 
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Problems for Part II 


The reader is expected to traiisfoiin the foliowiiif? electnc-inagnetio-mechani- 
cal systems into mathematical form; he is not expected to solve the equations so 
obtained. 

1. A circuit is made up of resistance, capacitance, inductance, and a battery in 
series. The battery is suddenly short-circuited. We are interested in the 
current in the circuit. 

2. Current leaks through the dielectric of a capacitoj*. 

3. A generator supplies 110 alternating volts to an iron-coied transformer, in 
turn supplying a icsistaiice load as in Figure 107. Take into account distrib¬ 
uted capacitance between the primary and secondary of the (ransformei. 
We are interested in the load current. 



“ 0 “ 


-/Tpnnnnrr^ 


o*c line 


Fig. 107. A simple generator eireuit. Fig. 108. Half wave reelifier stage. 

4. Alternating current is fed to a circuit as shown in Figure 108 composed of a 
diode followed by a filtei. We are interested in the output of the filter. 

5. An arbitrary potential difference e, is applied to the bridge of Figure 109, 
and the potential difference co is desired. 

6. A varying voltage e is applied to a solenoid with an iron plunger as in Figure 
110. The plunger is spring loaded. Its position is desired. 

7. A 220-volt alternating current generator supplies a resistance load through a 
long transmission line as in Figure 111 

8. An electron moves in a fixed magnetic field. 

9. An electron moves between charged plates. 

10. Find the field of an electrically charged sphere. 

11. Voltage sources ei and 62 are applied to the grid circuit of a triode as in 
Figure 112. The output voltage eo is desired for alternating current inputs, 
and for arbitrary input voltages. 

12. The push-pull circuit of Figure 113 is symmetrical with respect to the triodes. 
The output voltage eg for a given alternating or direct input voltage ci is 
desired. 


1/75 
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Fig. 109. Bridge. Fig. 110. Solenoiil 

with a plunger. 




Fig. 111. Transmission line with an end load. 



Fig. 112. Grid bias modulation. 



Fig. 113. Push-pull network with trifnles. 
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13. An automobile driver suddenly applies his foot to a self-starter pedal. The 
speed of the crankshaft is desired. 

14. An iron plate pivoted at one end, and spring loaded, is attracted by the poles 
of a fixed magnet as in Figure 114. The position of the plate is desired if it is 
initially set into motion by a blow. 



Fig. 114. Metal plate attracted 
hy a magnet. 


15. The voltage supplying a series motor driving the wheels of a locomotive is 
increased linearly with respect to time. The speed of the wheels and the 
instantaneous current in the motor are desired. 

16. A horizontal compass needle is suspended from a steel wire with one end of 
the wire fixed as in Figure 115. The needle is in a fixed field. The needle is 
twisted through a given angle and suddenly released. 



Fig. 115. Compass Fig. 116. (arcuit with a vary- 

needle suspended ing resistance, 

by a wire. 

17. The resistance in the circuit of Figure 116 is varied linearly with respect to 
time. 

18. In the circuit of Figure 117 the switch is first closed in the position 1 and then 
suddenly opened. 



switch. a circuit. 

19. A switch is placed in the transmission line of Figure 111 and is suddenly 
opened. 
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20* The eapaciltmce of a capacilor in a microphone is varied sinusoidally in the 
circuit of Figure 1J8. The problem is to obtain the output voltage e. 

21. In the circuit of Figure 116 with the capacitor omitted the value of I he 
resistor is changed inslant a neously from one value to another. 

22. In the circuit of Figure 116 without the capacitor all elements are fixed 
during a transient except the inductance which is changed instantaneously 
from one value to another. 

23. The potential across a capacitor builds up in the circuit of Figure 119 until 
it is high enough to discharge across an arc joining the terminals shown. 
Assume a negative slope foi the volt-ampere curve of the arc. 



Fig. 119. Capacitor dis¬ 
charging through an 
arc. 


24. The output eo of the band-pass filter of Figure 120 for a given input is 
desired. 



Fig. 120. Band-pass filter. 


25. In the three-phase system of Figure 121 the branches J, 2, and 3 are identical 
as to the values of the constants, the quantity e being a given generator 
voltage. The branches 4, 5, and 6 are also identical. 



Fig. 121. Three phase system. 


26. An alternating current generator is connected to a power line. A diesel engine 
driving the generator, shown in Figure 122, is suddenly shut down. For sim¬ 
plicity assume that the generator field is fixed. 
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Fig. 122. Generator driven by a diesel 
engine. 

27. The resistance of a photoelectric cell is inversely proportional to the light 
flux on the cell. For the circuit of Figure 123 the solenoid plunger movement 
is desired when the light intensit> is suddenly changed. The resistance 
amplifier 1234 merely delivers an output voltage across the terminals 3 and 4 
directly proportional to the voltage across the terminals 1 and 2. The solenoid 
plunger is spring-and-dashpot loaded as shown. The plunger is iron. 



Fig. 123. Circuit with a photoelectric cell. 

28. An infinitely long straight wire carrying a current i is a distance d from a 
magnetic pole m. By dimensional analysis obtain a formula for the magni- 
tude F of the force on m, assuming that the pole is a point pole. 

29. A sinusoidal voltage is applied at one end of a transmission line. By di¬ 
mensional analysis find a formula for the velocity of propagation of the 
disturbance. 

30. Suppose that a non-linear inductance has an iron core for which the BH-curve 
can be represented by i = where i is the current through the inductance 
and yp is magnetic flux. A resistance r is in series with the coil, and a constant 
potential difference co is applied to the system at f = 0, where t is time. By 
dimensional analysis find a formula for the instantaneous current in the coil. 
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First law of thermodynamics 


6.1. Temperature. In Part III we shall be concerned with 
setting up equations for heat problems. 

Through our sense of touch we experience warmth and cold in external 
objects. When a body becomes warmer we say that some heat has been 
added to it. Our observations show that a uniform body under constant 
pressure changes volume when heated. By uniform we mean that the body 
has the same chemic^al and physical properties at eacli point, where we use 
point in the large sense. The body is an aggregate of atomic particles that 
give us an average effect if the region of space considered is not too small. 
The term small here depends on the particular situation treated, especially 
on the size of the body under consideration. To be rigorous we may define 
a body to be uniform if the finest measurements we are using in our par¬ 
ticular study show the body to be the same throughout. 

Many substances, such as air, water, and solid steel, expand on being 
heated. This affords a simple method of determining whether or not one 
body is warmer than another. 

It is our experience that when a warm body A, such as hot lead, is 
placed in contact with a colder body B, such as ice, the body B becomes 
warmer and the body A colder until these bodies reach a state in which 
we can recognize no change. If each of these bodies is uniform when a 
state of no change is reached, the bodies are said to be in thermal equi-- 
librium, and to have the same temperature. It is evident that absolute 
thermal equilibrium is not possible, but can be approximated to great 
accuracy in the laboratory. 

Thermodynamics is tlie study of thermal equilibria of physical systems. 
The following law is based on a tremendous amount of physical evidence. 

Law 6.1. (Zeroth law of thermodynamics). If a body A is in 
thermal equilibrium with bodies B and C, the bodies B and C are in thermal 
equilibrium with each other. 

This law enables us to tell whether or not bodies B and C are at the 
same temperature by comparing them with a standard A. We can tell 
whether or not B is hotter than C by the volume of A when D and C are 

\m 



FIRST LAW OF THERMODYNAMICS 


m] 


[chap. 6 


separately placed in contact with A. The body A might be, for example, 
the mercury in a glass thermometer. 

To treat temperature quantitatively, it is necessary to have a unit of 
measure. In the case of the centigrade scale the difference in the volume 
Vq of A in thermal equilibrium with melting ice under atmospheric pres¬ 
sure and the volume Fioo of A in thermal equilibrium with boiling water 
at atmospheric pressure is said to correspond to 100 degrees of tempera¬ 
ture difference. For convenience the temperature for the first state is 
said to be zero degrees centigrade, abbreviated 0 C, and the second state 
100 degrees centigrade. For Fahrenheit the corresponding temperatures 
are 32 degrees Fa/ircn/ici7 abbreviated 32 F, and 212 degrees Fahrenheit. 
Generally we shall let 6 designate temperature in tliis chapter unless the 
temperature is absolute, to be defined later. The standard body used for 
measuring temperature is a thermometer. If we let V be the volume of the 
body at 6 degrees centigrade and constant pressure we have 


^=/(V) 


for a single-valued continuous function/(F) of F. The nature of the func¬ 
tion /(F) is otherwise at our disposal. We therefore choose the simplest 
function/(F) possible, namely a linear one, whence 




100(F - Fo) 
Kloo - Fo ’ 


( 6 . 1 ) 


Formula (6.1) depends in general on the body used. If, however, we 
restrict ourselves to gases, (6.1) yields the same temperature 6 over a 
large range of values to considerable accuracy. Thus for 50 to 200 degrees 
centigrade the gases hydrogen, helium, neon, nitrogen, air, argon, and 
oxygen can be used to give the sahne temperature to 0.1 per cent. 

Since (6.1) depends on the body used, a more rigorous definition of 
temperature is required. It has been found experimentally that B given by 


B = Lim 


100(K- Fo) 

Fioo - Fo 


( 6 . 2 ) 


is independent of the gas used, p being the pressure of the gas. In Chapter 
7, we shall show how a definition of temperature can be made on the 
basis of thermodynamics, independent of the substance used. 

Since by experiment 


Lim 
p-*o y 



is the same for all gases, the quantity T given by 


T 


Lim 


lOOF 
Fxoo - Fo 


( 6 . 3 ) 
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is the same for all gases. The quantity T is called the absolute gas tempera¬ 
ture. The melting point of ice under standard conditions is then approxi¬ 
mately 273 degrees absolute (abs); or what is the same thing, 0 degrees 
centigrade is about 273 degrees absolute. 

Since Fahrenheit temperature is 32 + degrees for 0 in centi¬ 
grade, absolute Fahrenheit temperature T is approximately 460 plus Fahren¬ 
heit temperature 6f. Absolute temperature Fahrenheit is commonly 
called Rankine. 

Temperature can be measured in other ways than volumetrically. For 
example, we can use the pressure of a gas while the volume is kept con¬ 
stant, the electric resistance of a platinum wire, or the potential difference 
established at the junction of two dissimilar metals of a thermocouple. 

Temperature is related to the motion of the molecules in the given 
substance. 


6.2. Equation of state. Experimental evidence shows that a 
liquid or gas in thermal equilibrium satisfies an equation of stale 

f(p, F, T) = 0 (6.4) 

for a function/(p, F, T) of the pressure p, volume F occupied by the given 
mass of fluid, and the absolute temperature T. For fluids the molecules 
are relatively free to move about, so that it is reasonable to expect a rela¬ 
tion (6.4) to be valid. In problems involving those solids, where for prac¬ 
tical purposes the only stress acting is a normal stress p uniform in all 
directions, we may use an equation of state (6.4). 

Gibbs’ function will be explained in Section 7.7. A phase is a homogene¬ 
ous system (chemically and physically identical at each point) composed 
of any number of chemical constituents, such as hydrogen and oxygen, 
having the same Gibbs' function everywhere. The well-known phases of a 
substance are the liquid, solid, and gaseous forms, but there may, for 
example, be several solid and liquid phases, as for solutions and alloys. 

A mole of a substance is that quantity of a substance whose weight is 
the molecular weight of the substance. Thus if we use pounds, a mole of 
oxygen weighs 32 pounds. If one mole of a gas is at the pressure p and 
occupies the volume v we have the following form of the equation of state 

(6.4) : 

pv = RT, (6.5) 

where T is the absolute temperature of the gas, and R is the universal 
gas constant. For pressures up to 200 pounds per square inch (psi) the law 

(6.5) can be used to considerable accuracy for engineering purposes pro¬ 
vided that the absolute temperature is at least twice the critical tempera¬ 
ture, where the critical temperature is the temperature above which a gas can 
be compressed indefinitely without causing the gas to change to another 
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phase. If the temperature of the gas is below the critical temperature an 
increase in pressure will eventually cause the gas to condense. For air at 
32 F the error in v computed from (6.5) is about 0.1 per cent at one standard 
atmosphere, and about 1 per cent at 300 atmospheres. 

Equation (6.5) is the general gas law valid for perfect gases, also called 
ideal gases. The constant R is 1545 foot pounds per pound-mole per degree 
Rankine. 

That the constant R must be the same for all gases can be proved by 
assuming the validity of (6.5) where R may depend on the gas, and Avo- 
gadro's law, which states that all perfect gases at a given pressure and tem¬ 
perature have the same number of molecules in any given volume. Thus sup¬ 
pose that we have one mole of a gas at the pressure p and temperature T, 
whence by (6.5) 

pvi = RiT 

for the volume Vi occupied by the gas, and constant Ri for the gas. For a 
mole of a second gas we have 

pv2 = R 2 T. 

Since Vi = Vz, we have Ri = Rz, so that the independence of R in (6.5) of 
the gas is proved. 

Suppose now that we have ni, nz, . . • , Ur moles of perfect gases Au 
Az, . . . , Ar thoroughly mixed, and occupying a volume F at a pressure p 
and temperature T. By (6.5) 

pV = (mi "1” ^2 “h • • • At nr)RT. (6.6) 

This is then the equation of state of the mixture. We are assuming here 
that the gases are not reacting with each other while mixed. 

We can write (6.6) in the form 

p = l^RT+'-^RT+ . . . +^RT, 

where the first term on the right is the pressure which the gas Aj would 
exert if it filled the volume V alone, the second term is this pressure for 
the gas Az, etc., whence the pressure p is the sum of the partial pressures 
exerted by the gases. This relation between pressures is called Dalton's law. 

A more accurate equation of state for a gas is the following due to van 
dfer Waals: 

^ r — 6 v^' 

where a and 6 are small constants and /?' depends somewhat on the gas. 
Consider now the equation 

pv = R*T, 

where p is in pounds per square foot, the quantity v is the volume in cubic 
feet (specific volume) occupied by one pound of the gas, the temperature 
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T is in degrees Rankine, and ii* is a constant. Here R* is 53.3 for air, 48.3 
for oxygen, 767 for hydrogen, 85.8 for steam at low pressures and temper¬ 
atures, 35.1 for carbon dioxide, and 96.4 for methane. These typical 
values of R* can be computed from the universal gas constant R of (6.5), 
and the molecular weights involved; /?* is /? divided by the molecular 
weight of the gas. 

With the aid of statistical thermodynamics we can derive an equation 
P = fiVy T) for many substances. 

From physical experience we know that two of the variables p, V and 
T of equation (6.4) can generally be taken as independent in the sense 
that the third variable is explicitly determined by (6.4). We shall assume 
that the regions in which we work ai e such that the equation of state can 
be solved uniquely for any one of the variables p, V (or r), and T in terms 
of the others. We also suppose that each curve on the pF-plane in the 
regions concerned corresponds to an actual physical process. 

In many theoretical considerations it is convenient to take p and T as 
the independent variables, particularly because when two phases in 
contact are in thermal equilibrium, p and T are everywhere the same. 

If conditions are changing rapidly, the variables p, V, and T may vary 
over the body treated so that an equation of state (6.4) does not hold in 
the strict sense. We can often assume that at each instant the body is in 
thermal equilibrium, or that the body can be treated as an aggregate of 
subbodies, each in thermal equilibrium. If sufficiently accurate results 
are not obtained by this procedure, the development should be modified 
where necessary. In order to simplify the mathematics the analyst should 
assume whenever possible that his gas is always in thermal equilibrium, 
and that (6.5) holds. This is even true in the case of the gases in internal 
combustion engines, such as the gasoline engine, diesel, and gas turbine, 
and of steam in steam engines. 

6.3. Pressure-volume diagram of water. A curve on the 
pF-plane of a substance, for which the temperature is constant, is termed 
an isotherm. In Figure 124 isotherms of water are given. A gas near con¬ 
densation to a liquid or solid is called a vapor. The reader will observe 
vaporization lines representing equilibrium between liquid and vapor 
phases. These lines become shorter as the temperature rises to the critical 
temperature above which there is no distinction between the liquid and 
vapor phases. The isotherm at the critical temperature is called the critical 
isotherm. Well above the critical isotherm the substance behaves like a 
perfect gas, since the isotherms approach equilateral hyperbolas. As we 
move along an isotherm to the left of the vapor saturation curve conden¬ 
sation takes place. To the left of the liquid saturation curve there is only 
liquid water. Above the vapor saturation curve we have superheated 
steam. 
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6.4. Heat. From experience we know that when two substances 
in contact are not in thermal equilibrium with each other, energy is trans¬ 
ferred from one to the other until thermal equilibrium is reached. This 
energy is called heat. Heat travels from the body at the higher tempera¬ 
ture to the body at the lower temperature. To measure the heat given out 
or taken on by a body we take the change in temperature experienced by a 
standard substance like water when this substance is the only substance 



Fig. 124. Pressure-volume diagram of water. 


in contact with the given body, and the changes are due to contact only. 
The mean calorie is defined to be 1/lOOth of the heat required to raise 
1 gram of water from 0 degrees centigrade to 100 degrees centigrade at 
constant atmospheric pressure. 

We shall give an illustration of the heat given off by a body. A body is 
thermally insulated from its environment if the thermal equilibrium of the 
body is unaffected by states of substances beyond the insulating material. 
Of course, true insulation does not exist, but can be approximated very 
well in practice. Experiment shows that 1 gram of water at 0 degrees 
centigrade is heated at 1 atmosphere to 100 degrees centigrade by 10 
grams of steel immersed in the water, where the steel is initially at 200 
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degrees centigrade, tlie system being thermally insulated from its environ¬ 
ment. The 10 grams of steel thus lose 100 mean calories in cooling from 
200 degrees centigrade to 100 degrees centigrade. 

Joule proved the equivalence of heat to mechanical energy by experi¬ 
ments involving friction. In engineering the British thermal unit is pre¬ 
ferred to the calorie, the British unit being abbreviated Btu. One British 
thermal unit is the quantity of heat required to raise the temperature 
of one pound of water from 63 degrees Fahrenheit to 64 degrees Fahren¬ 
heit at constant atmospheric pressure, and is approximately 778.26 foot¬ 
pounds, or 252 calories. 

Suppose now that the temperature of a given mass of a substance is 
clianged by an amount AT through some process, and that this corre¬ 
sponds to an amount of heat AQ taken on or given off by the substance 
depending on the sign of AT, We form the quotient AQ/AT, and take the 
limit as AT goes to zero, assuming that this limit exists, and obtain the 
heat capacity 8Q/8T of the given mass of substance for this particular 
process. For liquids and solids this limit is found to be practically inde¬ 
pendent of stress distribution, as well as the method of taking the limit, 
and to vary slowly with temperature, whence the limit is essentially 
unique. The limit 8Q/8T is not to be confused with a derivative dQ/dT of 
a function Q, In general Q is not a function of the variables p, v, and T, but 
depends on the process used. The limit 8Q/8T per unit mass of a body is 
called the specific heat of the body. In engineering tables the specific heat 
is often given as the quotient of the limit 8Q/8t for a unit mass of the given 
liquid or solid to the limit 8Q/8t for a unit mass of water, where the water 
is at a specified temperature and pressure. Later we shall use specific heat 
as the limit 8Q/8t per unit weight of the body. 

Typical specific heats in the sense mentioned above for engineering 
tables are 0.3 for coal, 0.5 for gasoline, 0.6 for alcohol, 0.15 for glass, 0.22 
for brick, 0.1 for iron, and 0.033 for mercury. 

For water at 1 atmosphere and 32 degrees Fahrenheit the specific heat 
Cp is 1.001, whereas at the same pressure but 212 degrees Fahrenheit this 
constant is 1.021. At 200 degrees Fahrenheit and 1,000 pounds per square 
inch pressure the constant Cp for water is 1.0, whereas at the same temper¬ 
ature but 6,000 pounds per square inch we have Cp = 0.98. For iron at 
600 degrees Fahrenheit we have Cp = 0.127, whereas at 2,500 degrees 
Fahrenheit we have Cp = 0.167. 

For gases it is convenient to use two specific heats, the Cp being 8Q/8T 
at constant pressure, and the other the specific heat Cv being 8Q/8T at 
constant volume, these limits being independent of the method of taking 
the limit. In engineering these specific heats are given in British thermal 
units per pound per degree Fahrenheit. For air at 90 degrees Fahrenheit 
the specific heat Cp increases from 0.24 at zero pressure to 0.27 at 100 
atmospheres, while for this pressure range Cv = 0.17. At 6,000 degrees 



i90] FIRST LAW OF THERMODYNAMICS [CHAP, 6 

Fahrenheit and the same pressure range we have Cp = 0.31, Cv = 0.24. 
This gives an idea of the variation of these specific heats with pressure 
and temperature. 

It is erroneous to think of a body at a given temperature as containing 
a corresponding amount of heat. For example, we can show experi¬ 
mentally, on the basis of the laws for gases, that in bringing air from 0 
degrees centigrade and 1 atmosphere to 100 degrees centigrade and 
2 atmospheres, the heat required depends on the process used. Thus the 
air can be brought to 100 degrees centigrade by heating it under constant 
pressure, and to 2 atmospheres by then compressing it at constant 
temperature. On the other hand, we might compress the air to 2 atmos¬ 
pheres at constant temperature, and then heat it under constant pressure 
to 100 degrees centigrade. The number of British thermal units absorbed 
is different for each process. 

Heating a substance, by which we mean adding heat to the substance, 
is not always accompanied by a corresponding change in temperature. 
In the ordinary transition from one of the liquid, gaseous, or solid phases 
of a substance to another of these phases there is a transfer of heat, called 
latent heat, while temperature and pressure remain constant. Thus heat is 
required to melt ice, and to vaporize water. 

6.5. Internal energy. In this section we shall not be concerned 
with energy possessed by a body due to its position, or motion relative to 
other bodies, that is, we shall not study kinetic and potential energies 
of the body as a whole. The states here mentioned will refer to states of 
thermal equilibrium. If a system goes from a state A to a state B without 
any heat transfer between it and its environment, we say that the change 
of state has occurred adiabatically^ The following statement is one form 
of the first law of thermodynamics. 

Law 6.2. If a system goes from one state to another adiabatically, the 
work done is independent of the manner in which the system went from the 
one state to the other. 

Law 6.2 is an experimental one. There are countless ways of going 
from the first state to the second adiabatically through sequences of 
intermediate states, but in each case the work involved is the same, thus 
depending only on the initial and final states. We can then associate with 
each state X a real number, which is the work U necessary to bring the 
system from a fixed basic state of reference adiabatically to the state X. 
Thus the work necessary to bring the system adiabatically from a state A 
to a state B is the work Ub necessary to bring the system from the basic 
state C adiabatically to the state B, minus the work Ua necessary to bring 
the system from the basic state C adiabatically to the state A, that is, 
(Ub — Ua). We call U the internal energy of the system. 
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A substance thermally insulated from its environment can be made to 
go from one state to another without doing mechanical work on the sub- 
stance, as when an electric resistor is immersed in the substance. By pass¬ 
ing an electric current through the resistor the substance may be heated. 

By experiment we know that it is not always possible to take a system 
from any state A to any state B adiabatically. We can still get the differ¬ 
ence in the internal energy function for the two states. 

Suppose that we go from state A to state B adiabatically. The corre¬ 
sponding work is called adiabatic work. If, instead, we measure the amount 
of work in changing from A to B nonadiabatically, we find from experi¬ 
ment that this is not the adiabatic work (LJb — Ua). For the principle of 
the conservation of energy to be valid, as demanded by experience, we 
must assume that an energy transfer has taken place between the given 
system and its surroundings due to the temperature difference be¬ 
tween the system and its surroundings, which energy we have intro¬ 
duced above as heat. We liave now the following form of the first law of 
thermodynamics. 

Law 6.3. (First law of thermodynamics). If a system goes 
from a state A with internal energy Ua to a state B with internal energy Un, 
and Q is the heat transferred between the system and its surroundings, and 
further W is the work done on or by the system during the process, the relation 

Q==Ub- Ua + W (6.7) 

holds. 

It is convenient to have Ub > Ua when Q = 0 and work is done on the 
system. Relation (6.7) then shows that W is negative. In this chapter we 
shall therefore follow the convention that the work W is positive when 
the system does work, and negative in the contrary case. If we have a 
process with no work (W = 0), equation (6.7) shows that Q is positive 
when Ub > Ua. It is therefore convenient to say that Q is positive when 
heat is added to the system, and negative otherwise. 

It is clear that changes which occur in a region bounded by an insulat¬ 
ing wall, like the wall of a refrigerator, are adiabatic for practical purposes. 
There are numerous other places where the engineer may assume that a 
process occurs adiabatically without the presence of material usually 
considered to be insulating. Thus if the changes which a gas undergoes 
are rapid enough, there is little time for the heat to travel through the 
boundary material. Then for practical purposes, where refined calcula¬ 
tions are not necessary, the process is adiabatic. This is true when gases 
pass through the wheel of a gas turbine, when a liquid squirts through a 
nozzle, and when the gasoline mixture in an internal combustion engine 
is compressed. Even though a process is not adiabatic, it is often wise to 
treat it as if it were, and make corrections as necessary. 
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The first law of thermodynamics is a special case of the following prin¬ 
ciple in the sense that this law involves only certain forms of energy. 

The principle of the conservation of energy is that energy can neither be 
created nor destroyed. Our definitions of the various forms of energy are made 
in such a way that this principle holds; in fact, we fundamentally refer all 
energy to the mechanical energy of doing work. 

Suppose that, in contradiction to Law 6.2, there were two adiabatic 
processes for bringing a system from a state ^4 to a state B with different 
amounts of work. Let Wi be the work for the first process and W 2 the work 
for the second. If we could reverse the second process the work involved 
would be — W^ 2 . The net work in going from >1 to J5 by the first process 
and from B to -4 by the reverse of the second process is then {Wi — TF 2 ). 
We can repeat this cycle n times with the corresponding work n(Wi 
— W 2 ). Suppose that (Wi — W 2 ) is positive. We can then obtain any 
amount of energy in the form of mechanical work from the given system, 
so that we would have a case of perpetual motion. The assumption of the 
validity of Law 6.2 precludes this possibility. 

6.6. Work. A substance under a uniform pressure p is com¬ 
pressed by a piston in a cylinder. The cross-sectional area of the cylinder 
is denoted by A, so that the force on the piston is pA, Suppose that the 
piston is moved through a distance Aar. For this movement the pressure p 
varies between a minimum value pm and a maximum value />m. It follows 
that for some properly chosen value p between pm and pm the work AW 
done on the substance is pAAar. Let Fbe the volume of the cylinder. Since 
AF == A Ax, we can write 

AW = pdV (6.8) 

when V is taken as an independent variable. 

Suppose now that a substance under a uniform pressure p is com¬ 
pressed, but not necessarily by a piston in a cylinder. We can imagine that 
the substance is immersed in an incompressible fluid contained in a cylin¬ 
der. When the piston displaces a volume AF, the substance is compressed 
by this amount. The work done on the substance is then the same as the 
work done on the fluid by the piston. Thus (6.8) holds in any case. 

It is readily seen that (6.8) is valid for expansion of the substance as 
well as compression. Substituting (6.8) into (6.7), replacing Q by AQ, and 
(JJb Ua) by Af/ we have 

AQ = AU + pdV. (6.9) 

Replace p by the initial pressure p. Since t/ is a function of the thermo¬ 
dynamic variables (two of the quantities p, F, and T), it is reasonable to 
suppose that U has a total differential, so that (6.9) can be replaced by 
the relation 


dU + pdV, 


(6.10) 
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which defines a quantity where we assume that bQ differs from AQ by 
an €-term which can be neglected. This €-term does not contribute to the 
final limits in processes where we shall let AQ, AZ7, and LV go to zero. 
Formula (6.10) is called the differential form of the first law of thermo- 
dynamics. In integrating to obtain the total heat Q for a process in which 
we go from a state ^ to a state B, formula (6.10) yields precise results 
for the limit that defines the integral. 

6.7. Enthalpy. The energy function (If + pV), which often 
occurs in thermodynamic studies (see Section 6.8), is denoted by H and is 
called enthalpy. We suppose that H has a total differential dH as required 
for what follows. In engineering practice enthalpy is rather generally 
given in British thermal units per pound. In this case we use the symbol 
h for enthalpy, and write h ^ u pv, where u and v are respectively the 
internal energy and volume per pound. If p is in pounds per square foot 
and V is in cubic feet, the quantity pV has the dimensionality of foot¬ 
pounds, and therefore can be interpreted as energy. For flowing fluids 
the flow work, or work of displacement is the difference between values of 
pV. From (6.10) it follows that 

dH bQ+ Vdp. (6.11) 

For an isobaric process this gives 

dH = bQ 

so that the heat involved in going from a state ^ to a state B at constant 
pressure is equal to the change in enthalpy. In the past enthalpy has often 
been referred to as heat content. From the definition of specific heat we 
have 

Hb - Jh = // C^T 

for the enthalpy at B minus the enthalpy at A, the integration being over 
the range of intermediate states. 

Consider an adiabatic process from A to B, We have 5Q = 0 for the 
transition from any one state in the process to any other. By (6.11) 

Hb-H^ = Vdp. 
the integration being over the process. 

6.8. Enthalpy in applications. In the part of the book on fluid 
mechanics we shall neglect the internal energy changes, heating, and 
external work done on the fluid. We shall not neglect these quantities in 
the present section. Let us now consider flow, such as steady flow (see 
Chapter 12), for which an energy density balance equation can be writ- 
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ten relating the energy densities of the fluid at two positions occupied by 
a particle (or simply point) P where P moves from the one position to the 
other with the fluid. The reader is not to associate mass with this par¬ 
ticle. The word “particle” is used here merely to designate a point which 
moves with the fluid. In the initial state the particle P is at an elevation 
zi with respect to some reference plane, and at Z 2 in the final state. We 
Jet Vn be the speed of P at the start and K 2 the speed at the finish. Sim¬ 
ilarly, pi, Vu and ui are, respectively, the initial pressure, specific volume 
(volume per unit w^eight in this case), and internal energy density (per 
unit weight) at P, and p 2 , and 1/2 the final values of these quantities. 

For the moment consider a cylinder with cross-sectional area A, and 
cross sections labeled 1 and 2 respectively (see Figure 123). Suppose that 
fluid is flowing along the cylinder in the positive direction of tlie a*-axi8, 
drawn parallel to the cylinder in the figure. We let / denote a cross section 
of the cylinder between 1 and 2, and let S be the substance between sec¬ 
tions 1 and / at a given instant. We suppose that at a later instant the 

_inn“in 

I I n m iv-i 2 iv 



Fig. 125. Substance S flowing 
from section 1 to section 2. 

left face of the substance S is at the section /, while the right face is at a 
section //, and that still later the left face of S is at If, while the right 
face is at a section IIL Continuing this proc^ess, the substance S is eventu¬ 
ally between sections N — \ and N for some value of N, where the sec¬ 
tion N is to the right of section 2. We let Ei denote the volume element 
between sections 1 and /, En the volume element between sections I and 
//, etc. The width of the element Ei will be denoted by Axi for i = /, //, 
. . . , iV. We let p and v be the pressure and specific volume, assumed to 
be uniform over a cross section of the cylinder. When 5 moves from Ei 
to En, the fluid to the left of S does the work pjAAxi onS, where pi is the 
value of p at some properly chosen cross section of Ej. The substance S 
meanwhile does the work pnAAxn on the fluid to the right, where pn is 
the value of p at some cross section of En. The net work done on S in going 
from Ei to En is thus pjAAxi — puAAxu, Similarly, the net work in mov¬ 
ing S from En to Em is pnAAxn — pmAAxni* The net work in moving S 
from El to En is thus a sum 

(piAAxt pijAAXn) -f- (pnAAXn — PiiiAAXni) “h . . . 

. “t" {Pn--iAAXn^i ““ PnAAXn)^ 

or simply 


piAAxi — PnAAxn, 
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We let Aw be the weight of S. The quantity AAxi is then ViAw for the 
specific volume Vi evaluated at some properly chosen section of Eiy 
whereas AAxn is vsAw for a value Vn of r at a cross section otEif. The work 
done in moving S from Ei to En per unit weight is now 

(p/«/ — PnVn). 

Taking the limit at Axi goes to zero this work becomes (assuming that the 
limit exists) pii'i — where pi, ri are the values of p and v at the sec¬ 
tion 1, and p 2 , ^^2 are the values at section 2. This work is called the flow 
work associated with sections 1 and 2, although it is actually the density 
of this work associated with these sections. If there is no motion of the fluid 
relative to the observer there is no flov^ work. 

Since the cylinder may be arbitrarily small, the flow work piVi ~ ^ 2^2 
can be taken to be the density of this work associated with two points 
of the substance, rather than for cross sections of the cylinder. Further, 
the cylinder may be a purely geometric one placed in a moving fluid with 
elements parallel or approximately parallel to the direction of flow of 
the fluid at points of the fluid at which the flow work is treated. By 
mathematical limit methods flow work pit’i — P 2 V 2 is associated with each 
pair of points Pi and P 2 occupied by a fluid particle P when P moves 
under flow of the fluid from the one point to the other. 

Let m be the mass of a body with weight w and traveling with a speed 
Vi,. The kinetic energy of the body is imFJ, but since w = mg, this energy 
is wV\/lg, It follows that the kinetic energy density is V\llg per unit 
weight of the body. 

In the ordinary flow of fluids we are concerned with energy changes 
which involve only heat, internal energy, potential energy, kinetic energy, 
work, and energy losses such as those due to friction. The potential energy 
is generally due to gravity. We measure this energy in terms of a vertical 
coordinate 2 . Returning to the particle P that moves with the fluid, we 
note that the energy density at Pi is 

V2 

There is a corresponding energy density at the final state with the sub¬ 
script 1 replaced by 2, and flow work piVi — P 2 V 2 is associated with these 
states. Between the initial and final states external work may be done 
on or by the fluid at and near P, so that we may have to associate a corres¬ 
ponding work density W with the movement of P from the initial state to 
the final state. To take care of energy losses due to frictiony or other forms 
of energy such as chemical energy, we associate an energy density K with 
the movement of P from its initial state to its final state. We have the 
energy density balance equation 
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(y2 _ v^) 

Q = (U2 — Ml) + (P 2 V 2 “ PlVi) + (Z2 - Zi) + ^ - 2 ^ -— 

+ JV+K, (6.12) 

where Q is the heat density associated with the movement of the particle 
P from the initial state to the final state. Equation (6.12) is the general 
energy equation for the flow of fluids. In deriving this equation we have 
assumed that we have given some frame of reference with respect to 
which we measure the velocity of the fluid. This frame of reference miglit 
be a pipe through which the fluid is flowing. 

In applying (6.12) it is obviously necessary to measure the energy in 
the same units. Thus if we use British thermal units per pound for Q, the 
m’s and Wy and we use feet for the pr’s, z’s, and (FJ/2fir)’s we must divide 
the terms in the latter by J, where J is the number of foot-pounds per 
British thermal unit, that is, 778. The symbol J is Joule s consianL 

Equation (6.12) is not the only energy density equation needed in the 
flow of fluids. It is generally not sufficient to treat energy density only 
relative to a frame of reference with respect to which the fluid is moving. 
We need also an equation relating energy densities relative to a frame of 
reference at the point at which the energy density is taken. Therefore 
for the initial state of the fluid we consider a sphere Si of radius Ar with 
center at the given particle P. This sphere bounds a region Ri of the 
fluid, and in the final state the sphere Si has gone into a surface S 2 bound¬ 
ing a region R 2 . We set up a Cartesian a:yz-coordinate system, assuming 
that we can somehow identify points M and N in /?i, so that P, Tlf, and N 
are distinct and not on the same line. We can take the origin of the coordi¬ 
nate system at P, the T-axis through the point Af, and the a-y-plane 
through the point iV, whence a coordinate system is determined, provided 
positive directions are taken for the axes. We suppose that the points M 
and N are so chosen that in the final state P, M, and N do not lie on the 
same line, and that they still determine an xyz-coordinate system. In 
going from the initial state to the final state the sphere Si is assumed to be 
continuously deformed into the surface ^ 2 , and Ri is continuously de¬ 
formed into the region R 2 in the topological sense. 

Let p be the density of the fluid at a point in the region Ri. We assume 
t}iat p is a continuous function of t, y, and z. Suppose that the ary-plane 
attached toP, M, and A^is horizontal. Belative to the ary-plane the fluid 
in Ri has the potential energy 



By the first theorem of the mean of the integral calculus this energy is 
gpiZiVi for the volume Vi of the region Pi, and a properly chosen value 
PiZi of pz between the minimum and maximum taken on at the points of 
Pi. The mass of the fluid in the region Pi is p*Vi for a properly chosen 
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value p* of p for this region. Thus the potential energy density per pound 
relative to the ary-plane is 


fjf p2dV 

tn"^' 



Since p is continuous at P the limit of the fraction pi/p* is 1 as Ar goes to 
zero. Since Zi goes to zero with Ar, the potential energy density at P is 
zero, it being understood that the ary-plane is the reference plane. It 
follows that the potential energy density at P relative to a horizontal 
(perpendicular to the force of gravity) plane through P is zero. 

Letting primes denote derivatives with respect to time, the kinetic 
energy of the fluid in the region Pi is 

iff! + z'‘)dV, 


by definition. Wc assume that the integrand function is continuous over 
the region Pi, so that 

h ( I f P{T’' + /’ + z'')dV = + y'’ + r'')*r, 

^ lii ^ 


for a value p*(ar'* + y'^ + z'’)* between the minimum and maximum 
taken on by the integrand function over the region Pi. Thus the average 
kinetic energy density over the region Pi is 


1 (a-'* + + 



The kinetic energy density at P is 

i Lim (a-'* + y'' + z'*)*. 

Ar—*0 


Consider a particle G of the region Pi, where G has the coordinates 
(Aic, Ay, Az) relative to the coordinate system attached to the points 
P, M, and AT. We let u, r, and w represent .r-, y-, and z-velocity compo¬ 
nents of a particle relative to this coordinate system. Consider the relations 


. dv . , dv . , dp 

. dw . , du) . , duj . 

Aw = ^Ax+ ^Ay + ^az, 
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where the partial derivatives are evaluated at the point P, and we are 
neglecting c-terms (terms which do not contribute to the final limits). 
The components u, v, and w are also functions of time but since we are 
considering the initial state only, the time does not enter into the present 
argument. The a:-, y-, and z-velocity components of G are given by 
u + A«, V + Av, and w + Aw respectively, where u, v, and w represent 
the velocity components at the point P. Since u, i?, and w vanish, the 
velocity components of G are given by Au, Ad, and Aw. The partial deriva¬ 
tives above will be assumed to be bounded in absolute value by a number 
X, whence 

(A«)2 + (Ad)2 + (Aw)^ ^ 3X2[| Aar l-f I Ay I + I Az |]2 = 21\KAr)\ 

It follows that the limit of the maximum value of [(Aii)^ + (Ad)® + (Aid)®] 
goes to zero with Ar. Thus the kinetic energy density at P is zero. 

Since the particle P is stationary with respect to the aryz-coordinate 
system attached to it, there is no flow work density at P. 

Let W* be the work density associated with the point P as it goes 
from the initial state to the final state, where this work is relative to the 
a’yz-coordinate system attached to P. 

In place of (6.12) we now have 

Q = U2 - ui + W* + if* (6.13) 

for a term K* that takes care of energy losses and other forms of energy 
such as chemical energy if such must be taken into account. For points 
of the fluid in a region near P, formula (6.13) is valid for practical pur¬ 
poses. Equation (6.13) is a generalized form of (6.7). We have shown that 

(6.7) , or its generalized form (6.13), holds for fluids in motion as well as at 
rest. Both (6.12) and (6.13) are Deeded to study a given fluid motion 
thermodynamically. An application of the differential form (6.10) of 

(6.7) will be found in Section 6.9, where this equation is employed in 
treating adiabatic processes which may involve the flow of gases. 

We can simplify the formula (6.12) by the use of enthalpy, letting hi 
and /i 2 be the initial and final enthalpies. We then have 

Q={h- h) + (2, - 2,) + + W+K. (6.14) 

In engine problems the change in potential energy as the fluid passes 
through the engine is generally negligibly small so that we may take 
Zi = Z 2 when studying states just before, just after, and in the engine. 

For the flow of a fluid through a nozzle the process is approximately 
adiabatic with no external work and energy losses so that (6.14) becomes 


hi — ^2 


(Mt - Vii) 

29 


(6.15) 
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In ordinary applications law (6.15) may be assumed to be satisfied to 
90 per cent or 95 per cent efficiency in the sense that efficiency is the 
ratio (Vl/2^)/[/ii - + (Wg)]- 

In many engineering problems, as in the case of flow of steam through 
a turbine, good accuracy can be obtained by taking the friction loss K 
proportional to the enthalpy difference where this difference is computed 
on the basis of an adiabatic process. 


Porous 

harrier 




(b) Final state 

Fig. 126. Throttle. 

For flow through a reaction turbine the kinetic energy change is small 
(by definition). Since the flow is approximately adiabatic, equation (6.14) 
yields 

hi-h2 = W, (6.16) 

where we have taken K = 0. Due to energy losses we actually have 

ri{hi - hg) = IF (6.17) 

in place of (6.16) where ri is the efficiency of the turbine. Relation (6.16) 
will often check to 70 per cent efficiency. Actual efficiency values arc 
obtained from experiment. 

For a throttle we have simply 

hi = h2 (6.18) 

as may be seen as follows. By definition a throttle performs a throttling 
process as illustrated in Figure 126. Gas at a constant pressure pi is 
forced through a porous barrier to a region beyond the barrier where the 
pressure is kept at a value p 2 . The porous barrier permits the gas to flow 
through the barrier but isolates the pressures on both sides of the barrier. 
The initial volume of the gas is taken to be Vi, and the volume after the 
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gas has passed through the barrier is F 2 . The work done on the gas to the 
left of the barrier in Figure 126 is then piVi, and the work done hy the 
gas on the right is P 2 V 2 , so that the net work is (P 2 F 2 — piVi). The system 
is assumed to be thermally insulated during the throttling process, so 
that the amount Q of heat transferred to or from the surroundings is zero. 
By (6.12) with /ii = 0 we have 

0 = U2 — + P2V2 — piVi 

for the initial and final internal energies Ui and t72 of the gas, whence 
(6.18) follows. 

In the case of a practical throttle we can apply (6.18) provided that the 
gas is traveling slowly, if not in the immediate neighborhood of the 
throttle then at some distance on either side of the throttle. 

We often have occasion to work with the enthalpy of a mixture of sub¬ 
stances chemically inert in the mixture. Suppose that we have substances 
A and B, where these substances are at the same pressure p and tempera¬ 
ture T. Because it is customary to work with enthalpy per pound, we shall 
treat the weights Wi and W 2 of A and B, respectively, instead of their 
masses. We let Vi be the specific Volume of A, and V 2 the specific volume of 
B. For convenience the reader may imagine that these substances are in 
a chamber separated by a barrier C of negligible thickness. If now the 
barrier C is removed, the system will still be at the pressure p and temper¬ 
ature T, the substances A and B being in thermal equilibrium at the 
start. We know that even though the substances become thoroughly 
mixed due to molecular movement, the pressure and temperature will 
remain the same, at least we treat only such mixtures. We can imagine 
that if we could separate the molecules of A and B, and replace the barrier, 
the substances A and B would still be at the pressure p and temperature 
T. 

We let Ui be the internal energy of A per unit weight, and U 2 the cor¬ 
responding internal energy of B. By the conservation of energy, and the 
fact that work and heat exchanges are not involved, the internal energy 
U of the mixture is due to the internal energies of A and B, and per unit 
weight of the mixture the internal energy u is given by 

WiUi + W2U2 

u =-i-- 

Wi + W2 

The initial volume occupied by A is WiVi, and the volume so occupied by 
B is W 2 V 2 . The specific volume v of the mixture is then 

WiVi + W2V2 

V =- : -- 

1^1 + W 2 

From the definition of enthalpy, the enthalpy h of the mixture is given by 

h ^ u + pv. 
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From the formulas for ii and v wc can write 

, nhhi + 
h = -j- 

j'or the initial enthalpies hi and /12 of A and B. The enthalpy of a mixture 
thus comes from the enthalpies of its components as shown. The total 
enthalpic energy h{wi + W 2 ) of the mixture is the sum {wjii + W 2 h 2 ) of the 
total enthalpic energies Wihu WJ 2/12 of the components. This obviously extends 
to a mixture of any number of components. 

We shall now concern ourselves with the mixture of r perfect gases. 
It is an experimental fac't that vapors and gases when mixed behave as 
if each constituent fills the entire volume. This property is assumed to 
hold for perfect gases. Lei. there be ni moles of a perfect gas, 712 moles of 
another, etc. Suppose that we have r such gases thoroughly mixed. We 
introduce the partial pressures pu P 2 , . . • , Pr, where 

pr = '^BT, p, = ^RT, ... ,pr=^ ^BT 

for the volume V occupied by the mixture, the absolute temperature T 
of tlie mixture, and the gas constant B. If p is the pressure of the mixture 
we know by equation (6.6) that 

p = pi + P 2 + . . . + Pr* 

Let Vi be the specific volume of the first gas when this gas fills the 
entire volume, and Ui the corresponding internal energy density. The 
enthalpy hi of this gas is then 

hi = 111 + PiVu 

and the total enthalpic energy Hi of tliis gas is given by 

Hi^Ui + piV 

for the total internal energy Ui. For the second gas we have 

H 2 = U 2 + P 2 K 
Thus for the r gases we have 

Hi + . . . Hr = (f/i + . . . + Ur) + (pi + . . . + Pr)V. 

The sum of the internal energies Ui, . . . Ur of relatively inert perfect gases 
is the internal energy U of the mixture. It follows that the above relation 
can be written as 

Hi + . . . + Hr = f/ + pV. (6.19) 

From the definition of enthalpy the relation (6.19) shows that the total 
enthalpic energy H of the given mixture of r gases is the sum of the 
enthalpic energies Hu . . . , i/r of these gases. 
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Thus the total enthalpic energy of a mixture of relatively inert perfect 
gases is the sum of the total enihalpk energies of the constituent gases, where 
these energies are computed on the basis that each gas fills the entire volume. 

Consider a combustion process in which heat energy is liberated. This 
energy is called the heal of combustion, and comes from the chemical 
energy in the constituents. 

Suppose that the combustion process takes place adiabatically. The 
heat of combustion may be defined to be the quantity of heat rejected 
when the products of combustion are brought back to the temperature 
and pressure of the mixture before the reaction. By (6.11) the heat of 
combustion equals the change in enthalpy. 

When a substance changes phase, latent heat is given up by the sub¬ 
stance, or taken on. If latent heat is given up this must come from the 
enthalpic energy of the substance, and there will be a corresponding 
change in enthalpy. Changes of phase for a pure substance (not a mixture) 
occur at constant pressure and temperature. However, the specific volume 
V changes with the phase, and this implies a corresponding change in the 
enthalpy of the substance. Since the pressure p is constant we have 
dp = 0, whence (6.11) implies that the latent beat is equal to the change 
in enthalpy. 

When the enthalpy changes because of variations in both u and pv, it 
is often convenient to consider first the enthalpy change due to a change 
in u, and then compute the additional enthalpy change due to the change 
in pv. The change in u is often large compared to the change in pv, so 
that for practical purposes we may in such cases take the change in the 
enthalpy h to be the change in the internal energy u. 

6.9. Adiabatic, isothermal, and isobaric processes. Experi¬ 
ments show that the internal energy of a perfect gas is a function of the 
temperature only. We therefore write 

« =/(r), 

where ii is the internal energy of one mole of the gas. Relation (6.10) now 
becomes 

SQ = f{T)dT + pdv (6.20) 

for the volume v occupied by one mole of the gas. In Section 6.4 we gave 
definitions for the specific heats Cv and Cp. These quantities are rigorously 
defined by (the following derivatives are assumed to exist) 



where v is constant in du/dT, and p is constant in dh/dT, while h is the 
enthalpy (per mole in the present section). Thus 
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80 tliat (6.20) becomes 

6Q = CvdT -h pdv 

(6.21) 


for tlie specific heat (v at constant volume. From the general gas law 

pdv + vdp = RdT. (6.22) 

(Combination of (6.21) and (6.22) gives 

dQ = (cv + R)dT — vdp. 

It follows that for perfect gases 

Cp = Cv + R 

and 

8Q = CpdT — vdp. (6.23) 


In an adiabatic process bQ = 0. From (6.21) and (6.23) we have 


dp 

~P 



(6.24) 


where 7 is the quotient Cp/cv of the specific heats. For practical purposes 
when the range of 7 is not too large we may treat 7 as if it were constant. 
In fact, for air in the range 200 degrees Rankine to 6,400 degrees Rankine 
and pressures under 100 atmospheres the quantity 7 varies only from 
1.401 to 1.280, respectively. Integrating (6.24) we have 


pv'^ = K 


(6.25) 


for a constant K depending on the process. Relation (6.25) is based on the 
assumption that all states (considered are states of thermal equilibrium. 

The constant K in (6.25) is not frequently used directly in computa¬ 
tions. Rather we let />i, ri be values of p and v for an initial state of a gas, 
and P 2 , ^2 values of these variables for the final state of the gas. It is 
assumed that the gas goes from the initial to the final state adiabatically. 
By (6.25) we have 



and by the general gas law with Ti and T 2 as the temperatures for the 
initial and final states, respectively, we have 


h 

T2 



(6.26) 


which is in common use, and on the basis of which many tables have been 
constructed. Thus, given the initial temperature Ti, pressure pu and the 
final pressure p 2 , we can compute the final temperature 
As will be seen from examples, various nonadiabatic processes are im¬ 
portant for engineering purposes. When the temperature is constant (and 
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Boyle’s law applies) we have an isothermal process. When the pressure is 
constant the process is isobaric and dp = 0. Some changes occur at con¬ 
stant volume whence dv =* 0. 

From the definition of enthalpy h, we find that for a perfect gas 
dh = CvdT -j- HdT = CpdT, 

We have 

8Q — 5Q" = rfu + pdv — dh — vdp, 

where 8Q" is the energy lost through friction. For an adiabatic process 
5Q = 0. Writing 6Q" = fdh, we have 

(1 + = vdp 

for such a process. Thus 

(1 + ^)cpdT = vdp. 

Since pv = BT^ we have dT == (pdv + vdp)/R, so that substitution for 
dT in the last equation yields 

^ ^ _ (1 + i)c pdv 

P [(i + f )cp - 

Thus 7 in equation (6.24) is replaced by the quantity n, where 


11 


(1 + r)^P „ 1 + r 

[(1 + -R] ^ 1 + r7 


in view of Cp = Cv + R- Thus the adiabatic law (6.25) is replaced by 


pv^ = K. 


(6.27) 


A process for which (6.27) holds is called polytropic. In such calculations 
as the computation of states for the flow of steam through a turbine or 
the flow of air through a compressor or turbine wheel of a gas turbine, it is 
often advisable for the attainment of high accuracy to use a value of f 
based on experience, and then to calculate the states on the basis of the 
corresponding law (6.27). 

Suppose that at the end of a process the initial state of the given phys¬ 
ical system under study and the surroundings may be restored. Such a 
process is termed reversible. There are actually no physical reversible 
{>rocesses, that is, all processes in nature (except possibly living processes) 
are irreversible, as follows from the second law of thermodynamics to be 
given later. There are many processes which, however, may be treated as 
reversible for practical purposes. Thus when a gas in a cylinder is allowed 
to expand slowly against a well-oiled spring-loaded piston, the gas being 
thermally insulated from the surroundings by the material of the piston 
and the cylinder, the process may be considered adiabatic and reversible. 
Here we have made such obvious and reasonable assumptions as that 
there is no leakage of the gas. 
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A reversible adiabatic process is called isentropic. The word entropy 
will be defined later. The compression of air by the compressor of a gas 
turbine is an example of a process often considered to be isentropic, at 
least when the utmost accuracy is not required. 

Suppose that a gas in a cylinder expands from a volume V\ to a volume 
V 2 because of the instantaneous movement of the piston in the cylinder 
from one position to another. To reduce the volume of the gas back to Fi 
it is necessary to exert external work on the gas, whereas the gas does no 
work in expanding. This is an example of an irreversible process. 

The concept of reversibility will be needed later when we wish to 
reverse paths of integration on the p»-plane where these paths join two 
given states. 


6 . 10 , Enthalpy of gases. For any process the enthalpy differ¬ 
ence Ah in the case of a perfect gas satisfies the relation 

Ah = CpdT, (6.28) 

where the integration is from the state 1 to the state 2 . For an isothermal 
process the enthalpy h is clearly a constant. 

Let Pi and pa be the initial and final pressures of a perfect gas, and let 
Ti and T 2 be the initial and final temperatures respeetively. For an 
isentropic process the enthalpy difference Ah can be computed from pi, 
P 2 , and Ti by the use of (6.26) and (6.28). 

6.11. Flow of gas through a nozzle. What follows will apply 
to convergent nozzles. A convergent nozzle is one whose cross section 
narrows as the opening in the direction of flow is approached. We shall 
first consider the flow of a perfect gas through the nozzle. We let pi, Ti, 
vij and hi be, respectively, the pressure, temperature, specific volume 
(per pound), and enthalpy ahead of the nozzle, and pa, Ta, 1 ^ 2 , and h^ the 
corresponding values at the nozzle orifice. We shall suppose that the 
velocity of the gas ahead of the nozzle can be neglected in what follows. 
Let F,a be the speed of the gas at the nozzle orifice, and A the area of the 
cross section of the nozzle at the orifice. The symbols /?* and g denote the 
gas constant and magnitude of the acceleration of gravity as usual. We 
assume adiabatic flow so that 

h ~ 

Tx ” 

for the adiabatic exponent 7 . Since dh = vdp 



But pv'^ * PiVi^n so that the last relation yields 
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By (6,15), and ptPi = B*Ti 

We note that equations (6.12) and (6.13) are basically involved in the 
derivation of the equations above in V ^2 and respectively. 

Now 


V2 




Since the wei^fht rate w of flow of the gas is such that 

AV.2 


w = 


for the orifice area A, we have 


V2 


w 




The maximum rate of flow w can be obtained from the calculus in terms 
of the variable p 2 . By the calculus the maximum w is attained when 

The pressure p 2 in (6.29) is the critical pressure pr corresponding to pi, 
and pe/pi is the critical pressure ratio. 

For air and diatomic gases for which y = 1.1, under ordinary condi¬ 
tions, the critical pressure satisfies the relation 

Pc = 0.53pi 

approximately. For superheated steam the value 0.53 may be replaced by 
0.546. 

The speed Vs 2 corresponding to the critical pressure is such that 

V.i = VB*9yTt, 

which is precisely the speed of sound in an ideal gas. See Section 13.11. 

If the pressure after the orifice is less than the critical pressure pc, it is 
an experimental fact that p 2 = Pc, and w has the maximum value. As 
the pressure after the orifice is decreased from the critical pressure the 
rate of flow w does not decrease, but remains constant. That this follows 
from theoretical considerations will now be shown. 

We suppose that the nozzle discharges into a region with pressure pz 
(at some distance from the nozzle). The pressure will then vary from pz 
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to pz in a transition region as we leave the nozzle, or the pressure will be 
constant. Let us assume that the nozzle discharges into a conduit with the 
pressure ps at a cross section A some distance from the nozzle, and let 
the pressure from the orifice to ^4 be pc, so that p 2 = Ps = Pc. There is 
then a corresponding maximum speed F ,2 of discharge at the orifice. Now 
decrease ps. The pressure wave due to this decrease will travel at the 
speed of sound toward the orifice. Since the gas already travels with the 
speed of sound, the pressure wave will remain at the section A as a stand¬ 
ing wave, and the pressure from A to the orifice will not decrease. The 
pressure p 2 will thus remain at pc. 

For nonperfect gases the concept of critical pressure still applies, but 
is no longer independent of the initial state. 

6 .12. Flow of gas into a vessel. We shall treat the flow of gas 
into a vessel as in Figure 127. The gas flows from the supply at pressure 
p, through an orifice with outlet pressure p* into a vessel where the pres- 





__ 





Fi|];. 127. Flow of a I'aa into a 
vessel. 


sure is represented by p^ Let be the internal energy per unit weight 
of the gas in the vesvsel at the instant U and U{t) be the total internal 
energy of tlie gas in the vessel. It is assumed that conditions are uniform 
at the supply as well as in the vessel. We letGr(/) be the weight of the gas 
in the vessel. It is convenient to take this in moles. The internal energy 
in the vessel is then U{i), where 

U{i) = G.{t)uS)- 

This energy is changing at the rate dlJIdl given by 

d\. ^ diiv I 

It ^ “’’■rfT’ 


The derivatives here and to follow are assumed to exist. We neglect the 
heat exchange between the walls and the gas. The rate of change of 
internal energy of the gas in the vessel is equal to the rate at which 
internal energy is carried into the vessel by the entering gas, plus the rate 
at which work is done on the gas to push it into the vessel, plus the rate 
at which kinetic energy is carried into the vessel by the gas. 

Let Ui be the internal energy density per unit weight of the gas at the 
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orifice outlet i. Internal energy is then carried into the vessel at the rate 
dUJdt, where 

dt ~ di' 

The rate of flow work necessary to push the gas into the vessel is 

for the specific volume Vt at the orifice outlet and the specific volume 
of the gas in the vessel. The gas actually diffuses in the vessel so that we 
do not strictly have flow of the incoming gas as a unit after the gas is in 
the vessel, and the flow work above is only an approximation. 

Let be the speed of the air entering the vessel, so that 

2g\d( J 

is the rate of kinetic energy flowing into the vessel. Equating the rate of 
internal energy increase to the rate of energy flow into the vessel we have 

G, (u, - M.) + P,»v — P.JV + j (6.30) 

Let ht be the enthalpy of the gas at the vessel inlet, and hv the enthalpy 
of the gas in the vessel. We can write the above equation as 

+ (6.31) 

Let Vo be the volume of the vessel. Then 

Vo == Gf,, (6.32) 

The mechanical and caloric equations 

r = v(p, T), ft = ft (p, T) (6.33) 

of state are assumed known at each point in the system, where r, p, T, 
and h are the specific volume, pressure, absolute temperature, and en¬ 
thalpy, respectively. The enthalpy h(p, T) is relative to some base state. 
We shall not assume that this is a function of T alone because we do not 
wish to restrict our treatment to perfect gases. 

We assume that the flow for the supply to the vessel inlet is adiabatic. 
As will be explained later in Section 7.9 the adiabatic p.v-relation for this 
flow is of the form 

V = r(p) (6.34) 

for a function r(p). By (6.34) we have 

n = w(Pt). 


(6.35) 
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We suppose that the supply gas is at rest. For flow to the vessel inlet 
we have 

where /i, is the enthalpy of the supply. Let Ai be the orifice area. Then 
we have 

§ . 4 ,^. ( 6 . 37 ) 

so that 

(6.38) 

It is assumed that the state of the supply gas is known. We also have 
the equation 

Uv = Uvipv, Tv) (6.39) 

for the absolute temperature Tv of the gas in the vessel. 

Let Ti be the absolute temperature at the vessel inlet. We then have the 
equations 

Vi = v{pi, Ti), Vv = r.) (6.40) 

for the specific volumes Vi and 
We also have the equations 

hi = h{pi, Ti). hv = h(p,. Tv) (6.41) 


derived from (6.33). The equations given by (6.31), (6.32), (6.35), 
(6.36), (6.38)-(6.41) are ten equations in the eleven variables, Tv, Ti, hi, hv, 
Gv, Uv, Pi, Pv, Vi, Vv, and We need another relation to have a complete 
set of equations. 

Let Pc be the critical pressure relative to the pressure p,, and let 
Fc = Pc/ps be the critical pressure ratio. If 


we have 
When 

we have 



Pi = Pv. 



.Pi — Pc» 


(6.42) 


(6.43) 


The system is now mathematically determined. With (6.42) or (6.43), as 
the case may be, we have eleven equations in eleven unknowns. 

To determine whether or not we have (6.42) or (6.43) at a given instant, 
we should compare p« with the solution pv of the eleven equations. 
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Since we have a dynamic system we need initial conditions. Thus we 
might suddenly open the orifice from a completely closed state with the 
vessel initially at a vacuum. Then at < = 0 we have Pv == 0, pi = We 
first have ten equations in ten unknowns since pi is fixed until p^ attains 
the critical value po- When reaches pe we adjoin the equation (6.42) to 
solve eleven equations for eleven unknowns. 

If the filling of the vessel is a fairly rapid process, the assumption that 
we can neglect heat transfer between the gas and the walls is justified. 

6.13. Gas turbines. We shall illustrate thermodynamic proc¬ 
esses with an aircraft gas turbine as pictured in Figure 128. The turbine 
may have a centrifugal or axial-flow compressor (an axial flow compressor 



is shown in Figure 128). A gas turbine is generally designed by choosing 
in advance the power to be supplied by the turbine wheel. From experi¬ 
ence and various considerations an angular speed is selected for the 
wheel, and a geometric design is tried on the basis of experience. The 
speed of the incoming air is known roughly in advance from the power 
required and the fact that a certain fuel-air ratio is desired. The com¬ 
pressor outlet pressure is then computed. This may be done as follows. 

We shall consider a single stage of the compressor. Let the values of the 
pressure p, specific volume v, absolute temperature T, enthalpy h, and 
speed V of the air relative to fixed members of the gas turbine be labeled 
with the subscripts 1 and 2 to indicate values at the inlet and outlet of 
the compressor stage respectively. We suppose that the air flow between 
the blades is adiabatic or polytropic. The cross sectional area of a passage 
between the blades is varied along the passage and is intended to give a 
desired pressure drop across the compressor stage or air velocity at the 
outlet. Conditions at the stage inlet are taken as known. By the general 
gas law, and the adiabatic or polytropic nature of the flow between the 
blades, we have 
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Since, up to a cx)n8tant, the enthalpy h is CpT, equation (6.12) jives 

w = - TO + ^- 

where W is the work in foot pounds done by the blades of the stage on 
the gas per pound of air, J is Joule’s constant, and g is the magnitude of 
the acceleration of gravity. We often have 

V2 

approximately, so that 

W = Jcp{T2 - Ti). 

Angular momentum is the moment of inertia times the angular speed. 
The load torque per stage is the rate at which angular momentum leaves 
with the air minus the rate at which it enters, whence 

g 

where ii is the peripheral speed of the blades, Vt is the tangential com¬ 
ponent of V 2 (perpendicular to the radial component and the axis of the 
rotor), Vti is the tangential component of Vu and ui is the linear speed 
of points on the compressor at the air inlet. For an axial flow compressor 
Vn = 0, and for a centrifugal compressor uVt generally dominates uiVtu 
so that the formula for W reduces to 


W = 

g 

The quantity u is known from the rotational speed of the compressor. 
We can express Vt in terms of F 2 . From the poly tropic or adiabatic law 

V2 = Vl 

the weight rate K of air flow, and the cross sectional area A of the com¬ 
pressor stage outlet passages we obtain F 2 as the function of p 2 given by 

Equating the expressions for W we obtain an equation in p 2 which can be 
solved for p 2 by trial, whence the state of the gas at the outlet of the com¬ 
pressor stage is known. 

A compressor generally has several stages. By repetition of the above 
process we can obtain the pressure at the outlet of the compressor. We can 
go on through the gas turbine with thermodynamic calculations and 
determine whether or not the correct power is delivered by the wheel, and 
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whether or not the computation is consistent. If the turbine does not 
satisfy the required properties, it is necessary to run through the calcula¬ 
tions again with some assumed properties changed. 

Let us suppose that the compressor outlet pressure is known. We shall 
describe the calculations we can then perform to determine the states of 
the gas in the turbine. Unless great accuracy is required it is convenient 
to assume that the flow through the compressor is isentropic. We suppose 
that the air is a perfect gas. By the adiabatic law (6.25) or tables based 
on this law we can compute the enthalpy in British thermal units per 
pound at the compressor outlet measured from the enthalpy at some base 
state. 

Fuel is mixed with the air at a certain ratio by weight, and the enthalpy 
of the fuel before mixing is known. The mixing can be supposed to take 
place adiabatically so that the enthalpy of the air-fuel mixture per pound 
is the sum of the enthalpy of the air in one pound of the mixture plus the 
enthalpy of the fuel in this pound. Since most of the mixture is air it is 
reasonable to treat it physically as if it were all air. The enthalpy of the 
mixture then corresponds to a diiBFerent temperature from that of the 
air before mixing. We now add enthalpy due to combustion, known 
from experiment. The enthalpy of the burned mixture, now treated as 
air, will correspond to a certain combustion chamber temperature of the 
gas ready to pass through the wheel. We consider the expansion through 
the wheel to be isentropic. Knowing the temperature and pressure in the 
combustion chamber, and the pressure (around one atmosphere) in the 
tailpipe after the wheel, we can obtain the temperature and enthalpy after 
the wheel. If desired, we can compute the shaft work at the wheel from 
(6.17), from the given efliciency of the wheel, (which efficiency might be 
70 per cent for example), from the difference between the enthalpy per 
pound of the mixture before and after the wheel, and from the pounds 
per hour of the mixture passing through the wheel (the latter found by 
computation or experiment). The actual tailpipe pressure after the wheel 
and the states of the gas as it flows through the tailpipe and outlet nozzle 
can be taken into account by assuming adiabatic flow. 

The gas turbine cycle is pictured on a p, u-diagram in Figure 129 where 
the first stage is represented by the arc 12, and the last by the arc 41. 
Such diagrams are very useful. Here v is specific volume, and p the pres¬ 
sure of the gas. The line integral of pdv around the curve gives the net 
work (output) for the cycle. This is simply the area of the region bounded 
by the curve. 

Suppose now that we are concerned with the temperature deviation 
from an arbitrary steady state in the combustion chamber. We let T and 
N be, respectively, the combustion chamber temperature and revolutions 
per minute deviations from the steady state, and Wf the deviation in 
mass fuel rate. It is readily seen that the state of the turbine depends on 
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the variables Wf and N only, assuming constant ambient conditions, 
which is true in practice for reasonably long intervals of time. The com¬ 
bustion chamber temperature is a function of W/ and N which obvi- 



Fig. 129. Gas turbine cycle. 

ously increases with W / and decreases with N. Unless the deviations from 
the reference state are too large we can assume that 

T = aWf- bN 

for positive numbers a and 6. The net torque which drives the wheel-com¬ 
pressor combination will increase with the fuel rate and decrease with the 
speed so that we have 

IN' = cWf - eN 

for the moment of inertia I of the rotating mechanism with respect to the 
shaft axis, the acceleration TV' of the wheel, and positive constants c, e. 
The constants a and —6 are dTIdWf and dT/dN, The constants c and —e 
are partial derivatives of torque with respect to Wf and TV respectively. 

The partial derivatives a, 6, c, and e can be evaluated from the operat¬ 
ing characteristics of the wheel obtained by calculation or experiment. 

Efficiencies of 85 per cent for the gas turbine compressor and the tur¬ 
bine wheel are not unreasonable. For accurate results we must assume a 
combustion efficiency, such as 90 per cent, and a turbine nozzle efficiency, 
for example 90 per cent. 

Due to the high pressure in the fuel line, such as 1,000 pounds per 
square inch, the rate of fuel flow is practically independent of the gas 
turbine combustion chamber pressure. This chamber pressure might, for 
example, be five or six atmospheres. 


6.14. Rocket. In Figure 130 we have pictured a rocket in rough 
schematic form. In this rocket alcohol is burned in oxygen, both alcohol 
and oxygen being supplied from a liquid reserve in the rocket. The result¬ 
ing gases pass through a jet into the atmosphere. In Section 2.10 we gave 
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an approximate treatment of the mechanical properties of a rocket. Thes(5 
properties depend on thermodynamic considerations to be given in this 
section. 

We let Wa and Wo be the mass rate of flow of the alcohol and the oxygen 
into the combustion chamber of the rocket. The alcohol and oxygen being 
under high pressure, Wa and Wo are for practical purposes independent of 
conditions in the combustion chamber, and will be assumed to be given. 



The proportion of Wa to Wo is fixed. We therefore consider dm/dt where 
m is the mass of the alcohol and oxygen fuel already discharged from the 
rocket at the instant under consideration. 

The gas masses travel out of the rocket with tremendous speed, so that 
storage effects in the combustion chamber can be neglected. We can there¬ 
fore suppose that the mass rate of fuel fed to the combustion chamber is 
equal to mass rate of ejection of particles from the rocket, that is dm/dl. 
The quantity dm/di is then understood to be given. 

We let the subscript 1 designate the state within the combustion 
chamber ahead of the exit nozzle, and 2 the state after the exit nozzle. To 
simplify the discussion we shall analyze the rocket while it is traveling 
directly upward from the earth. If the rocket is not in this motion, we 
need merely introduce components. We let x be the vertical coordinate 
of a point on the rocket geometrically defined in terms of the rocket, the 
positive direction for x being upward. We shall suppose that the attitude 
of the rocket with respect to the vertical is constant. 

We let p, K, V, and T denote pressure, speed relative to the rocket, 
specific volume, and absolute temperature of the gas, respectively. The 
instantaneous mass M of the rocket is the difference between the initial 
mass Mo of the rocket and the mass m already discharged. Let F denote 
the external force on the rocket. We shall understand that the term 
“rocket’* refers to the rocket and contents up to the end surface of the 
nozzle. 

The rate of change of momentum of the rocket is the rate at which mo¬ 
mentum is lost through discharge of gases in the jet plus the rate of change 
of momentum of the rocket mass, as can be seen as follows for the case 
under consideration. At an instant t we take the momentum N of the 
rocket mass to be (M© — m)x', where the prime denotes differentiation 
with respect to time. At the instant t + At the mass of the rocket is 
Mo — m — Am for a quantity Am, and the momentum of this mass is 
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(Mo — m — Am) (a:' + Ax') for a quantity Ax'. The momentum of the 
particles ejected during the time Al is (x' — F, 2 )Am, the velocity of the 
ejected particles being x' — F,* relative to the earth. The total momen¬ 
tum N -h AN at the instant / -f- Af is (Mo — m — Am)(x' -J- Ax') M- (^' 
— F, 2 )Am. The change AN in the momentum during the time At is thus 
(Mo — m)Ax' — AmAx' — V.oAm. Dividing by A/ and taking the limit 
as At —* 0, we obtain 


dN 

dt 


(Mo - m)x" - F. 2 m'. 


We can write this equation as 


dN 

dt 


(x' - F. 2 )m' + 


d(Mx') 

dt 


The first term on the right in this equation is the rate at which momentum 
is lost through the nozzle. By Newton’s second law of motion we have 

+ ( 6 . 44 ) 

Now 

F = — (Mo — m)g — Ff 

for the function F/ representing the drag force on the rocket. Relation 
(6.44) can be written as 

MqX^' — mx" — V 92 Tn' = (m — Mo)^ — Ff. (6.45) 

The drag is due to two factors, the first being the drag Fa of the air on the 
rocket and the second being the drag Fg from the friction of the gases on 
the internal wall of the rocket. From Part V we know that Fa numerically 
is an increasing function of x', and for practical purposes can be approxi¬ 
mated by cx' for a constant c. The drag Fg can similarly be taken to be a 
function of the speed F ,2 of the exhausting gases relative to the rocket. 

It will be seen that the remaining equations derive from a study of the 
gases traveling through the rocket. 

The enthalpies of the liquid alcohol and oxygen referred to some base 
state are assumed known from experiment, and the temperature and pres¬ 
sure of these liquids entering the combustion chamber are supposed to be 
known from calculations readily performed with the aid of the laws in 
this book. Evaporating at the chamber pressure pi and at the temperature 
of the liquid, the increase in enthalpy can be computed from the latent 
heats of the alcohol and oxygen as a function of pi. The resulting gases 
are mixed, the enthalpy of the mixture being directly obtainable from the 
enthalpies of the component vapors and the proportion of these compo¬ 
nents. Thus if one pound of the mixture contains x pounds of the alcohol 
and y pounds of the oxygen (x and y are fractions less than 1), and Ha 



216 ] 


FIRST LAW OF THERMODYNAMICS 


[chap. 6 


is the enthalpy of the alcohol vapor, Ho the enthalpy of the oxygen, then 
the enthalpy of the mixture is (xHa + yHo). That is, the enthalpies of the 
components of a mixture here contribute only to the enthalpy of the mix¬ 
ture, 'and do not change in whole or part to another form of energy. To 
the enthalpy of the mixture must be added the heat of combustion per 
pound of the mixture. The final enthalpy corresponds to a unique temper¬ 
ature Ti in the combustion chamber, so that we have 

Ti =/(pi) (6.46) 

for a known function f{pi) of pi. 

The general gas law gives 

Piri = RTu (6.47) 

for the specific volume Vi of the burned gas in the combustion chamber, 
and a constant H. 

The gas expands through the nozzle of the tail adiabatically so that 

PiVi^ = P2V2^ (6.48) 

for the adiabatic exponent 7 , the pressure p 2 , and specific volume ^2 at 
the exit. 

For great accuracy it is necessary to allow for the efficiency of combus¬ 
tion, probably on the order of 90 per cent. Since the gases issuing from the 
rocket have some of the original fuel vapors, the enthalpies must be 
corrected accordingly. Similarly a jet efficiency, such as 90 per cent 
should be used for a polytropic process instead of that for (6.48). 

Let Vei be the speed of the gases at the entrance to the nozzle relative to 
the nozzle. Just where the nozzle entrance is located must, of course, be 
defined. We assume that this has been done. We denote the effective 
orifice area at the entrance to the nozzle by Ai, and the corresponding 
area at the exit by A 2 . By effective is meant the area multiplied by a cor¬ 
rective factor to take care of efficiency, where the efficiency might, for 
example, be 90 per cent. The mass rate of flow of the gas past the nozzle 
exit is then A 2 {Vs 2 /v 2 ) so that 


dm _ . 42 F, 2 , 
dt T>2 


(6.49) 


Assuming no storage in the nozzle (since the mass rate of storage is cer¬ 
tainly small compared to the mass rate of flow of the gas relative to the 
rocket) we have the equation 


Vl * V2 


(6.50) 


We shall apply Newton’s second law of motion to the gas in the nozzle, 
which we may assume for practical purposes to be in a steady state. We 
suppose for simplicity, and contrary to practice, that the nozzle simply 
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narrows continuously down from section 1 to section 2. Except for fric¬ 
tion, which we neglect for the moment, the net force on the gas in the 
nozzle in the vertical direction is approximately (—piAi + ^ 2 ^*) for an 
equivalent area ^4* in place of -42 due to the pressure on the narrowing 
walls of the nozzle. The density of the momentum at each point in the 
nozzle is assumed constant during a time M. The momentum of the gas 
leaving the nozzle is given by (a:' — Fa 2 )Am for the mass Am leaving the 
rocket in the time M. The momentum of the gas entering the nozzle is 
(x' — y,i)Am. The net change in momentum is (F,i — 7,2)Am, and the 
instantaneous rate of change of momentum is (F,i — V» 2 )dm/dt, so that 
Newton’s law gives 

{p^t - piAi) = (7.2 - V.i) (6.51) 

An extra term can be included in (6.51) to take care of friction, such as one 
proportional to the average of F«i and F« 2 . 

For greater accuracy we can develop an equation like (6.51), but valid 
at each cross section of the rocket perpendicular to its axis. Since it is con¬ 
venient to make a rocket symmetric, such an axis exists. 

There are seven equations (6.45) to (6.51) in the seven variables pi, 
Ki, Vu Ti, V 2 , Va 2 , and x, so that the desired system of equations is secured. 
The atmospheric pressure may be less than critical relative to pi, whence 
the corresponding critical pressure pe should be used in place of p 2 . If the 
atmospheric pressure is not less than critical, the pressure p 2 is atmos¬ 
pheric and is known. If we are to allow for a variable rate dm/dt, we can 
suppose that dm/dt is a given function of i, inasmuch as dm/dt will prob¬ 
ably change according to a known law. Since this derivative will un¬ 
doubtedly change relatively slowly the equation (6.51) is still valid. 

If m is small compared to Mo, as is true near the start of flight, we can 
drop the second term in (6.45) to get 

MoJ-" = F,2m' + F. (6.52) 

Equation (6.52) is the equation of motion of a body with mass Mo subject 
to the thrust F, 2 m'. Actually, by (6.44) the thrust on the rocket is 

(F ,2 - x')m'. 

If, however, Vs 2 is large compared to x\ we can take this thrust to be 
Va 2 m\ Consider the F-2. Unless the rocket has attained a tremendous 
speed, we will have y «2 dominating x'. See Figure ] 31 for a F-2. 

6.15. Gasoline and diesel engines. The process in a four¬ 
cycle gasoline engine can be approximated by the Otto cycle of Figure 132 
when p is the pressure in the cylinder and V is the cylinder volume. We 
suppose for rough calculations, that the gas in the cylinder can be treated 
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Fig. 131. A V-2 rocket taking off at White Sands, New Mexico. Courtesy of the United States Army Air Force. 
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as air at least where the gas laws are concerned. The line segment 12 repre¬ 
sents the isobaric intake of the suction stroke. The pressure is practically 
atmospheric. The mass of gas in the cylinder increases so that the line 
segment 12 does not represent the varying states of a given mass of gas, but 
rather the instantaneous state of the gas in the cylinder, where the mass 
of the gas is varying. The curve 23 corresponds to the adiabatic compres¬ 
sion of the gas in the cylinder. We are neglecting here the nonuniformity 
of the gas, friction, and conduction of heat through the walls. The line 




segment 34 represents the explosion, which takes place at constant 
volume. 

To compute the enthalpy of the state 4 we need but add the enthalpy 
of combustion to the enthalpy at state 3. The curve 45 corresponds to 
the adiabatic expansion of the gas in the cylinder as the piston makes its 
power stroke. The line segment 52 indicates the drop in pressure when the 
exhaust valve opens. This drop is actually accomplished by the loss of 
some of the cylinder gas to the atmosphere. The isobaric exhaust stroke 
is taken care of by going from 2 back to 1 along the line segment 12, 
whence the cycle is completed. In computations on the gasoline engine 
it is often unnecessary to treat the states from 1 to 2. 

In Figure 133 we have indicated a four-cycle diesel process. This differs 
from the Otto cycle of Figure 132 primarily in that combustion takes 
place at practically constant pressure, while the piston is moving in the 
cylinder expansion direction during part of the power stroke. 

The compression ratio of the engine is known from the geometry of the 
engine. 


6 . 16 . One cylinder gasoline engine during intake. In the 
previous section it is assumed that the pressure in the cylinder is atmos¬ 
pheric during intake. Actually, the cylinder pressure is less than atmos- 
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pheric. We shall now take this factor into account, and develop the 
equations which describe the motion. 

The rotating parts will be referred to an angle 0 which the crank makes 
with the vertical (see Figure 134). The same notation will be used for the 
state of the gas mixture in the cylinder as in Section 6.12 where we treated 
the flow of a gas into a vessel; that is, Tv, Wv, and Gv will be used for 



Fig. 134. One cylinder gasoline 
engine during intake. 


the pressure, absolute temperature, specific volume, internal energy 
density, and weight of the gas in the cylinder, respectively. We shall use 
the same notations for the intake valve outlet and supply variables, 
namely, p„ r*-, Ui, hi, and Vh for the valve outlet pressure, specific 
volume, internal energy density, absolute temperature, enthalpy, and 
speed, and the subscript s in place of i for corresponding supply variables. 

We let Wa and Wg be the respective rates of flow by weight of the air 
and the gasoline into the cylinder, so that 

dG„ , 

-gr = 

We shall suppose that most of the pressure drop is across the cylinder 
valve and shall therefore neglect the drop between the atmosphere and 
the carburetor. The carburetor pressure is then atmospheric pressure 
We suppose that the mixing of the gasoline and the air takes place at the 
carburetor. To simplify the argument we shall assume that it is known 
that Wg is a definite proportion of Wa> Let ha and hg be the enthalpies of the 
air and gasoline at atmospheric temperature and pressure. Assuming that 
the mixing of the gasoline and air takes place at constant pressure and 
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temperature, the enthalpy A, of the mixture is given by 

{Wa + Wg)K = Waha + Wghg. 

If ^o> ^ 0 ^ and Ug are, respectively, the internal energy densities of the air, 
the gasoline, and the mixture of the air and the gasoline at atmospheric 
pressure and temperature, there is the corresponding relation 

(Wa + Wg)Us = WaUa + WgUo, 

which will not be explicitly needed for what follows. 

The supply pressure is the pressure p, of the atmosphere. We neglect 
the throttle for which there is but little enthalpy change. We let A 
be the area of the cylinder piston. For an easily determined function x{B) 
the coordinate of position of the piston is related to the angle 6 by the 
relation 

X = x{d), (6.53) 

and the volume Vo of the cylinder satisfies a relation 

Vo = V{d) (6.54) 

for a known function V(B). 

The equations of Section 6.12 now apply except that the energy equa¬ 
tion (6.30) must be corrected for the movement of the piston. The power 
associated with the movement of this piston is 


where x increases in the downward direction, so that equation (6.30) 
becomes 

We let I{B) be the moment of inertia of the rotating parts and members 
rigidly connected to the crankshaft such as the piston, with respect to 
the axis of rotation. Further, we let r{B, pv) be the torque on the crank¬ 
shaft due to cylinder pressure, L the load torque, and F{B') the friction 
and windage torque, the prime denoting derivative with respect to time. 
We then have 

I(e)B" = r(B, p.) - FiB') - L (6.56) 

as the torque equation. 

The driving torque t{B, p^) can be derived from the force (p^ — pg)A 
acting on the piston, the geometry involved, and the fact that if we 
neglect friction, the force (p» — p«)A is balanced by the reaction of the 
connecting rod on the piston. 

We now have 14 equations in (6.32), (6.35), (6.36), (6.38)~(6.41), 
(6.53)-"(6.56), and (6.42) or (6.43) as the case may be. These are 14 equa¬ 
tions in the 14 unknowns Uvj Tv, Ti, pv, p*, h*, G„, Ki, Fo, d, and x. 
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The remaining strokes of the ei^ne are easier to analyze. 

If we wish to take account of such factors as heat conduction through 
the cylinder wall, the system of equations obtained above must be modi¬ 
fied accordingly. It is not difficult to extend the results of this section to 
an actual engine, and to an engine with more than one cylinder. 

6.17. Steam. The techniques developed in this chapter apply to 
steam as well as other vapors. We must often be concerned with the 
quality of the steam, where quality is defined as follows: in a mixture of a 
liquid and vapor the quality is the per cent by weight that is vapor. Ex¬ 
tensive tables of the thermodynamic properties of steam are available. 

If the temperature of a vapor is much higher than condensation temper¬ 
ature, or if the pressure of the vapor is very low, it may be treated as a 
perfect gas; otherwise this is not possible. For steam, various equations 
of state relating pressure, volume, and temperature have been obtained 
experimentally, and corresponding sets of values may be found in tables. 
That part of the thermodynamic theory developed above which is not 
based on the general gas law applies to steam. 
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Second law of thermodynamics 


7.1. The Kelvin-Planck and Clausius formulations of the 
second law of thermodynamics. From the first law of thermodynamics 
we gather that heat can be converted into an equivalent amount of work. 
From the second law we know that we cannot do this without making 
other changes in the given system and the environment. To formulate the 
second law of thermodynamics it is convenient to introduce some terms. 

An engine is a device that does work. We shall consider engines that 
operate with working substances, such as air or steam, where the working 
substance goes from a state A through intermediate states back to the 
state A, this process being repeated over and over. Such an engine is 
said to operate in a cycle. A steam turbine combined with a boiler and 
condenser operates in a cycle. Here water is constantly recirculated. 

A resertmr is a body to which any amount of heat can be added, or from 
which any amount of heat can be extracted, without changing the temper¬ 
ature of the body. The ocean is an example of a body which can, for prac¬ 
tical purposes, be generally considered a reservoir. The boiler supplying 
a steam turbine is another example of a reservoir. Whether or not a phys¬ 
ical body can be treated as a reservoir depends on the processes studied. 

Law 7.1. (Kelvin-Planck form of the second law of thermo¬ 
dynamics). It is impossible to construct an engine that, operating on a 
cycle, will extranet heat from a reservoir, and produce an equivalent amount of 
work {such as raising a weight) without other thermodynamic effects. 

Law 7.2. (Clausius^ form of the second law of thermo¬ 
dynamics). It is impossible to construct a device that, operating on a cycle, 
will transfer heat from a cooler to a hotter reservoir with no other effects on 
the system and its environment. 

A device that operates on a cycle, extracts heat from a cold reservoir, 
and adds heat to a hot reservoir, is called a refrigerator. By use of engines 
and refrigerators we shall show that Laws 7.1 and 7.2 are equivalent. 
This can be accomplished by showing that when one of the laws is vio¬ 
lated, the same is true of the other. 

Suppose that Law 7.2 is violated, and that we have a refrigerator that 

1223 
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during a cycle transfers heat Q 2 from a cold reservoir to a hot reservoir, 
without work being done on the refrigerator. Assume that an engine E 
operates between the same two reservoirs and during a cycle delivers heat 
Q 2 to the cold reservoir, while extracting heat Qi from the hot reservoir, 
and doing an amount of work W where = Qi — Q 2 . Suppose that 
the engine and refrigerator go through a cycle simultaneously. The refriger¬ 
ator and engine together extract heat (Qi — Q 2 ) from the hot reservoir, 
and convert this into work. We may suppose that this occurs without 
other thermodynamic changes. Law 7.1 is now contradicted. 


Hot reservoir 

Qi 

Q\*Q2 

(e) - ^ — H 



Y 

<h 

Cold reservoir 


Fig. 135. Impossible engine- 
refrigerator combination. 


Suppose that Law 7.1 is violated, and that an engine during a cycle 
draws heat Qi from a reservoir (called hoi) and turns this directly into 
work W ( 7 *^ 0 ). We use this work to drive a refrigerator R, which during a 
cycle draws some amount of heat Q 2 from a cold reservoir, and delivers the 
heat (Qi + Q 2 ) to the hot reservoir, using up the work W (sec Figure 135). 
Assume that the engine and refrigerator go through a cycle simultane¬ 
ously. The engine-refrigerator combination transfers heat Q 2 from the 
cold reservoir to the hot reservoir without other changes in the system 
and its environment; this violates Law 7.2. 

The second law of thermodynamics implies, for example, that it is 
impossible to operate an engine on a cycle by merely extracting heat 
from the earth, and turning this heat directly into mechanical .work or 
some other form of work. 

We shall derive mathematical consequences of the second law of 
thermodynamics in sections to follow. 

The laws of thermodynamics are important, in particular, in that we 
can determine basic limitations on the performance of equipment of vari¬ 
ous designs, and determine the optimum performance of a given design. 

A mathematical advantage of an engine operating on a cycle is that a 
thermodynamic relation for a cycle does not involve internal energy. 
Thus if we start a cycle with a state A, we return to A upon the comple¬ 
tion of the cycle so that Ub =» Ua in (6.7), and (6.7) becomes simply 
<? « W. 
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In the above proof we have assumed the existence of the engine E and 
refrigerator R regardless of the magnitudes of Q 2 and W respectively. 

7.2. Carnot cycle. In a power cycle some heat is absorbed from 
a hot reservoir during one part of the cycle, and a smaller amount is 
given to a cold reservoir during another part, the work done being equiv¬ 
alent to the difference between these heats. Thus in a steam power cycle 
some heat comes from the boiler, which is the hot reservoir, and some of 
this heat is discharged to the condenser, which is the cold reservoir. We 



shall show that the most efficient engine operating on a cycle between 
hot and cold reservoirs is one that operates on a reversible cycle of which 
the Carnot cycle is an example. 

A Carnot cycle is a process with a working substance first in thermal 
equilibrium with a cold reservoir at a temperature Ti. A reversible adia¬ 
batic process is performed on the substance so that the temperature of the 
substance rises to the temperature T 2 of a hot reservoir. The working 
substance is kept in contact with the hot reservoir during a reversible 
isothermal process while a quantity of heat Q 2 is absorbed from the reser¬ 
voir. A reversible adiabatic process is now accomplished until the temper¬ 
ature of the working substance drops to Ti. The substance is kept in con¬ 
tact with the cold reservoir during a reversible isothermal process until 
the substance returns to its initial state. The cycle is now completed. 
During contact with the cold reservoir the substance delivers some heat 
Qi to this reservoir. 

In Figure 136 we have pictured a Carnot cycle for a gas. The gas is 
compressed adiabatically from 1 to 2 so that the gas goes from the tem¬ 
perature Ti to the temperature T 2 . The gas then expands isothermally at 
the temperature T 2 from 2 to 3, absorbing heat from a hot reservoir. The 
gas then expands adiabatically until the temperature Ti is reached at 4. 
The gas is now compressed at the temperature Tu rejecting heat to a cold 
reservoir until the point 1 is reached again, and the cycle repeats. 
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If we perform the Carnot cycle in reverse order we have a Carnot 
refrigerator. 


7.3. Engine operating between two reservoirs. An engine 
operating on a cycle between two reservoirs must extract heat from the 
hotter reservoir, and deliver heat to a colder reservoir, as the following 
argument shows. 

Suppose, on the contrary, that an engine E during a cycle extracts 
heat Q 2 from a cold reservoir C and transfers heat Qi to a hot reservoir H, 
as in Figure 137. To be an engine, E must deliver a positive amount of 



Fig. 137. An impossible con-* 
figuration. 


work (Q 2 — Qi), so that Q 2 > Qu We use the engine to drive a perfectly 
feasible refrigerator R which during a cycle draws some heat Qa from C, 
and thus delivers heat (Q 2 — Qi + Qs) to H. Assume that the engine and 
refrigerator combination go through a cycle simultaneously. The engine- 
refrigerator combination does nothing except transfer heat {Q 2 + Qa) 
from C to if, which contradicts the second law of thermodynamics. 

Since an engine puts out work it follows that an engine operating be¬ 
tween two reservoirs must extract a larger amount of heat from the hot 
reservoir than it discharges to the cold reservoir. 

7.4. Carnot cycle as a most efficient cycle. To prove that a 
reversible cycle is a most efficient cycle operating between two reservoirs, 
let us compare an engine A operating on a reversible cycle with a second 
engine B. Let us suppose that these engines both produce the same work 
W. We shall assume that during a cycle the engine A absorbs heat Qa 
from the hot reservoir, and rejects (Qa — W) to the cold reservoir. By 
deffiiition the efficiency ot A is tia given by W/Qa. 

Let us suppose that during a cycle the engine B absorbs heat Qb from 
the hot reservoir, whence it rejects (Qb — W) to the cold reservoir. The 
engine B has the efficiency riB equal to W/Qb. 

Suppose that 


Vb > Va- 
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It follows from the formulas for the efficiencies that 

Qa > Qb. (7.1) 

We now use the work of the engine B to drive the engine A backward 
as a refrigerator /?. We can drive A backward because the cycle for A is 
reversible. During a cycle the refrigerator R now delivers heat Qa to the 
hot reservoir, and extracts heat (Qa — W) from the cold reservoir. Dur¬ 
ing a cycle of the engine-refrigerator combination the net heat extracted 
from the cold reservoir is [(Qa — WO — (Qb — W^)], which is (Qa — Qb)- 
By (7.1) this dilTerence is positive. 

The total heat delivered to the hot reservoir during a cycle is the same 
difference (Qa — Qb). Thus the engine B-refrigerator R combination does 
nothing except transfer heat from a cold reservoir to a hot reservoir. This 
contradicts the second law of thermodynamics. Thus 

VB ^ VAy 

as was to be proved. 

Since a Carnot engine operates on a reversible cycle, the Carnot cycle 
is an example of a most efficient cycle. 

It follows that any two engines operating on reversible cycles between 
the same two reservoirs have the same efficiency. 

Consider a path C joining pointsL and M in the pr-plane of a substance, 
and a physical process corresponding to going from L to M along C, By 
(6.7) 

QhAf = Um — + W^L3f, 

where Qlm is the heat transferred during the process, Wlm is the work 
done during this process, Ul is the internal energy of the substance at 
the point L, and Um is the internal energy of this substance at the point M, 
Suppose that we reverse the process by going from M to L along the path 
C. By (6.7) 

Qml = Ul - Uy + Wml, 

where Qml and Wml are the heat and work associated with the process. 
Since the work is the integral of pdr along the path, it follows from the 
calculus that Wml is the negative of Wlm. As a consequence Qml is the 
negative of Qlm. Thus the heat and work associated with going from the 
state L to the state M along C change sign when loe go from M to L along C. 
Although we did not need this result for the proof above, we shall use it 
later. 


7.5. Kelvin temperature. The Carnot cycle enables us to give 
a fundamental mathematical treatment of temperature. 

We can measure the pressure p and specific volume v of a substance, 
assumed to be in a state of thermal equilibrium. We might use other 
thermodynamic variables than p and v. If two bodies are placed in contact 
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with each other, and are thermally insulated from the environment, we 
know from experience that these bodies will eventually reach thermal 
equilibrium. 

For the definition of Kelvin temperature we shall assume that we have 
reservoirs available at all temperatures. We can tell whether or not two 
such reservoirs Ri and Rz are at the same temperature by placing a non¬ 
reservoir body A in contact with Ri, where A and Ri are thermally insu¬ 
lated from the environment. After A reaches thermal equilibrium place A 
in contact with Rz immediately and have A and Rz thermally insulated 
from the environment. If A remains in the same thermal equilibrium, the 
reservoirs Ri and Rz are at the same temperature; otherwise not. We can 
assign a value of a variable 6 (we assume that one variable is enough) to 
bodies at the same temperature, so that for bodies with different tem¬ 
peratures the corresponding values of 6 are different. Then 6 denotes 
temperature. 

In Section 6.5 we introduced the concept of internal energy by ther¬ 
mally insulating a body from the environment and doing work on it. We 
can arrive at the concept of heat in terms of internal energy and work 
through equation (6.7) in the statement of the first law of thermodynam¬ 
ics. We therefore assume in what follows that we can measure the quan¬ 
tities of heat involved. 

Let Ri and Rz be two reservoirs at temperatures 6i and 6z, where 
6i dz- Suppose that a Carnot engine during one cycle absorbs Qi units 
of heat from Ri and delivers Qz units of heat to Rz. The efficiency rjn of 
the cycle is 



We can write 



The quantity iyi 2 is independent of the nature of the working substance; 
in fact rjiz depends only on the temperatures 6i and dz, from which it fol¬ 
lows that 

& = 9(eu ed (7.2) 

V2 

for a function g(du Oz). Let ^3 be a value of 6 distinct from 0i and 6z, and 
suppose that a Carnot engine, operating between Rz and a reservoir Rz 
at the temperature ^ 3 , during one cycle absorbs heat Qz from Rz, and 
rejects a certain amount of heat Qz to Rz. In this case 

& = gie„ 0,). (7.3) 

V3 

Since the heat Qz rejected by the first Carnot engine is absorbed by the 
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second Carnot engine, these two engines together can be combined to 
form a third Carnot engine that during a cycle absorbs heat Qi from Ri, 
and discharges heat Qi to Rz. Thus 

^ = giei, 6i). (7.4) 

V3 

From (7.2)-(7.4) there follows 

"■> - fsTT)- 

Since Rz is rather arbitrary, we consider (7.5) to be an identity in 6z, To 
simplify the notations in the argument to follow, we write 


0i = r, = y, Oz = z. 


In this notation (7.5) becomes 

We suppose that the 0-temperature scale can be chosen so that dg{x, z )/ 
dz exists and is a continuous function of z. Differentiating both sides of 


(7.6), the equality 



dg{x, z) 

dg(y, z) 


dz 

dz 


g(.x, z) 

giy, z) 

is obtained. Thus 

dg(x, z) 



dz 

= h(z) 


g(a‘. z) 


for a function h{z). Since the left side of (7.7) is the derivative of In g{Xy z) 
with respect to z, 

In g(x, z) = X(z) + In f(x) 
for functions/(j) and X(z), where 

X'(z) = h(z). 

We can now write 


so that by (7.6) 


from which 


ff(^, 2 ) = 


y) = 


/(»•) 

/(y)’ 


Qi 

Qi fi^i) 


By definition the Kelvin temperatures Ti and T* of Ri and fl, are such 
that 



230] 

from which 


SECOND LAW OF THERMODYNAMICS 


[chap. 7 



(T.8) 


Thus two Kelvin temperatures are to each other as the heais absorbed and 
rejected by a Carnot engine operating between reservoirs at these temperatures. 

Since the Q’s are positive quantities in the above argument, the T’s 
must have the same sign. We therefore take the T’s non-negative. We 
note that since Qi > Q 2 for the reservoirs jRi and R 2 treated above, we 
also have Ti > T 2 . 



Fig. 138. Carnot cycle of a 
perfect gas. 

We let Tg and Ti be the Kelvin temperatures at the steam and ice 
points respectively. By definition 

T. - 7\ = 100. 

If a Carnot engine rejects no heat to the reservoir at the lower tempera¬ 
ture, this temperature is absolute ^ero. 

We shall obtain a relation between degrees Kelvin and degrees absolute 
on the centigrade scale. For this purpose we consider the Carnot cycle of 
Figure 138 for a perfect gas. The isothermal processes from D to A and 
from B to C are arcs of equilateral hyperbolas with the equations 

pV = nRdu 
pV = nR92, 

for absolute temperatures 6u ^ 2 , pressure p, volume V, gas constant R and 
number of moles n. For the adiabatic processes from A to B and C to £) we 
have the equations 

pVy « Ki, 
pVy = K2 

in the adiabatic exponent 7 , and constants Ku K 2 * By the first law of 
thermodynamics (see 6 . 21 ) we have 

9Q = nCvdO + pdV 


(7.9) 
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for the temperature B, heat 6Q, and the specific heat at constant vol¬ 
ume. Applying this relation to the isothermal process from B to C we find 
that the heat Qi absorbed by the engine is 




pdV = n /?^2 In 

Vn Vb 


where Vb and Vc are the values of F at B and C respectively. Similarly, 

Qi = nRBi In ^ 

V A 

for the heat Qi rejected to the cold reservoir during the isothermal process 
from D to A, and the volumes Va and Fz> at A and D respectively. Thus 

Q, v: 


Since the process from A to B is adiabatic we set 5Q equal to zero in 
(7.9) to obtain 

pdV = —nCvdS, 

which can be written as 

dV 

B^-^ = —CvdB. 

Integrating from A to B we have 


Therefore 


Whence 


R J», e Vb 

tic prcxiess from C to D 

'-T- -‘"n 


Similarly for the adiabatic prcxiess from C to D we have 


It follows that 


, Va , Vn 
In == In 


, Vc , Vn 

Qi ^ ei 

Q 2 B 2 

h^h 

$2 T 2 


for the Kelvin temperatures Ti and 7% associated with the cold and hot 
reservoirs, respectively. 



SECOND LAW OF THERMODYNAMICS 


[chap. 7 


232] 

For the steam and ice points 

Si ““ r/ 

where the subscript $ indicates a temperature at the steam point and 
the subscript i indicates a temperature at the ice point. Since the number 
of degrees between these points is 100 for both the Kelvin and centigrade 
temperature scales we have 

Si + 100 _ Ti + 100 
Si Ti 

Thus di and T, are equal. Since for any value of 6 the corresponding value 
of T satisfies the equality 

e. Ti 


Thus the Kelvin temperature is equal to the absolute temperature in degrees 
centigrade. 


7.6. Entropy. With each isothermal we can associate a corre¬ 
sponding temperature. It would also be desirable to be able to associate a 
value of a convenient variable with each reversible adiabatic process. 
Such a variable called entropy will now be introduced. Except where men¬ 
tion is made to the contrary, in the sections to follow a reversible process 
will mean a directly reversible process, where if we go from state A to 
state B through intermediate states, we can go through these states from 
A to B in reverse order, and the process is so slow that the intermediate 
states are states of equilibrium. 

We shall consider curves passing through a region of the />?5-plane for a 
given substance. Here p denotes pressure, v specific volume, and T to 
follow will be Kelvin temperature. We assume that for the region con¬ 
sidered two isothermals do not pass through the same point. We know 
from experience that a substance with an equation of state cannot gen¬ 
erally (there are exceptions) be at the same pressure and volume in two 
different states with different temperatures. Further, that two isothermals 
do not pass through the same point follows from the assumption that T 
is a single-valued function of p and Vy which assumption implies that there 
is exactly one isothermal curve through a point (p, v) of the p, ??-plane. 
This assumption underiies the development to follow. As an exception, 
water at maximum density has intersecting isotherrnals. 

Through each point of the part of the pr-plane of physical interest 
there is a reversible isothermal. This can be seen as follows. We assign 
values to p and r, and obtain a corresponding value of T. We place the 
substance with this set of values of p, v, and jT in a cylinder whose wall is a 
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reservoir at the temperature T. By moving a piston in the cylinder we can 
make the substance undergo an isothermal process that is clearly revers¬ 
ible, it being assumed that the substance is in thermal equilibrium for 
(Mch positioTi of the piston, and the work is stored for use in reversing the 
process. To realize approximately a process in which a substance goes 
through equilibrium states we can perform the process very slowly. 

Each curve on the pv-plane may be considered to represent a reversible 
process. An irreversible process cannot be represented by a curve on this 
plane. 

In practive, er)en through a process takes place rapidly^ as in the explosion 
of a gasoline mixture in the cylinder of a gasoline engine, we can often at¬ 
tain very accurate results by supposing that the substance undergoing the 
process is at each instant in thermal eqiiitibriiim. 

We can take a substance at a given pressure p, specific volume r, and 
temperature T, and insulate it from the environment by placing it in a 
cylinder with a piston. We suppose that the piston is moved in such a 
way that the work is stored for use in reversing the process, and that the 
thermodynamic coordinates of the substance are changed adiabatically 
and reversibly. There is thus a reversible adiabatic through each point of 
physical interest on the p^^-plane of the substance. Of course, in practice 
we can only approximate reversible adiabatics. 

Suppose that an arc C of a reversible adiabatic and an isothermal co¬ 
incide. We exclude T = 0, because by equation (7.15) to follow, the 
vanishing of T along a curve in the p, t)-plane implies the vanishing of the 
heat AQ transferred. Along an isothermal we have T = To for a constant 
To. We assume that we can solve the equation of state To = T(p, v) for p 
in terms of v. Substituting for p in (6.10), assuming that the differentia¬ 
tions can be performed, and setting BQ equal to zero, we obtain a differ¬ 
ential relation in v, which we suppose is ^ 0 in dv. It follows that r is a 
constant. We know, however, that we can vary the volume of a substance 
adiabatically, a contradiction. We might have solved To = T(p, v) for v 
in terms of p, and gotten p a constant, again a contradiction. Hence the 
reversible adiabatic and isothermal arcs do not coincide. We also conclude 
that adiabatic and isothermal curves are not asymptotic. 

Suppose that two reversible adiabatics A\ and >12 cross at a point P. 
Let M be a point on >li distinct from P and not on >l 2 , and let Im be the 
isothermal through M. Suppose that Im meets the adiabatic ^42 in a point. 
The curves ^ 2 , and Im now form a loop composed of an adiabatic 
and an isothermal. We describe the loop clockwise with an engine E. 
The engine then must draw some heat Q from a reservoir (during Im) 
and turn this directly into work. This violates the second law of thermo¬ 
dynamics. Thus we cannot have a loop formed from two reversible adia¬ 
batics and a reversible isothermal. 

Suppose, now, that regardless of the position of Mon Ax the isothermal 
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IM does not meet the adiabatic As the point M crosses P the isothermal 
/w deforms continuously, by assumption, from what it is on one side of A 2 
to what it is on the other side. This implies that A2 is an isothermal, a 
conti;adiction. In any case adiabatic curves do not cross. 

The assumption that Im deforms continuously as M moves is based on 
experience. The concept of continuous deformation can be expressed in 
precise mathematical terms, and a rigorous treatment given. 

By the discussion above concerning a loop composed of an adiabatic 
and isothermal we know that a reversible adiabatic curve can cut a reversible 
isothermal in at most one point. 

Suppose that a reversible isothermal I and a reversible adiabatic A do 
not cross. We select a continuous curve CDE that crosses A at the point 
D between C and JEJ, and of which the one end C is on I. It is assumed 
that this curve is of finite length. Let P be a point on this curve. As F 
moves from C to D the isothermal through F deforms continuously into an 
isothermal Id that is tangent to the adiabatic A at D. We are assuming 
that the adiabatics and isothermals have tangents at each point, and that 
as we move along any continuous curve the isothermal through a point 
of the curve deforms continuously. We can move a point F' on the curve 
CDE from the point E to D. The corresponding isothermal will deform 
continuously into the isothermal through D. This isothermal will not cut 
A since I does not cut A. Thus approaching the point D from either side 
on the curve CDE, the isothermals do not cut A, which is between them, 
but still approach each other. Then A is the limiting isothermal at D, a 
contradiction. We conclude that each reversible isothermal cuts each revers¬ 
ible adiabatic. 

In any region of the pv-plane with which we may be concerned it is 
assumed that an adiabatic or isothermal cannot end abruptly at a point 
within the region, but must go from boundary to boundary. If we are con¬ 
cerned with an unbounded portion of space, we suppose that for every 
region belonging to this portion of space the adiabatic and isothermal 
curves go from boundary to boundary, or recede from any finite portion 
of the plane. 

The discussion above shows that the adiabatic and isothermal families of 
curves of a given substance have convenient properties. 

We consider an arc AB of the pr-plane of a substance, where AB joins 
adiabatics Ai and A 2 through A and B, respectively, and the arc AB lies 
between the curves Ai and A2 (see Figure 139). We can find isothermals 
1 1 and h so that the region bounded by the adiabatics Ai and A 2 and the 
isothermals h and h contains the arc AB. We can then find an inter¬ 
mediate isothermal I so that the area (by integration) under the curve 
ACDB, composed of the adiabatic £urcs AC and DB, and the isothermal 
arc CD of I joining Ai and Aj, is equal to the area under the given arc 
AB (these areas are of regions extending to the v-axis). 
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By (6.7) we have 

Qab = Ub Ua 4" WaB 

for the heat Qab transferred during the process AB, the internal energy 
Ub at B, the corresponding energy Ua at A, and the work Wab for the 



Fig. 139. Arc AH joittinia; adi- 
abatics A\ and Az* 



V 

Fiff* 140* (Closed revernible procesH C, 


process AB. Since Ua and Uado not depend on the curve joining A and B, 
and the work for ACDB is Wab, the heat transferred during the process 
ACDB is Qab, whence the heat transferred during the isothermal portion 
CD is equal to the heat transferred during the original process AB. 
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Let us consider a simply connected region on the pr-plane bounded by a 
continuous curve C. We assume that each arc of C represents a reversible 
process. See Figure 140. Through a point in the region bounded by C we 
can draw an adiabatic Ai. Through a point of the region not on yli we 
draw a second adiabatic A 2 . We shall assume that in the portion of the 
plane between Ai and A 2 there are only a finite number of arcs of the 
curve C cut out by these adiabatics. We assume that C is of finite length. 
We can then pass between Ai and A 2 adiabatics that subdivide the arcs 
between Ai and A 2 into subarcs of maximum length 6, where 5 is an 
arbitrary positive number. We can similarly subdivide the rest of the 
curve C by adiabatics so that no arc of C so obtained has length greater 
than 5. In Figure 140 we have pictured the adiabatics by dashed curves 
running from the upper part of the first quadrant to the lower part. 

We let i4 and E be points at which adiabatics meet the curve C but do 
not cross so that the adiabatics that cross C lie between the adiabatics 
through A and E. Consider a set of adiabatics that cut the curve C into 
a finite number of arcs of maximum length 6, where this set includes the 
adiabatics through A and E. Let the curve and adiabatics be such that 
the arcs can be paired so that we can associate a Carnot cycle with each 
such pair of arcs in the following manner. In Figure 140 we have pictured 
such a pair of arcs AB and AD, The arc AB is replaced by AabB, where 
Aa and bB are adiabatic arcs, and ab is an isothermal arc such that the 
heat AQi transferred during the process ab is equal to the heat trans¬ 
ferred during the process AB. Similarly, the heat AQ 2 transferred during 
the process AD is equal to the heat transferred during the process cor¬ 
responding to the isothermal arc dc. The process corresponding to the 
closed loop abed is thus a Carnot cycle. The loop efgh for the two arcs 
adjoining AB and AD is another-Carnot cycle. 

We shall use notations AQi and AQ 2 to designate signed quantities. 
Here AQi is positive because this is heat taken on by the engine, and AQ 2 
is negative, being heat rejected to a cold reservoir. As usual T’s denote 
degrees Kelvin. By Section 7.5 

^ + -^ = 0 . 

i 1 i 2 


Similarly, for the cyde efgh we have an equation 


AQ, , AQ4 
Ta Tt 


= 0 . 


If there are n cydes in all, the equations of this type may be added to give 


2n 



0 . 


(7.10) 
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After a relabeling of the subscripts we can write the sum in (7.10) as a 
sum of two summations 

m 2n~-m 

i * 1 * * 1 


where the first involves heat increments for the arc ABE only, and the 
second increments for the arc EDA, We suppose that we are working 
with a unit weight, say one pound of the given substance. If we take the 
limit of the first summation as b goes to zero, assuming that this limit 
exists, we obtain the line integral 

f du + pdv 

J ABE T 

along the curve ABE for the internal energy a (per pound) and specific 
volume r, whereas the limit of the second summation as 6 goes to zero 
is the integral 

f du + pdv 

Jeda r 

along the arc EDA, if this integral exists. The sum of these integrals is 
then the limit of the left member of (7.10) as 6 goes to zero. Since this 
limit is zero we have (for the clockwise integral around C) 


du + pdv _ f 

! E J Ai 


du + pdo 


du + pdv _ 
i f 


Let us assume that the curve C represents a directly reversible process 
bringing a body from the state represented by the point A back to the 
point A, The process can then be reversed so that we can run through 
the states in counterclockwise order as well as clockwise. Since the line 
integral of (du + pdv)/T along EDA is the negative of the line integral 
along ADE we have 


du + pdv 

f 




dll + pdv 
T 


(7.12) 


The points A and E were specially chosen on the curve C. Since the line 
integral of (du + pdv)/T around C vanishes, we have (7.12) valid for any 
choice of points A and E on C, assuming that the integrals exist. Since 
(7.12) is valid for every curve C on which A and E lie, where C has the 
properties assumed in the above argument, we conclude that the value 
of the line integral 


is independent of the path joining the points A and E for a large class of 
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paths. We decide that the differential expression 

(iu + pdr 

f 


(7.14) 


is exact and is the total differential (fe of a function 5. 

We can now state a mathematical consequence of the second law of 
thermodynamics. 

The expression (7,li) is the total differential ds of a function s of two of the 
variables in the set p, v, T (the function being called the entropy of the given 
substance). 

Experience shows that the entropy function exists even for those excep¬ 
tional cases where isothermals cross each other. The above result of the 
second law of thermodynamics was proved by assuming reasonable prop¬ 
erties concerning adiabatics, isothermals, and limits. We postulate that an 
entropy function exists for each thermodynamic system. The variables 
need not be p, v, and T, but may, for example, be the tension in a wire, the 
length of the wire, and the absolute temperature, it being assumed that 
the pressure and volume changes in the wire are negligible. 

The integral (7.13) is — Sa) for the entropy Sm at E and entropy Sa 
at >1. We can start with any state >1 as a reference state and choose an 
arbitrary real value for Sa- The integral (7.13) now determines the entropy 
at E. Suppose that this integral is over a directly reversible process. Then 
having determined the value of the entropy function at the point E we 
can return to the point A so that the state of the given substance and its 
environment that first existed at A is revived. We can now leave A along 
a reversible path to a point F on the pi?-plane, and determine the entropy 
at this point. We can then return to A and the initial state at A, and then 
embark along a reversible path to another point of the pr-plane. In this 
manner we can determine values of the entropy function for the given 
substance at all points of interest in the region of the pr-plane associated 
with this substance. 

If the curve joining A to £ is a reversible adiabatic, we have 

du + pdv = 0, 

so that the integral (7.13) vanishes. It follows that along a reversible 
adiabatic the entropy is constant. The reversible adiabatic is therefore an 
isentropic. With distinct reversible adiabatics go different values of the 
entropy. 

Along an isothermal the temperature T is a constant. Therefore if Q 
units of heat are transferred to a substance during a reversible isothermal 
process with the temperature T, the change in entropy of the substance is Q/T. 

In the statement and proof of Law 7.3 to follow the term ''reversible'' 
will mean only that the system and its surroundings can be restored to 
their original state, whereas "directly reversible" will mean that we are 
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always in equilibrium and can traverse the intermediate states in reverse 
order. 

The second law of thermodynamics can be stated in the following form. 

Law 7.3. Mathematical formulation of the second law of 
thermodynamics. Consider a thermodynamic system. There exists an 
integrating factor T such that 

T 

is the total differential ds of a function (entropy) s associaled with the given 
system^ and for an adiabatic process the change in entropy As is positive or 
zerOy while for a reversible adiabaiic process As = 0. 

For a directly reversible adiabatic process 6Q = 0, so that the entropy s 
is constant, whence = 0. 

We assume that p and v are single valued functions of T and s for all 
values of T and s which enter into the argument, and that along directly 
reversible isothermals s is a single valued function of p or v, and along 
directly reversible adiabatics T is a single valued function of p or v. 

Suppose now that we go from a state A with the temperature Ti and 
entropy Si to a state B with the temperature and entropy ^2 by an 
adiabatic process We can take the given system from B back to A by 
the following reversible process. Let the system undergo a reversible 
adiabatic process BC to some arbitrary temperature Tz. Then subject the 
system to a reversible isothermal process CD until at some state D the 
reversible adiabatic with entropy Si is reached. Now let the system 
undergo a reversible adiabatic process DA. We have thus a cycle com¬ 
posed of the adiabatic processes AB, BCy and DA, and the isothermal 
process CD. Let Q be the heat received or lost by the system and W the 
work done during the cycle. By the first law of thermodynamics 

Q = W. 

If W and Q were positive, the system would receive heat and convert 
this into work. We may suppose that there are no other thermodynamic 
effects, and that the system contacts a reservoir during CD. Law 7.1 is 
now violated. Thus Q ^ 0. Let As be the difference Sz — ^i. For CD we have 

Q = Tz(si — ^ 2 ), 

whence 

As ^ 0. 

If Q is zero we have 

W ^ As ^0, 

and the process AB is a reversible adiabatic whenever the environment is 
unaffect^ by the process ABCDA. The process BCD A restores the origi¬ 
nal state of the system. 

Suppose that the adiabatic process AB reversible. We can then go 
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from B back to A by a process BA, restoring the original state of the 
system and its environment. For the process BA there is then no net 
heat transfer between the system and its surroundings. Consider the 
cycle composed of the path ADCB (the reverse of BCD A described above) 
and'the process BA. For this cycle the work W is done, where 

W = Tz{s2 — Si) = TzAs. 

If A5 > 0, this violates Law 7.1. It follows that As = 0 for a reversible 
adiabatic process. 

Law 7.3 is thus a consequence of Laws 7.1 and 7.2. 

Through friction, work can be turned directly into an equivalent 
amount of heat. Thus Q and W above can both be negative. 

To prove that Law 7.1 follows from Law 7.3 note that if heat —Q is 
extracted from a reservoir at the absolute temperature T the change in 
total entropy for this reservoir is —Q/T. Since Q > 0, it follows that 
As < 0 for the process described in Law 7.1. 

To show that Law 7.2 follows directly from Law 7.3 let Ti and 72 be 
the absolute temperatures of the cooler and hotter bodies respectively. 
Let Q be the heat extracted from the cooler body in the process described 
in Law 7.2. The change in total entropy of the cooler body is then —Q/T i, 
and this change for the hotter body is QITz, so that the total change As 
in the entropy of the system (the entropy is defined to be additive) is 

Since As < 0 for this process. Law 7.2 follows from Law 7.3. 

The equivalence of Laws 7.1, 7.2, and 7.3 has now been established. 
Consider a path on the ptJ-plane. By the theorem of the mean for inte¬ 
grals we can write 

AQ = TAs (7.15) 

where AQ is the heat transferred. As is the change in entropy, and T is a 
properly chosen value of the temperature between the maximum and 
minimum taken on along the given path. Consider a reversible path ABC 
of the />i?-plane. We can subdivide the curve ABC into arcs, and form the 
.sum of the heats transferred for each arc and written as AQ in (7.15). 
Taking the limit of this sum (if it exists) as the number of arcs is increased 
beyond all bounds and the maximum length of the arcs goes to zero, we 
obtain the heat Q transferred during the process ABC, where 

On a Ts-diagram Q is clearly the area under the curve corresponding to 
ABC (if each vertical line meets ABC in at most one point). For a simply 
closed curve on the Ts^-plane the area bounded by this curve is the net heat 
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transferred during the process, which heat is the work W. This is analogous 
to the area representing work W for such a curve on the pw-plane. 

In Figure 141 we have pictured a reversible cycle. The top part of the 
curve is designated by Ci, and the bottom by C 2 . These parts meet at the 
points A and B. The area under the curve Ci is the heat Qi received 
by the device, whereas the area under C 2 is the heat Q 2 rejected. The 



Fig, 141. A reversible cyele. 

area between Ci and C 2 is (Qi — Q 2 ). Since the efficiency of the device is 
(Qi ~ Q 2 )/Qu it is a simple matter to obtain this efficiency from the figure 
with a planimeter. This is one reason why the use of entropy is important 
to engineers. 

Tables of entropies of various substances are available, as for air and 
steam. The entropy may be given for one pound of the substance. In 
the case of a perfect gas the formulas (6.23), (7.15), and pV = nRT yield 
the entropy S for n moles of the gas, where 

S = nCp In T — nR In /> + C 

for an arbitrary constant C, provided the specific heat Cp is considered 
constant. 


7.7. Phase transitions. Changes of phase of a pure substance, 
such as melting and vaporization, occur at constant temperature and 
pressure. Associated with the transition from a phase B to a phase A 
there is a change of volume accompanied by a transfer of heat (latent 
heat). Assuming that the transition takes place reversibly, it being iso¬ 
thermal, the latent heat I satisfies 

I = nsA ~ Sb\ (7.17) 

where Sa is the entropy for the phase A, and Sb is the entropy for the phase 
B, the temperature being T. 

The derivatives which occur in this and the next section are assumed to 
exist. 



242 ] 


SECOND LAW OF THERMODYNAMICS 


[chap. 7 


We introduce the Gibbs' funciion (often called thermodynamic poten¬ 
tial) g given by 

g ^ h — Ts, 


wh^re h is enthalpy and s is entropy, so that 
dg ^ dh — Tds — sdT, 

d/i = 5(? + vdp = Tds + vdpy 

dg = vdp sdT, 


Since 

we can write 
Evidently, 


/ dg\ (^q\ 


(7.18) 


For a reversible, isothermal, isobaric process dg = 0, and gf is a constant. 

A change of phase of the first order is one where the first partial deriva¬ 
tives of g, that is, v and —5, change discontimiously. 

Since 


and 


V. e can wnte 


-I’ ( 

~ ^ Var// 


Tds = cJT + r 

We introduce the Helmholz function a given by 

a ^ u — Ts. 
da = du — Tds — sdT^ 
da = — pd?’ — sdT. 


Since 
\N e have 
The equality 


implies that 
Thus 


_a 

dv 


\ar/ dT \dr) 

(?p) = . 

\dTj. \av/T 


Tds = c,dT+T(^ dv. 

The following relation in increments is then approximately valid: 
TAs = c.AT+t(^Av. 
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For the transition from the phase B to the phase A this gives 
T(s^ - s„) = - vb). 

It is customary to write this equation in the form 

dp _ I 
dT T{vj, - Vb)' 


(7.19) 


with the aid of (7.17). Equation (7.19) is the Clapeyron-Clausius equation. 

Suppose, as dn example, that water evaporates into steam. It is assumed 
that the temperature, pressure, and specific volumes of both phases are 
given, and that the vapor pressure curves are known so that we can 
obtain dp/dT. Equation (7.19) now gives the latent heat 1. 

The enthalpy and entropy of water are generally based on assigning 
the value zero to the state where the water is at 32 degrees Fahrenheit 
and the pressure is 0.0886 pounds per square inch. This pressure is 
the one at which water evaporates for the temperature of 32 degrees 
Fahrenheit. 

Since 

Tds = dh — vdp^ (7.20) 

and dp = 0 for the transition from water to steam, we have 

Tds = rf/i, 


so that for the enthalpies Ha and Hb associated with phases A and B, 
respectively, 

T(Sa — Sb) = ftx — ha. 

We can thus obtain the enthalpy of the steam by adding latent heat to 
the enthalpy of the water. 


7.8. Entropy of a mixture of perfect gases. We suppose that 
we have a mixture of r perfect gases, relatively inert to each other. Let 
n, denote the number of moles of the ith gas for i = 1, . . . ,r. Let U, F, 
T, p, and S designate, respectively, the internal energy, volume, tempera¬ 
ture, pressure, and entropy of the mixture, and let u,, p,, vu and 5, desig¬ 
nate the internal energy density, partial pressure, specific volume, and 
entropy of the ith gas. Since 


we have 


HiVi ^ V, P = Pi + P2 + . . . + Pr, 


r r 

y fiidui + y PidiruVi) 
^ dU + pdV i^i 


dS ^ ^ rudsi. 


Thus 
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J. dui + Pidvi 

aSi = - y- 

Let iSi be the total entropy of the tth gas, so that 
It follows that 


r 

<is = .<?.). 


Thus S differs from the sum of the SJs by a constant, which we may take 
to be zero. Then the entropy of a mixture of perfect gases, relatively inert to 
each other, is the sum of the entropies of these gases, 

7.9. Adiabatic equation of state. By (7.20) 

dh — vdp 


ds = 


T 


for the entropy s, enthalpy h, specific volume v, pressure p, and tempera¬ 
ture T of a substance. From 


we have 


ds = 


dh - ^j,dT + dp. 


For a reversible adiabatic process ds = 0. Thus 

From (7.20) 

\dp 

By (7.18) and 

dT\d 

there follows 

\dl 

In view of (7.22) and (7.23) 


]rfp-o. 

(7.21) 


(7.22) 

II 


0 

1 

(7.23) 

- -K^); 



From this relation and 


/ dh\ 
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equation (7.21) takes the form 

c^T - T dp - 0. (7.24) 

From the equation of state for h in terms of p and T, the constant Cp 
can be obtained, at least theoretically, as a function of p and T. If we 
have an equation of state expressing i? as a function of p and T, we can, 
again at least theoretically, integrate (7.24) under rather general condi¬ 
tions to obtain T as a function of p. Substituting this function for T in v, 
the adiabatic relation 

V = v(p) 

between v and p is attained. 

The treatment of this section is valid for any substance, and is not 
restricted to perfect gases. 

7.10. Refrigeration cycle. We shall describe a simple refrigera¬ 
tion cycle pictured on a Ts-diagram. In Figure 142 the point A corre¬ 
sponds to the refrigerant at the point of evaporation. The line segment 



Fig. 142. Refrigeration cycle. 


AB corresponds to the reversible isothermal, isobaric vaporization of the 
refrigerant at the temperature Ti. During the evaporation of the refriger¬ 
ant, heat is extracted from the body to be cooled. This body might be the 
interior of a refrigerator. The vertical line segment BC corresponds to 
the isentropic compression of the refrigerant in the compressor until the 
temperature Tz is reached. The curve CD indicates reversible isobaric 
cooling of the refrigerator vapor by rejection of heat to a hot body, such 
as through the coils of a refrigerator to the air of a room. The refrigerant 
reaches the condensation temperature Tz at D. The horizontal line seg¬ 
ment DE represents reversible isothermal isobaric condensation of the 
vapor to a liquid. The whole process CE occurs in the condenser, from 
which the liquid proceeds to a storage reservoir. The dashed line EA 
indicates an irreversible throttling process through a valve, during which 
the pressure and temperature of the refrigerant drop. 
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7.11. Steam flow through a nozzle. In this section we shall 
show how we treat a problem involving a gas not assumed to be a perfect 
one. 







Fig. 143. Cutaway of a 396 OO rpm condensing impulse reaction steam turbine. 
Courtesy of the Allis-Chalmers Manufacturing Company. 

Let Pi be the inlet pressure to a nozzle, pj the back pressure, and w the 
weight rate of flow of steam through the nozzle. Suppose that pi = 100 
pounds per square inch, that pi is one atmosphere, and that the steam 
ahead of the nozzle is at 418 degrees Fahrenheit (see Figure 144). For 
superheated steam, with which we are working, the critical pressure is 


Steam 

418 F — 
100 vsi ^ 


Air at 

1 atmosphere 


Fig. 144. Steam flow through a 
nozzle. 

approximately 0.55 times pi. Since the critical pressure in our example is 
55 pounds per square inch and atmospheric pressure is less than this, we 
must take p 2 — 55. 

From tables of Keenan and Keyes (see reference 4 at the end of this 
chapter) the entropy of the steam at 418 degrees Fahrenheit and 100 
pounds per square inch pressure is approximately 1.663 British thermal 
units per pound per degree Fahrenheit and the enthalpy is 1237 British 
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thermal units per pound. Assuming that we are wmking with an isen- 
tropic, the enthalpy at the exit of the nozzle (corresponding to 55 pounds 
per square inch and entropy 1.663 British thermal units per pound per 
degree Fahrenheit) is 1185 British thermal units per pound. The enthalpy 
difference is 52 British thermal units per pound, which multiplied by 
Joule’s constant J gives 52J foot-pounds per pound. From (6.15) we have 

for the magnitude g of the acceleration of gravity, and the emerging speed 
u of the steam. 

In this example the steam is superheated, containing no water vapor. 
If we have such a mixture we need only use the entropy of the mixture; 
this can be found from tables based on experiment. 
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CHAPTER 


8 


Heat transfer 


8.1. Conduction. In the study of thermodynamics we have 
concerned ourselves with the amounts of energy transformed in various 
processes, and transferred as heat from one body to another. In the sub¬ 
ject of heat transfer we are concerned with the actual methods by whicli 
energy in the form of heat is passed from substance to substance. From 
physical considerations we know that heat transfer takes place through 
conduction, convection, and radiation. 

Heat conduction is passage of heat energy through a body resulting 
from molecular motion, and not due to rays or the relative movement of 
parts of the body. Suppose that we have an infinite homogeneous slab of 
thickness d. Suppose further that the solid is in steady state with the 
temperature Bi on one face Fx and temperature 62 on the other face F 2 , 
where Bx > ^ 2 . Consider a region R of area A on the face Fx. We let 
dQ/dl be the rate of flow of heat with respect to time across R. We would 
expect dQ/dl to decrease with an increase of d, to increase with A, and to 
increase with {Bx — B 2 ). The flow of heat is in the direction of decreasing 
temperature. The simplest formula expressing these properties is 



(^1 — ^2) 


d 


for a constant k. Experiments show this law to be valid. An obvious gen¬ 
eralization of this law is the following. 


Law 8.1. Fourier’s law. Let R be a plane region of area A, on or 
in a homogeneous substance, and let x be a Cartesian coordinate along a 
normal to R. Suppose that the derivative dB/dx of temperature B evaluated 
along a normal to R is the same at eaeh point of R. The rate dQ/dt of flaw of 
heal across R due to conduction in the direction of increasing x is given by 


for a constant k. 


dQ 

dl 



( 8 . 1 ) 


The constant k is termed the thermal conductivity of the substance. 

If one of the assumptions of Law 8.1 is not satisfied, as when the con- 

2m ‘ 
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ductivity of the material varies over the region B, or R is not a plane 
region, we can extend (8.1) to these situations by integration to obtain 



for the normal derivative dd/dn. 

With k in British thermal units per hour per foot per degree Fahrenheit 
we have the following experimental values. For 99.9 per cent pure copper 
at 32 degrees Fahrenheit, k is 220; at 392 degrees, k = 215, and at 1112 
degrees, k = 206. For iron of the same purity the corresponding values 
are 43, 36, and 22. For aluminum 99.7 per cent pure, k has approximately 
the value 132 for the entire range from —60 to 700 degrees Fahrenheit. 

For water at 32 degrees Fahrenheit we have k = 0.330, whereas at 
140 degrees the value is 0.381. For air at 32 degrees Fahrenheit and 
1 atmosphere, k = 0.0140. 

For glass k varies from 0.333 to 0.5. For kapok at 86 degrees Fahren¬ 
heit with a density of 0.88 pounds per cubic foot we have k = 0.020, and 
for asbestos at 500 degrees Fahrenheit with a density of 36 pounds per 
cubic foot the value of k is 0.122. 

The range of k is quite large, being almost zero for gases under great 
vacuum, and as much as 7,000 for copper at —422 degrees Fahrenheit. 


8.2. Heat stored. From the definition of specific heat in Sec¬ 
tion 6.4 it follows that the rate dQ/dt at which heat is stored in a three- 
dimensional region B of a substance is 


dt 


wCpV 


de 

dt 


(8.3) 


for the specific weight w of the substance, specific heat Cp, volume V of the 
region B, and rate dS/dt of change of the temperature 0 of the substance, 
it being assumed that the same state prevails at each point of B. 

If the states at different points of B vary, we must replace the right 
member of (8.3) by an integral to obtain 


di 



(8.4) 


8.3. Heat transfer through a wall. Consider a homogeneous 
panel of uniform thickness, such as the door of a room, and let us suppose 
that the panel is initially at a temperature such as the temperature 
of the room. The panel is suddenly exposed to a temperature $2 on one 
side, the temperature on the other side being kept at $ 1 , This happens, 
for example, if the door of a room leading outdoors is closed by swinging 
the door from a position inside the room to the closed position, 62 being 
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the outside temperature. It is desired to describe the transient condition 
in the panel. 

In practice the temperature of a door surface will not be the tempera¬ 
ture of the air to which the surface is exposed. To simplify the exposition, 
we shall, however, neglect this difference until a later section. 

The thickness of a panel is generally small compared to its other dimen¬ 
sions, whence we replace the panel in our mathematical treatment by an 
infinite slab. Let the thickness of the slab be designated by D. Suppose 
that $i is higher than 62 - We let the side at the temperature 61 be denoted 



1 


X x-^Ax X 

Fig. 145. Element of a panel. 

by Si and the other side by S 2 . We let x be the coordinate of distance 
measured perpendicular to Si, so that Si has the coordinate x ^ 0 and S 2 
has the coordinate j* = D. 

We consider a point P in or on the panel, and take an element of volume 
containing P as shown in Figure 145. Cartesian coordinates y and z are 
introduced so that the volume of the element is AxAyAz. Let the points on 
one face of the element have the coordinate x and on the opposite face the 
coordinate (x + Ax). Because of uniformity, the heat flow into and out 
of the element is through these faces only. The temperature 0 at points 
with the coordinate x is a function 6 (x, t) of both x and L 

By (8.1) the net rate Qo of heat flow across the faces of the element is 
given by 

»• - [si+[sL„ 

Dropping an .-term (not to be confused with emissivity) which does not 
contribute to the final limit, we have (d^O/dx^ is assumed to exist) 



9> 


d^O 


By (8.3) the rate g, at which heat is stored in the element is given by 

A A A 

g, => wCpAxAyAz 

for the specific weight w and specific heat c, of the panel, where dO/dt is 
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evaluated at a properly chosen point of the element. Since =* q, for 
each element, taking the limit as the element shrinks to P, we have 


at “ dx^ 

valid at P, where a is the thermal diffusivily k/wcp. 

We have the boundary conditions 

ar = 0, 6 = 6x\ x — D, 0 — 02. 

The initial and final conditions are: 

t = 0, 0 ^ 01, 0 ^ X ^ D. 

0, - g (fii - fls), O^x^D. 

The system (8.5)-(8.7) describes the conditions in the panel. 


(8.5) 


( 8 . 6 ) 

(8.7) 


8.4. Convection. Heat convection is the transfer of heat be¬ 
tween moving parts of a fluid, or between a fluid and a surface moving 
relative to each other. In the case of the door of Section 8.3 we have 
convection of heat from the air to the door at a; = 0. 

Law 8.2. Newton’s law of heat transfer by convection. Sup¬ 
pose that a surface of area A is exposed to a fluid, and that a uniform temper¬ 
ature difference Ad exists between the fluid at the surface and the other material 
with which it is in contact. The rale dQ/dt of transfer of heat satisfies the law 

^ = hAA0 (8.8) 

for a constant h. 

This law is an experimental one in common use. The constant h is 
called the film coefficient of heat transfer, or the coefficient of heat transfer. 
It is often convenient to add to the coefficient of heat transfer a correc¬ 
tion to take care of radiation, and thus obtain a combined radiation and 
convection coefficient of heat transfer. 

If there are not uniform conditions at points of the given surface, we 
must replace the right member of (8.8) by an integral, to obtain 

^ - f J (8-9) 

where the integration is over the given surface, the quantities h and A0 
being functions of a point on the surface. 

Numerous values of h have been determined experimentally, and can be 
found in tables. In what follows h is in British thermal units per hour 
per square foot per degree Fahrenheit temperature difference. In the case 
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of natural convection where the flow of the fluid is due to the contact at 
the given surface (and not, for example, winds or forced flow) we have 
the following, where the fluid is air at one atmosphere and ordinary tem¬ 
peratures such as 100 degrees Fahrenheit. For vertical plates more than 
3 feet high ^ have h = 0.3 For horizontal plates, facing upward, 

h = 0.38 Ad, and facing downward, A == 0.2 AS, F or flow outside 
horizontal pipes and long vertical pipes h = 0.27 ^Ad/D, where D is the 
outside diameter of the pipe in inches. 

The literature abounds with formulas for h in the case of flow of the 
fluid, such as water or air, past the given surface. As is to be expected, 
the value of h increases as the speed of the fluid relative to the contacted 
medium increases. 

When a fluid flows past a solid surface, the fluid is normally at rest at 
the surface (if it wets the surface), and attains the speed of the fluid mass 
at some distance from tlie surface. There is thus a film or boundary layer 
through which the heat must be transferred. 

8.5. Heat transfer to a wall by convection. Let us consider 
the example of Section 8.3 where there is heat transfer by convection from 
a fluid medium to each side of the panel. 

The differential equation (8.5) still applies. Boundary conditions (8.6) 
apply, where now di and 02 are instantaneous panel surface temperatures. 
Let the fluid mass have the temperature da on the x = 0 side of the panel 
and the temperature db on the other side. Since the boundary layer is 
often quite thin such as a fraction of an inch, and with small heat capacity, 
we shall neglect storage of heat in this layer. 

Consider an element of volume as in Figure 145 where now the face 
with the small x coordinate is at,x = 0. The rate of heat transfer due to 
convection to the face a: = 0 of the element is (0a — di)hiAyAz for a film 
coefficient hi of heat transfer. The rate of heat transfer due to conduction 
from this face is --kAyAzidd/dx), Since these must be equal we have 

II - I (». - «.). (8.10) 

Similarly, for the surface a: == Z> we have 

g ^ (ft - ».) (8.11) 

for a coefficient hi of heat transfer. Equations (8.10) and (8.11) must be 
adjoined to the equations of Section 8.3. 

8.6. Radiation. Heat energy can be transferred by electro¬ 
magnetic waves, satisfying Maxwell’s equations. The source of radiation, 
that is the radiator, emits electromagnetic waves of various wave lengths 
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depending on the atomic structure of the radiator, as explained by quan¬ 
tum mechanics. Transfer of heat by radiation has the interesting property 
that this transfer can occur without heating objects between the sender 
and receiver of the radiation. Thermal radiation has a continuous spec¬ 
trum for a black body, which will be defined later. Below 500 degrees 
centigrade the radiation is mostly infrared. We shall assume that the 
laws of geometric optics apply, so that there is no diffraction or scattering. 

When radiant energy falls on a given body, the energy may divide in 
three ways. Part of it may be absorbed by the body. The fraction of the 
energy absorbed is called the absorptivity, and denoted by ao. Part of the 
energy may be reflected, the fraction reflected being the reflectivity, 
denoted by p. The remainder of the energy is transmitted through the 
body. The fraction transmitted is called the transmissivity, and is desig¬ 
nated by r. Obviously, the sum of ao, p, and r is 1. 

In engineering we are o^ten concerned with opaque bodies for which the 
transmissivity is practically zero. Except for gases, in what follows we 
treat only opaque bodies. If also the reflectivity is zero, the body is said 
to be a black body. The blackest surfaces in nature have about 1 per cent 
reflectivity. A practically perfect black body can be realized as follows. 
Consider a hollow evacuated body with the interior walls kept at a uniform 
temperature, and communicating with the outside through a circular 
hole whose dimensions are small compared with the dimensions of the 
cavity. Any radiation entering the hole is partly absorbed, and partly 
reflected a large number of times at the interior walls, only a small fraction 
eventually finding its way out of the hole. The circular plane region of the 
hole can be thought of as a good approximation to a black surface, for 
almost all radiation falling on this surface from the outside is absorbed in 
the cavity on the other side. This black body property is independent of 
the material of which the hollow body is made. 

Experiments show that thermal radiation depends on the temperature 
of the emitting body, the surface area and roughness, as well as the atomic 
structure of the body. Experiments show also that the absorption, reflec¬ 
tion, and transmission of thermal radiation depend on the same proper¬ 
ties of the body. The rate at which radiant energy is emitted by a body 
does not depend on the surroundings. Experiments show that all bodies 
radiate energy at each temperature of the body. 

8.7. KirchhofTs law. Suppose that the walls of a hollow spheri¬ 
cal cavity are kept at a temperature T, and that a black body B, such as 
a particle of coal, at the temperature T is introduced into the cavity at 
the center, where B is small compared with the cavity. To make the 
following argument rigorous we should take the limit as the diameter 
of the cavity increases beyond all bounds, so that because of symmetry 
we may suppose that at the center of the sphere the radiation becomes 
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isotropic, that is, the radiation at (or near) the center is independent 
of the direction of the surface on which the radiation falls. Since the 
body B and the walls of the cavity are at the same temperature T, they 
are in thermsd equilibrium. It is assumed that the system is in steady 
state. Let H be the rate at which radiant energy falls on the body B per 
unit area, that is, H is the density of the radiant energy rate falling on B. 
Let the rate at which the radiant energy is emitted by B per unit area be 
denoted by Rb* Now the rate at which radiant energy is absorbed by B 
equals the rate at which radiant energy is emitted by B, since the state is 
steady, whence 

H - Rb. (8.12) 

Since this relation holds for each black body B inserted in the cavity, the 
radiation Rb depends only on the temperature. Isotropic radiation (the 
same for each point and direction) is termed black body radiation. 

Suppose now that a nonblack body C at the temperature T is inserted 
into the above cavity. We let the surface density of the radiant energy 
emission rate from C be designated by R. Since the system is in equi¬ 
librium we must have 

aoH - R (8.13) 

for the absorptivity ao of C. By (8.12) and (8.13) we have 

R = aoRa. (8.14) 

Equation (8.14) is a form of Kirchhoff's law of radiation. The ratio 
R/Rb is called the emissiviiy of the body C. By definition the emissivity 
of the body C is then the ratio of the thermal radiation rate per unit area 
of C to this rate for a black body at the same temperature. Earchhoff’s 
law states that the absorptivity and emissivity of a body are equal. We let e 
designate the emissivity. 

Some emissivities follow. For iron in the range 150 degrees to 1,000 
degrees centigrade, emissivity ranges correspondingly from 0.05 to 0.37. 
For copper at 100 degrees centigrade, emissivity is 0.018. For aluminum 
in the range 250 degrees to 600 degrees centigrade, emissivity varies cor¬ 
respondingly from 0.039 to 0.057. For gray rubber at 25 degrees centigrade 
we have e = 0.86. For wet ice at 0 degrees centigrade the emissivity is 
0.97. 

Emissivity thus depends on the temperature. For oxidized surfaces of 
metals, emissivity is greatly increased. 

When the temperature of a body is the same as that of its surroundings 
the rate at which the body emits thermal radiation is equal to the rate at 
which it absorbs such radiation, so that there is no net change in the 
internal energy of the body due to thermal radiation. If, however, there 
is a temperature difference there will be a net gain or loss of thermal 
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energy due to radiation. This net energy change due to the temperature 
difference is heat. 

8.8. Stefan-Boltzmann law. Stefan verified experimentally 
that the rate ga at which thermal energy is radiated by a black body B 
satisfies the relation 

ga * (tAT^ (8.15) 

for the absolute temperature T of the body, the surface area A, and a 
constant <r of nature. The constant <r is called Stefan-Boltzmann's constant. 
Boltzmann obtained (8.15) theoretically from thermodynamic consider¬ 
ations, whence (8.15) is known as the Stefan-Boltzmann law. 

If we use British thermal units, hours, feet, and degrees Rankine, the 
Stefan-Boltzmann law becomes 

«• - (ito)*' 

where an approximate value is used for a. The denominator 100 is con¬ 
venient because radiation does not generally become relatively important 
until high temperatures like 1,000 degrees Rankine or more are attained. 

In place of (8.15) we have 

Qb = eaAT^ (8.16) 

for a body with the emissivity €. 

To prove the Stefan-Boltzmann law it is assumed that the region of 
space, with which we are concerned, is filled with isotropic radiation. 

Let u be the energy density due to the radiation, and p the pressure of 
radiation at a point of the region. By Theorem 5.1 

p = ~ (8.17) 

We assume that (8.17) is valid at each point in the space to be treated. 
Now black body radiation is described by the coordinates p, V, and T, 
where V is the volume of the region of space being studied. We can there¬ 
fore treat such a region of space as a thermodynamic system, and intro¬ 
duce its entropy. We suppose that the energy density u is the same for all 
points in this space, whence the internal energy U of the system is uF. 

Consider an evacuated vertical cylinder with a black body at absolute 
temperature T as base, a perfectly reflecting vertical wall, and a pbton 
presenting a perfectly reflecting surface to the space R bounded by the 
cylinder. The region R is thus bounded above by the piston, below by the 
black body base, and laterally by the cylinder wall. Suppose that a weight 
is placed on the piston so that the pressure of radiation on the piston from 
the region R is balanced by this weight. Let V, U, and iS denote the vol¬ 
ume, total internal energy, and total entropy of the region R. By changing 
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the weight on the piston slowly we can (at least theoretically) make the 
system undergo directly reversihle processes. 

From (8.17), U = Va, and 

jc dU + pdV 


we have 


Since 




udF+Fdu + |dF ^udV+V^dT 




it follows by (8.18) that 

/a5\ _V^ 

\dT)y ~ TdT’ 


Now 


( _ '1' 

~ It' 


A. 




du 

W 


from which 
Integrating (8.18) gives 


. in — II 

d /dS\ 4 ^ dT 

df \dV/T 3 72 


du _ 4u 
dT~' T' 

u = bT\ 


(8.18) 


(8.19) 

( 8 . 20 ) 


Suppose that we have a black body B immersed in a homogeneous 
isotropic medium, where this medium occupies a portion R of three-space, 
and the space occupied by this medium is filled with isotropic radiation. 
We assume that B and the medium are in thermodynamic equilibrium. 
Let Ri denote a portion of the surface of the body B. Suppose that Ri 
is a plane region. Consider a plane region R 2 in the given medium such 
that the line segments which join points of Ri to points of R 2 pass 
through the given medium only. The rate Q at which radiant energy is 
transmitted from ^2 to Ri is given by (5.27), where the symbols Ai, A 2 , 
^ 1 , 02, r, and K are as defined in Section 5.4. The rate at which radiant 
energy goes from Ri to R 2 equals the rate Q at which radiant energy is 
transmitted from R 2 to Ri, for otherwise a one-sided transport of energy 
^ould be taking place. It follows that the total rate Qb at which radiant 
energy is emitted by B from Ri is proportional to the brightness K as 
well as the area Ai of Ri. By (5.29) the brightness K is proportional to the 
energy density u. In view of (8.20) we have qa proportional to and also 
proportional to Ai,so that a relation of the form (8.15) is valid. 

If the region Ri were not a portion of a plane, we should use a part of a 
plane tangent to B instead of Ru and apply limit methods. 

We can extend the above considerations to the study of bands of 
frequencies. 
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We generally work with relatively opaque bodies for which T in (8.16) 
can be taken as the surface temperature. Unless there is evidence to the 
contrary the radiation should be assumed to be isotropic so that this 
equation applies. 

8.9. Molten iron in an insulating container exposed to the 
air. Suppose that we have a thermally insulating container filled with 
molten iron exposed to the air as in Figure 146. Since the temperature of 
the iron does not vary very much from point to point, we may suppose 
that it is uniform and equal to T absolute. The air temperature is assumed 
uniform and given by Ta absolute. 



Fig. 146. Molten iron in a con¬ 
tainer. 


We let h be the coefficient of heat transfer between the iron surface 
and the air. We let € be the emissivity of the iron, and Cp the specific 
heat of the iron. It is supposed that the air is ordinary ambient air, such 
as air at a temperature of 70 degrees Fahrenheit. Since the air tempera¬ 
ture is low, radiation from the air to the iron will be small compared to 
radiation from the iron to the air. The rate at which heat energy is radiated 
to the air is ecrAT^ for the surface area A of the iron, and Stefan-Boltzmann’s 
constant <r. The rate at which heat is transferred from the iron to the air 
by convection is hA(T — Ta). Let t be time. The rate at which heat is 
lost from the iron is CpwV(dT/di) for the specific weight w and volume V 
of the iron. It is assumed here that Cp and w are the same for different 
points in the iron, and that dT/dt exists. Since all heat loss is through 
transfer to the air, we have the differential equation 

wCpV^ + iff AT* + hA(,T - T„) = 0 . ( 8 . 21 ) 

In this equation we may suppose that V and A are constant, since the 
shrinkage of the iron during cooling is not very large, although by no 
means negligible in an accurate treatment. To solve (8.21) it is convenient 
to replace T* by KT for an average value K of T®. 


8.10. Molten iron in a noninsulating container exposed to 
the air. Let us suppose now that the container of Figure 146 is not 
composed of an insulating material. 
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We make the reasonable assumption that the temperature of the con¬ 
tainer is uniform, and given by Te absolute. We let he be an average coeffi¬ 
cient of heat transfer between the air and the container, and hi the coeffi¬ 
cient of heat transfer between the iron and the container. We let Wc be 
the specific weight of the container, the emissivity, and Cpc the specific 
heat, these quantities being assumed to have the same values at all 
points of the container. 

Through convection the rate of heat transferred from the iron to the 
container is KAc(T — Te) where Ac is the area of contact between the 
container and the iron. As a rough approximation we shall first neglect 
reflection of radiant energy. The net rate of heat transferred from the iron 
to the container through radiation is €<rAc{T^ — CcTJ). These losses must 
be added to the left of the equation (8.21) to give 

+ wAT* + hA(T - T„) + hiA^iT - T.) 

+ tcAciT* - e.T«) = 0 (8.22) 

in place of (8.21). 

Assuming that dTe/dt exists, the rate at which heat is stored in the 
container is CpeWeVe{dTc/dt) for the volume K of the material comprising 
the container. The net rate of heat transferred from the container by 
radiation to the molten iron is Cf<rAc(T^ — cT^), and this rate for con¬ 
vection from the iron is hiAc(T — Te). The container loses heat by radia¬ 
tion to the air at the rate €c<rA*Ti, where A* is the area of the container 
exposed to the air, and the radiation of the air to the material is again 
neglected. We are supposing that container material exposes the same 
type of surface to the air as to the iron. Otherwise we would have to use a 
different value of €c for the two‘surfaces. We thus have the following 
differential equation for the container: 

CpcWcVc^ = - Ti) + luA,(T - r.) - t^AfT* 

- hcA*{Tc - Ta). (8.23) 

On the left of (8.23) we have the rate at which heat is stored in the con- 
teuner. On the right we have the rate at which heat is received, minus the 
rate at which heat is lost. 

The above approximations to the radiation rates may be too rough, in 
which event the powers T* and Tt should be multiplied by constants 
depending on « and 

Equations (8.22) and (8.23) are the equations of the system in the vari¬ 
ables T and T.. To solve these equations it is necessary to adjoin initial 
conditions. Such conditions follow: 

< * 0, T « To, T, " T,o. 
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In deriving equations (8.22) and (8.23) we did not have to take account 
of heat conduction through the iron and container material because we 
assumed that the iron and container were each at uniform temperature. 
Had we not done this we would have obtained partial differential equa¬ 
tions, whose solution would have been extremely difficult. 

Equations (8.22) and (8.23) are undesirable in that they are nonlinear. 
We can linearize them however, by replacing by kT, where k is an 
average value of T® for values of T with which the analyst is concerned, 
and making a similar substitution for T^. 

The values of the constants, such as h and can be secured from tables 
or by experiment. 

8.11. Heat transfer to gas turbine blades by radiation, con* 
vection, and conduction. Let us consider a gas turbine blade subjected 
to the temperature of a hot gas traveling past the blade at high speed 



Fig. 147. An aviation gas turbine. Courtesy of the Westinghouse Manufacturing 
Company. 

(see Figure 147 for an aviation gas turbine). The blade is initially at a 
uniform temperature Ti,o> 

We let T designate the absolute temperature at a point of the blade, and 
Tg the absolute temperature of the gas. 

A gas turbine blade is an airfoil as in Figure 148 where we have pictured 
a cross section of the blade. Not only does the cross section of the blade 
vary as one travels along its axis, but the blade is twisted about its axis. 
This twist is designed so that the air flow past the blade will have the cor- 
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rect absolute velocity. Since the air flow is reasonably the same past each 
cross section of the blade perpendicular to the axis of the blade, we may 
straighten the blade out. We also replace the cross section of the blade 
by a rectangle of about the same area, and width equal approximately 
to . the average thickness of the airfoil. We thus obtain an equivalent 
parallelepiped as in Figure 149. We shall treat our problem as one-dimen¬ 
sional, so that T is a function of a distance coordinate z and time t only. 

We introduce a z-axis so that z is in the direction of the length of the 
blade. The thickness of the blade is denoted by D, the width by B, and 
the length by L. We choose the origin so that z = 0 is at the face of the 
blade where the blade meets the hub of the turbine wheel. It follows that 
z = L is at the tip of the blade. 



Fig. 148. Gas turbine blade. Fig. 149. Straightened blade. 


For convenience the blade is shown in Figure 149 to be in a horizontal 
position. The speed of the air relative to the blade is denoted by u in this 
figure. The velocity of the air is horizontal, and will vary with the distance 
from the root where z = 0, so that the coeflicient of heat transfer between 
the air and the blade will vary accordingly. This coefficient will also vary 
from the leading edge to the trailing edge. We shall neglect this variation 
and use an average value of h instead. We neglect the heat transfer 
across the edges, as well as the tip. The thermal conductivity k of the 
blade is assumed to be uniform. The eniissivity of the blade surface is 
denoted by €&. The gas also has an emissivity €g which can be found from 
tables, at least approximately. The specific weight w and specific heat Cp 
are supposed to be uniform throughout the blade. 

We consider the blade element between z and (z + Az). We assume that 
the derivatives d^Tfdz^ and dT/dt exist and are continuous. 

With (T as the Stefan-Boltzmann constant, the rate at which heat is 
radiated from the blade element is 2€ytrB(Ti — tgT\)l^z for T = Ti evalu¬ 
ated at some properly chosen point of the element, where Ti is between 
the minimum and maximum values of T for the points of the element. In 
this statement it is assumed that the blade emits more radiation than it 
receives. This is not necessary for the mathematical argument, because 
the plus or minus sign for the heat rate takes care of whether or not heat 
is lost or gained. 
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The rate at which the blade element gains heat by convection is 
2hB(Tg — Ti)Az for T — T 2 evaluated at some properly chosen point of 
the element. The rate at which heat is stored in the element is wCpBD(dT( 
dt)aAz for dT/di evaluated at some properly chosen section 2 : = a of the 
element. 

The rate at which heat flows by conduction across the face (z + Az) 
of the element into the element is 



The rate at which heat is conducted across the face z of the blade element, 
toward the root, is 



We assume that T is such a function of z that we can write 


where rj can be neglected in the limits to follow. The net rate of flow by 
conduction in the z-direction into the element is thus approximately 


kBD 



Az. 


The rate of heat flow into the element due to radiation, convection 
and conduction is equal to the rate at which heat is stored in the element, 
plus the rate at which heat is radiated from the blade element. Thus 


2hB(T„ - TMz + kBD Az = wc^D Az 

+ 2€^B{T\ - e„rj)Az. (8.25) 

Dividing by BAz, taking the limit as Az —> 0, and rearranging terms, the 
following equation is obtained 


wcj) ^ + 2aeiT* + 2hT = 2hT, + kD^+ 2at^,T*. (8.26) 

ot dz^ 

The hub of the turbine wheel is quite large compared with the blade, 
so that the blade temperatures will vary faster than the hub temperature. 
Unless we consider long periods of time, we may suppose that the hub 
temperature Th is constant. If we wish to be more accurate we can com¬ 
pute the temperature Th as a function of time i from other considerations. 
In any case we have 


z « 0 , T ^Th. 


(8.27) 
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The temperature of the blade at the root is not actually Th because the 
blade is wedged into position so that heat must transfer across this junc¬ 
tion. However, unless great accuracy is required, we can neglect the tem¬ 
perature differential across the junction. There is, of course, a transition 
area where the temperature varies from the temperature in the hub near 
the root of the blade to the temperature along the blade. Further, even 
though the hub temperature were mostly uniform, the hub material 
near a blade is bound to be of higher temperature than near the center of 
the hub. 

The heat transfer at the tip was neglected in the treatment above. We 
might consider this tip to be insulated. Since the rate of heat conduction 
at the tip is proportional to dT/dz, the relation 


2 « L, ^ - 0 (8.28) 

applies. 

Relations (8.26), (8.27), (8.28), as well as initial and final conditions such 
as i = 0, T = Tfco, describe the thermal conditions in the blade. More gen¬ 
erally, we might have the initial condition / = 0, T = To(z) for a given 
function Toiz). 

An actual gas turbine blade is pictured in Figure 150. 


8.12. Heat transfer to gas turbine blades taking into ac¬ 
count the shape of cross sections of the blade. We shall describe a 
still more accurate method of analyzing thermal conditions in a gas tur¬ 
bine blade. We now treat an actual cross section of the blade perpendicu¬ 
lar to the blade axis. There is some variation in this cross section. We 
assume, however, that the cross section is constant and identical with 
some mean section of the actual blade. There is relatively little heat 
transfer at the blade tip, so that we may neglect this. In the mathematical 
treatment, for mathematical convenience only, we may consider that the 
blade is untwisted. This does not change the results of the analysis as they 
apply to the actual blade. 

We introduce ar- and y-axes in the plane of a cross section of the blade 
as in Figure 148. The z-axis, not shown, is perpendicular to the plane 
of the figure. If L is the length of the blade, we take the root to be at 
2 = 0, and the tip at 2 = L. 

We derived equation (8.5) by assuming flow only through two parallel 
faces of the elementary parallelepiped. In the case of flow across all faces 
this equaiion generalizes directly to 


^ \d^ d^T d^T] 

di “ “ L 3®* ay* dz*J’ 


(8.29) 


where a is the thermal diffusivity of the blade. To complete the sys- 
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tern of equations we must adjoin to the system iiiitial, final, and boundary 
conditions, illustrated, in part, in the following. 

In Figure 148 we have drawn a tangent line I to the bounding curve 
of the cross section, and a normal ray n to this tangent line toward the 
blade interior. The constants of the previous section may vary from point 
to point. This is particularly true of the coefficient of heat transfer A. 



Fig. 150. A gas turbine 
blade. Courtesy of 
Fredric Flader Inc. 

We consider a region R on the surface of the blade, where this region 
has an area A, The rate of heat transfer to this region R by convection is 
hA{Tg — T) for a properly chosen value of h{Tg — T) between the maxi¬ 
mum and minimum values of this quantity for R, it being assumed that 
this function is continuous for R. The rate of heat loss from the region by 
radiation is wrA{T^ — tgT\) for a properly chosen value of the continuous 
function €h{T^ — €gT\) between the maximum and minimum values of this 
function taken on at the points of the region i?. The rate at which heat is 
conducted away from the surface to the blade interior is —kA{dT/dn) 
for the normal derivative dT/dn of T in the direction of the normal ray, 
and a properly chosen value of k(dT/dn) between the maximum and 
minimum values of this function for R. It is assumed here that dT/dn 
exists and is continuous. 

We can express dT/dn in terms of dT/dx, ST/dy^ and the angle of 
inclination of /?, which angle can be expressed in terms of dy/dx. 
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The rate of heat conducted away from the surface is equal to the rate 
at which heat is transferred to the surface by convection, minus the net 
rate at which heat is lost from the surface by radiation. We therefore have 

k^ + h(T, -T) + - T*) = 0, (8.30) 

where A has been divided out. Taking the limit as the maximum of the 
lengths of the chords joining points on R goes to zero, equation (8.30) 
yields an equation of the same form valid at each point on the surface of 
the blade. 

The initial temperature distribution in the blade is also given. For the 
hub temperature Th we have 

z = 0, r - n. 

Neglecting the heat transfer at the blade tip, we can consider that this 
tip is insulated, so that we have 



the rate of heat conduction at the tip being proportional to dT/dz» 

A more accurate analysis can be made by using the actual geometric 
shape of the blade. In general this would not be a reasonable thing to do 
because of the complications of the equations. 

8.13. Heat transfer in a stirring rod. Suppose that we have 
a rod inserted into a hot bath perpendicular to the surface of the liquid 
as in Figure 151. If the cross section of the rod does not vary too much, we 
may suppose that it is constant and equal to A in area. If the rod is bent 
we can straighten it for the analysis. 



Fig. 151. Rod projecting 
from a liquid. 
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We set up an x-eods perpendicular to the surface of the liquid with the 
origin at the surface, and the positive sense directed upward. We let L 
be the length of the rod exposed to the air. We suppose that the conduc¬ 
tivity k of the rod, the specific weight w, the emissivity €, and the specific 
heat Cp are constant, and that we can use a uniform heat transfer 
coefiBcient h for the heat transfer to the atmosphere to which the rod is 
assumed to be exposed. We let T be the absolute temperature at a point 
of the rod. We let P designate the perimeter of a cross section of the rod 
perpendicular to its axis. 

We pass a pJane through the rod perpendicular to the ar-axis, and let x 
be the coordinate of points in this section. We introduce a parallel sec¬ 
tion where {x + Ax) is the coordinate of points in this section. We thus 
obtain an element E of volume with lateral surface areaPAa; between the 
sections. We let S* denote the section associated with the coordinate x. 

There is probably good contact between the liquid and the rod, so 
that we may suppose that the part of the rod immersed in the liquid is 
at the temperature Ti of the liquid, it being supposed that Ti is every¬ 
where the same in the liquid, at least near the rod, and remains constant 
during the period of time covered by the analysis. 

The temperature varies over a cross section of the rod. Since it is to be 
expected that most of the temperature variation is in the direction of the 
rod axis, we shall assume that we can (‘onsider the temperature over a 
cross section to be constant. Thus T is a function of x and time t only. We 
assume that d^T/dx^ and dT/d( exist and are continuous. 

Consider the element of the rod between sections and The rate 
at which heat crosses the section Sx minus the rate at which heat crosses 
the section Sx+^x can be written as 

{(sL - (S)J 

Except for a term which does not contribute to the final limit we can 
write this expression as 

The rate at which heat is transferred to the air by convection is hP(Ti 
— To)Ax for the temperature To of the air and a properly chosen value 
Ti of T for points on the lateral surface A 2 of the element E.'We neglect 
the radiation of the air to the rod. The radiation from the surface A 2 
of the element E of the rod to the air is at the rate €(tPT\Ax for a properly 
chosen value T 2 of T for points on A 2, so that the rate of heat transfer 
to the air is 

P[h{Ti - To) + ccrTzlAx. 

The rate at which heat energy is stored in the element E is wCpA idT/di)Ax 
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for the derivative dT/dt with respect to time t evaluated at some properly 
chosen point of the element. Equating the rate of heat flow into the ele¬ 
ment E to the sum of the rate of heat flow out of the element, and the 
rate at which heat is stored in the element, dividing both sides of the 
resulting equation by Ax, and taking the limit as Ax goes to zero, we have 


P[h(T - To) + ^T*] + wc^^ 


(8.31) 


valid between a? = 0 and ar = L. 
We have the boundary condition 


aj = 0, T = Tj. 

The rate of heat flow to the end ar = L is equal to the rate at which heat 
is transferred to the air from this end of the rod, whence 


T = L, 


+ h(T - To) = 0. 
ox 


(8.32) 


To (8.31) and (8.32) we must adjoin initial and final conditions, such 
as the initial and final values of T. 


8.14. Heat conduction due to steam flow through a pipe. 
Let us suppose that we have steam flowing through a right circular 

kX 



Fig. 152. Steam flow through a pipe. 

cylinder with inner radius r and outer radius R. We let the x-axis be 
perpendicular to the axis of the cylinder with origin on this €ixis (see 
Figure 152), We shall use combined coefficients of heat transfer for con^^ 
vection and radiation. We let L be the length of a section of the pipe 
under consideration, this section being bounded by planes perpendicular 
to the axis of the cylinder. 

We let 09 be the temperature of the steam, and the temperature of 
the air, these temperatures being assumed to be uniform. 

Let 

r^x<x +Ax ^R. 

We consider a circular shell with inner radius x and outer radius 
(x + Ax), and axis identical with the axis of the pipe. We let $ be the 
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temperature at a point of the pipe, and suppose that d^/dx^ and 
dB/dt exist and are continuous. The rate of heat flow across the inner 
surface of the shell is ’-2'KxkL{dB/dx)x^ where {dB/dx)x designates the 
derivative 66/dx evaluated at the inner surface, and k is the conductivity. 
For the outer surface we have the corresponding value — 27r(a; + Ax)kL 
(dd/dx)x+Ax> The rate at which heat energy is stored in the element is 
wCpvLKx + Axy — x^dd/di)^ for the specific weight w and specific heat 
Cp of the pipe material, assumed to be uniform, and the derivative dd/dt 
evaluated at some coordinate { between x and (x + Ax). We have the 
heat balance equation 


2^ [(x + A;r) - a. (|^)J = «,c,(2x + Ax) Ax. 

Replacing {dB/dx)x+^x by {dB/dx)x + (d^B/dx^)xAx + r;, dividing both sides 
of the above equation by Ax, and taking the limit as Ax goes to zero, we 
have 

, r d^e , del 66 

Dividing both sides of (8.33) by x, with x 0, we obtain a well-known 
form of an equation whose solution can be found in the literature. 

The rate of heat energy transferred to the pipe by the steam is given by 
2TrrLhs{6a — ^i) for the combined radiation-convection coefficient of heat 
transfer /i, from the steam to the wall and the temperature 6i of the inner 
wall of the pipe. The rate at which heat energy is transferred to the interior 
of the pipe is — 2irrLfe[d^/dx]r. Since these rates are equal we have 


For heat transfer to the air we have the corresponding equation 

X = i?, 

where ho is the combined radiation-convection coefficient of heat transfer. 

We shall give a simplification of the above theory. Let us suppose that 
the temperature in the pipe wall is uniform, an assumption certainly valid 
if the pipe wall is not too thick. In this case the rate at which heat energy 
is stored is 7 rwcpL(R^ — r^)66/dt. The rate at which heat energy enters 
the pipe through the inner surface is equal to the rate at which heat energy 
is stored, plus the rate at which heat energy is dissipated to the air. Thus 

2rh.(,e, - e) = wCpiR* - r*) + 2Rh{8 - »o). 

This differential equation is easily solved in conjunction with an initial 
condition. 
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8.15. Principles in the analysis of heat. We shall state some 
helpful principles for the rapid treatment of heat problems. 

When feasible the given bodies should be simplified geometrically, and 
the problem reduced to a minimum number of geometric dimensions. The 
bodies should be assumed to be of uniform density, conductivity, specific 
heat, and emissivity, and to possess uniform coefficients of heat trans¬ 
fer at surfaces of contact with fluids, unless otherwise specified. The tem¬ 
perature in each body should be taken uniform unless the body is a large 
one with parts of its surface exposed to quite different temperatures. 



Fig. 153. A thermocouple unit for measuring temperature. Courtes> of the 
Leeds and Northrup Company. 

For solids in contact with liquids these substances should be assumed, 
when conditions permit, to have the same temperature at the surface of 
contact. 

If a substance is in the gaseous phase, it often can be treated as a perfect 
gas, and corrections made as indicated. If in a gaseous mixture one gas, 
such as air, predominates by weight, and one is studying thermodynamic 
transitions of the mixture from one equilibrium state to another, the 
mixture should be considered to be composed entirely of the dominating 
element. 

In first analyses friction losses should be neglected, and corrected for 
later. 

Where a substance passes rapidly through a region bounded by a physi¬ 
cal body, the changes of state may be assumed to take place adiabatically. 
Where gases are not moving rapidly it may often be supposed that they are 
uniform as to pressure, volume, and temperature. Even where rapid 
changes take place, one should try to use average values of the variables, 
and employ thermodynamic theory. Where the mass rate of flow of a gas 
through a region is large, the deviations in the amount of the gas stored in 
the region should be neglected. 

8 . 16 . Dimensional analysis applied to a free convection 
problem. Suppose that we wish to find a formula for the coefficient of 
heat transfer by free convection between a vertical wall and a warm 
fluid. We take the primary quantities to be heat //, time U length L, mass 
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Af, and temperature 6. The secondary quantities and their dimensions 
are given below. 


SECONDARY QUANTITY 

H 

t 

L 

M 

6 

Heat transfer coefficient h 

1 

-1 

-2 

0 

-1 

Height 1 of the wall 

Temperature difference Ad between the wall 

0 

0 

1 

0 

0 

surface and the fluid 

0 

0 

0 

0 

1 

Fluid density p 

0 

0 

-3 

1 

0 

Viscosity p of the fluid 

0 

-1 

-1 

1 

0 

Thermal coefficient 0 of expansion of the fluid 

0 

0 

0 

0 

~1 

Magnitude g of the acceleration of gravity 
Specific heat Cp of the fluid when w in (8.3) is 

0 

-2 

1 

0 

0 

replaced by p i 

1 

0 

0 

-1 

-1 

Thermal conductivity k of the fluid 

1 

-1 

-1 

0 

1 

-1 


We form the product 

h {ASy^ (8.34) 

By the Buckingham pi theorem we expect four independent dimensionless 
products. Imposing the condition that the term (8.34) be dimensionless 
we have the system of equations 



+ Us + flg = 0, 

— Ul — CI 5 

~ 207 — 09 = 0, 

— 2(Zi 4" fl2 — 3ci4 — Qb 

+ 07 — 09 = 0, (8.35) 

CLi + (I 5 

— og =0, 

— fll +03 — 

Oe — Og — 09 = 0 . 

We can choose four of the a’s arbitrarily. We make the following choices 


corresponding to the indicated ir-terms. 



Oi 

07 

Oe 

Og 


n 



0 

^2 

0 

1 


0 

ITS 

0 

0 

1 

0 


0 

0 

0 

1 
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Solution of equations (8.35) for the remaining a’s gives 


hi 

Thus 



vt = $ • A0, 


Vt 


M£p 

k ■ 




2-» P 


AB, 


kj- 


The quantity nCf/k is the {amom Prandtl number Npr. When we associ¬ 
ate a diameter D with a system as a characteristic length we have the 
following well-known dimensionless groups for the theory of heat transfer: 


Reynolds number R 

Grashof number Nor 

Nusselt number Nnu 
The symbol r in R denotes 


vDp 

p 

DV$g ■ Ad 

k 
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Problems for Part III 


The reader is expected to set the following physical systems in mathematical 
form, but is not supposed to solve the resulting equations. In these problems we 
are interested in heat transfer, except where thermodynamics is specifically 
mentioned. 

1. A container of uniform thickness and material is spherical. It contains air, 
and is being uniformly heated. 

2. The rod of Figure 151 has its top end insulated. 

3. The bottom of a metal plate is being uniformly heated by hot gases; the top 
is exposed to the atmosphere. 

4. A cylindrical rod, initially at a imiform temperature, is moved parallel to 
itself in still air with a constantly accelerating motion. The temperature of 
the air is uniform. 

5. The rod of Problem 4 is suspended in still air and is at rest with respect to the 
air. Initially the temperature of the rod is higher than that of the air. 

6. A jet plane encounters considerable skin friction at high speed. We are inter¬ 
ested in the skin temperature at a fixed high speed. 

7. A meteor enters our atmosphere at tremendous speed, and is being heated 
by air friction. 

8- An athodyd (Figure 154) travels at very high speed, propelled by burning 
gases. Air rammed into the athodyd furnishes the oxygen for combustion. 



Fig. 154. Athodyd. 

9. A flatiron is heated by currents through internal resistors. 

10. An electric bulb is being heated from the electric current of the bulb. 

11. A balloon is rising in the air while considerable heat is being lost to the 
atmosphere through the fabric. 

12. A gas is condensing in a condenser composed of coils in the usual manner. 

13. A brake shoe applied to an automobile wheel at constant pressure slides on 
the wheel and heats up. 

14. An open container B is filled with a liquid and rides on a liquid bath in an 
open container A, The surfaces of A and B are exposed to the atmosphere. 
The container A is being heated by a fire underneath. 

15. A cool room is surrounded by air at a uniform hotter temperature. 

[?7f 
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16. One end of a rod is immersed in a bath at one temperature, and the other end 
in a bath at another temperature. Between the ends the rod is exposed to the 
air. Initially the rod is at a uniform temperature. 

17. A small hot circular plate radiates heat to a large hot circular plate at a 
different temperature, the plates being parallel and so placed that the line 
joining the centers is perpendicular to the plates. 

18. The bulb of a glass thermometer is suddenly placed in a hot bath. 

19. A glass thermometer is suddenly moved from inside a building to the outside. 

20. A fire is heating a boiler containing water, and steam generated passes 
through a hollow tube to a nozzle from which it emerges. 

21. A bowl of water with surface exposed to the air is heated by a submerged 
electric bulb. 

22 . The gas in an automobile cylinder is being cooled by a water jacket. 

23. The cylinder of an aircraft engine is being cooled by an airstream. The 
cylinder has metal cooling fins. 

24. One side of a one-room house is a window pane exposed to the sun. The 
room is becoming warmer due to the radiation from the sun. 

25. A hot piece of iron is thrown into a large water bath. 

26. Water, initially cool, flows through a long pipe exposed to warm air until it 
reaches a faucet. We are interested in the emergence temperature. 

27. A hollow sphere containing a gas is suddenly immersed in a hot bath. 

28. A fixed voltage is suddenly applied across the terminals of the heating element 
of an electric toaster. Analyze the heat generated. 

29. A steam turbine is running. We are interested in the thermodynamic processes. 

30. A reciprocating steam engine is in operation. We are interested in the 
thermodynamic processes. 

31. A two-stroke diesel engine is running. We are interested in the thermo¬ 
dynamic processes. 

32. A pile of powdered coal is burning. 

33. Water in an open container is heated by a fire underneath, and boils. 

34. The container in Problem 33 is a pressure cooker. 

35. By dimensional analysis find a formula for the rate of heat transfer between 
a hot rigid body submerged in a flowing fluid and this fluid. 

36. A long, straight, smooth pipe of uniform diameter is given. Consider the rate 
dp/dl of pressure drop, due to friction, for isothermal turbulent flow of an 
incompressible fluid at a constant mass rate through the pipe. Here p denotes 
pressure, and I a length coordinate. Find a formula for the rate of pressure 
di'op. 

37. Heat is generated uniformly in a homogeneous right circular cylinder. Find 
the steady state temperature difference A$ between the center and the outer 
surface. 
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CHAPTER 


9 

Fundamental theory of elasticity 


9.1. Internal forces. In Part IV we shall be concerned with 
transforming physical problems involving elastic bodies into mathemat¬ 
ical form. 

If a body B is in static equilibrium, any subbody B, of B is in equilibrium 
under the influence of the forces acting on it due to the rest of the body, 
and the external forces. In studying the behavior of B in its interior due 



to applied forces, it is much more convenient for an understanding of the 
theory to treat what happens at points in B than to treat subbodies of B, 
since, if we know the situation at each point of B we know the mechanical 
state of B. On the other hand, for solution of actual engineering problems, 
study of subbodies often leads to quick results. 

We select an arbitrary point 0 in the body B, and with this as origin 
set up a Cartesian coordinate system as in Figure 155. In practice a 
point in B may be thought of as the position occupied by an individual 
molecule in B so that we can follow movements of points in B, even though 
a molecule is not a particle and most of B is empty space between atomic 
particles. We make this remark because we are going to study bodies 
which change shape and it is necessary to trace movements of points in 
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these bodies. It is convenient also to think of the body as a continuous 
distribution of matter. 

We shall include inertial forces in our treatment, so that we are con¬ 
sidering both static and dynamic equilibrium. We assume that 0 is an 
interior point in B, or is on the surface of B in such a way that the rec¬ 
tangular parallelepiped of Figure 155 lies in B. If 0 is on the surface of 
B we may use a modified element, one face of which is part of the surface 
of the body B. 

We suppose that the magnitude of the force F, acting on a subregion 
of a plane region R (which subregion might be the region R itself) is pro¬ 
portional to the area of the subregion, and that this force is always in 
the same direction. Let A be the area of JR. If F denotes the force acting 
on JR, the vector F/A is the stress associated with each point of R. If the 
properties assumed for F, do not hold, or R is not plane, we can by limit 
methods associate a stress with each x)oint of R. 

The resultant force applied to the face AOGD of B, by the material 
adjacent to (on the left of) this face can be resolved into its components 
parallel to the coordinate axes. Dividing the functions representing these 
components by the area AxAz of the face AOGD we obtain ayy and 
as shown; similarly, for the other faces. The quantities and Tyz in the 
directions of the and z-axes represent average shear stresses for AOGD, 
The quantity <ry represents a compression or tension (tensile) stress depend¬ 
ing on whether or not <ry is directed inward or outward from B,. The 
positive directions are taken as shown. We shall use primes on the symbols 
for the stresses on the planes of the element B, that are not coordinate 
planes. 

Besides the surface forces represented by o-yAxAz, etc., there may be 
body forces acting on B„ such as gravitation and magnetism. We let 
XAV, YAV, and ZAV represent the ar-, y-, and z-components of the 
resultant of the body forces acting on B, where AF is the volume of B,. 

We let p denote the density at a point of B,. We suppose that each 
point in B, has an acceleraiion that can be determined, the a:-component 
being represented by x'\ We assume that pa?" varies continuously over 
the points of B,. For a properly chosen value px'* of pa?" between the 
minimum and maximum values of pa?" we can represent the inertial force 
on B, in the a?-direction by px^AzAyAz. 

From Newton’s second law we have 


(rj, — Ty*)Aa?Az + (r',, — r,*)AyAx + (<ri — <r*)AyAz + J^AarAyAz 

« S^'pAxAyAz. (9.1) 

Dividing by Aa?Az, taking the limit as Ay goes to zero, assuming that the 
limits of the terms exist, (9.1) yields 


(9.2) 
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I 

Letting the maximum of | Ax | and | Az | now go to zero we obtain (9.2) 
for the stresses r,,*, rj,. at the point 0. Similarly, dividing both sides of 
(9.1) by AyAx and letting Az go to zero, we have r** = rj*, etc. For this 
reason, in the literature on the subject, the primes are not placed on the 
symbols representing stresses, although it is incorrect to start with the 
assumption that the unprimed functions representing average shear 
stresses equal the corresponding primed functions numerically. In general, 
for Ax 9 ^ 0, Ay ^ 0, and Az 9 ^ 0 the stresses represented by primed symbols 
are different from the stresses represented by unprimed. It is in the limit 
that they are equal. Assuming continuity of the stresses, the limit process 
thus yields the functions 


gy 


(9.3) 


representing stresses at the point 0. The functions (9.3) can be con¬ 
veniently arranged in the matrix 


(Tx 


^xt 

Tyx 

(Ty 

ryg 

Ttz 

rzv 

<Tt 


defining the stress tensor^ and will be called stress components. That the 
entries in (9.4) are not independent will be shown later. 

As Ax, Ay, and Az go to zero simultaneously, the limit of X (if it exists) 
defines the x-component of the body force per unit volume at the point 0 , 
As far as the forces are concerned, the state (mechanical) of the body B 
is determined by the stresses, body forces, and density at each point, it 
being possible to obtain the forces acting on any subbody of B by the 
usual integration methods. 


9 .2. Elastic bodies. In the analysis of physical systems it is 
convenient to idealize the bodies involved by describing them mathe¬ 
matically in terms of their dominant properties. We know what the 
dominant properties are from experience, or measurements made on the 
bodies being studied. To be able to carry through mathematical computa¬ 
tions the properties describing a body should, of course, be as simple as 
possible. In Parts I and V we treat two extremes, namely the rigid body 
where the distance between any two points in the body does not change, 
and the perfect fluid characterized by the property that it can support no 
stresses other than hydrostatic pressure, that is, the pressure p of Part V. 
In the present chapter we shall be concerned with elastic bodies whose 
properties lie between those of the fluid and those of the rigid body. We 
shall also make some remarks on plastic materials. Whether or not a given 
body is to be treated as a fluid, elastic, plastic, or rigid body naturally 
depends on the nature of the problem being studied. Thus if a piece of 
iron in a machine is subjected to stresses of 1 pound per inch, the result- 
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ing deformations are generally negligible, on the order of 3 • 10“"* inch, 
and the piece can therefore be considered rigid, whereas under stresses of 
10,000 pounds per inch, the deformations may be large enough to spoil 
the fit between the given piece and other members of a machine, so that 
in this case the elastic properties must be considered. 

An elastic body is one which, when deformed from an initial state A 
to a state B under the influence of forces, resumes its initial state A when 
these forces are removed. By state we refer to the geometric shape and 
mechanical properties, namely, the density and stresses at each point. 
There are no perfectly elastic bodies. If sufficiently great forces are ap¬ 
plied, the elastic limit may be exceeded, and the body will not return to its 
original state. Even though the forces are small, fine geometrical measure¬ 
ments will show an altered shape when these forces are removed. Whether 
or not a body is to be considered elastic in a given problem depends on the 
materials of which the body is made, the magnitude of the forces or 
stresses involved, the geometric magnitudes which can be neglected, as 
well as other factors. Experience and experiment are very important in 
this matter. 

We are often concerned with elastic bodies that are considered to be 
initially made of the same material throughout and of uniform density, 
and which for small deformations do not deviate much from these 
properties. 

As we have done above we shall distinguish between surface and body 
forces that act on a given body B, A body force is known by its intensity 
at each point. Thus if A, Y, and Z represent the x-, y-, and z-components 
of the body force intensity at a point of B, the a?-, y-, and z-components of 
the body force acting on any portion Bi of B are represented by 




ZdV 


integrated over the portion Si, the element of volume being denoted by 
dV, Surface forces will also be given by their intensities, that is, stresses, 
so that if X, Y, and Z represent the x-, y-, and z-components of a surface 
force intensity, the surface force acting on a portion Si of the surface S 
of B has the a:-, y-, and z-components represented by 


J f XdX, f j Ydl, j f Zd2 


respectively, where dZ denotes element of surface area. 


9.3. Strains. We shall consider a body B given undeformed in 
Figure 156 (a), and deformed as indicated by Figure 156 (b). In each 
case the body B is shown with reference to an xyz-Cartesian coordinate 
system. We shall suppose, for the purpose of discussion, thajb we know 
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exactly how the points in the body B shown in the first figure cor¬ 
respond to the points of this body in the second. It is understood that the 
deformation is a continuous one, without cutting or tearing, so that the 
curve C drawn through the point P{x, y, z) of the first figure deforms into 
a curve C' in the second figure, where y', z') is the new position of P. 

We assume that these curves are rectifiable so that the points on C can 



(a) Undeformed (b) Deformed 

Fig. 156. Body B, 

be designated in terms of an arc length coordinate s measured from some 
point on C, and that there is a similar coordinate s' for C'. In what fol¬ 
lows the variables will be considered to be functions of s. 

We introduce the displacements a, v, w by means of the relations 

a:' = X + u, / = y + V, z' = z + u), 

whence these displacements are the differences between corresponding 
coordinates of P and P'. The deformation can be recognized through a 
study of u, V, and w. 

A section of an unstressed elastic homogeneous rod is of length a, and 
is stretched to a length b by stresses at the ends of the rod. For small 
deformations experiment shows that b increases with a in direct propor¬ 
tion so that € given by 

b — a 

€ = - 

a 


is constant; that is, the relative elongation is constant. We therefore 
call 6 the strain imposed on the rod by the given stresses. 

We let Q be a point on C, and Q' the corresponding point on C'. We 
recognize that the body B in Figure 156(b) is strained, relative to its 
state in Figure 156(a), by the property that for a curve C' and points P' 
and Q' on C' the distance from P' to Q' is different from the distance 
from P to Q on C. The quantity 


As' ~ As 
As 


(9.5) 


is a measure of the strain along C' between P' and Q'. Taking the limit 
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as A« goes to zero (assuming that the limit of As'/As exists) the ratio (9.5) 
yields the strain eat the point P' on C', where 




e = 


ds* — ds 
ds 


(9.6) 


The formula (9.6) defines a strain e for each point of B and direction 
through this point. 

We shall obtain a formula for e in terms of the displacements u, v, and 
w. We assume that the displacements are due to deformation only. We 
thus exclude the case where the body is translated and rotated as a rigid 










Fig. 157. Stress crack pattern in the coating of an automobile 
wrench magnified 2.5 diameters. Specimen supplied by Profes* 
sor W. M. Murray of the Massachusetts Institute of Tech¬ 
nology was prepared by Mr. G. H. Eisenhardt. Photograph 
by Mr. Leon Keinigsberg. 


body. We suppose that ail derivatives that follow exist. The direction 
cosines 2, m, and n of the tangent to C at P are given by 


I 


dx 

ds' 


m = jp; 

ds 


ds 


and the direction codnes V, m', and n' of the tangent line to C at P' are 
given by 

1 / _ d(® + u) _ d(y + o) _ d{z + w) 

I » , m = ds' W 
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V 



(9.7) 


We obtain similar relations for m' and n'. Substituting the formulas of 
type (9.7) in 


we obtain 


(JL'Y + (mO* + (n')* = 1 



where 


a + 2e.)Z* + (1 + + (1 + 2«*)n* + 2y Jm 

+ 27^/1 + 2yy,mn, (9.8) 


— ^ 4- 1 (^ 

■* ” dx 2 \\dx) 

— — -L - \( 

m) 


+ 


+ 


dw , 

+ 2 

^ ^ 4- — A. — — 

~ dy dx dx dy 

_ du dw du du 

“ F to ^ dz 

_ 0u; ^ , 3ii 0u 

“ ay dz to dz 


\dx/ 

Y 

W/ 

m 


+ 


©T 

/ dw\^ 

W/ 

(—\ 

\dz) 

, dv dv dw dw 
dx dy dx dy ^ 
. dv dv dw dw 
dx dz ^ dx dz^ 
, dv dv dw dw 
dy dz^ dy dz ’ 


(9.9) 


From (9.8) we can compute the strain e of (9.6) for each point P of B and 
direction through this point. We note that e can be written as 



1 . 


Experiment shows that in the ordinary treatment of elastic bodies the 
products of the derivatives of u, v, and w with respect to jr, y, and z are 
small compared to these derivatives, so that (9.9) can be simplified to the 
approximate relations 


7av 


du 
“ to’ 
du , dv 
to ^ “ 


dv dw 

"to’ 

dw du _ dlV dv 
to dz ’ to 


(9.10) 


The quantities 6x, €y, €„ 7 xy, 7 **, and 7 y, are called the components of strain. 
These components, as given in (9.10), yield the strain tensor 



i7»| 


iy.* *» 

iy.^ 

(9.11) 

hfu iytt 

<> 1 
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analogous to the stress tensor (9.4); here 7x# = 7*x. By convention we 
have also 7*y * Ty* = 

In Section 9.1 the stresses were referred to a point (x, y, z) of the de¬ 
formed material, whereas the coordinates x, y, and z of (9.10) designate a 
point in the undeformed body. Because we shall later give relations be¬ 
tween stresses and strains it is convenient to refer both stresses and strains 
to coordinates x, y, z of the deformed body existing under the given stress 
distribution and body forces. We note that the coordinates (x + «), 
(y + v), and (z + u)) of the deformed body B are functions of x, y, and z. 
Since 

6(x + u) _ , On 
dx dx^ 


we have, when u is taken as a function of (x + u), (y + iJ), and (z + ii;). 


du 

dx 


du 




+ 


du dv 


+ 


du dw 


(9.12) 




d(x -f- u) ' dx/ ‘ d(y + ?;) dx ' d(z + w) dx 
We assume that the derivatives are small enough so that, for example, 

I can be replaced by 1 in the first term on the right of equation 

(9.12), and products of derivatives are negligible compared to derivatives. 

In this case we can write place ofSuch an argument shows 

that we may take the coordinates x, y, z in (9.10) to designate a point in 
the deformed body B of Figure 156(b). 

When we relate stresses to strains in what follows, the coordinates 
X, y, z wiU refer to a point in the deformed body. 

The six components (9.10) of strain are dependent on the three func¬ 
tions u, and w only, and we would therefore expect the strains to be 
subject to various conditions. It is easily verified by direct differentiation 
of the strains that the following compatibility equations hold: 

dhg d\ _ d^yxy 
dx^ dxdy 


ay* 

a*€y 

az* 

a*e. 


I a*t» 

■^ay* 


- 


dydz 

didx’ 


_, ^ 

a®* az* 

^ dydz 
2 

dxdz 

2 a«6. 

dxdy 

assuming that the order of differentiation is immaterial. 


— 1 

( dyyM 

1 

1 dyg), 

dx 

\ dx 

dy 

az, 

i-l 

(dyv. 

^7** 1 


ay’ 

\ dx 

'W^ 

dz ) 

-1 

az' 

^dy^, 1 
idx ^ 

dya 

dy 

a^wS 

dz )’ 


(9.13) 
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9 .4« Geometric interpretation of strains. We shall give a 
simple interpretation of the strain components in (9.10). We consider two 
points P and Q of the undeformed body J3 on a line parallel to the ar-axis 
as shown in Figure 158(a), these points being designated by (x, y, z) and 
{x + Lx, y, z) respectively. The corresponding points of the deformed 
body areP'(a: + u, y + r, 2 + a;) and Q'(x + u + Aa? + Aw, y + v + Ar, 
z + w + Lw) as shown in Figure 158(b). We let P'Q' be a principal di¬ 
agonal to a rectangular parallelepiped with faces parallel to the axes as 



Fig. 158. Points in the body B. 


shown in Figure 158(b). We label vertices M(x + u + Lx + Aw, y + v, 
z + w) and N(x + u + Lx + Aw, y + v + Lv, z + w) as shown. The 
angle MP'N made by the horizontal projection P'iV of P'Q' and the posi¬ 
tive half of the x-axis is designated by a, measured from P'M. The directed 
distance P'M is (Ax -f- Aw), and the directed distance MN is Lv, The rela¬ 
tive elongation in the x-direction is 

P'M - PQ 
PQ ' 

which is Lu/Lx. Taking the limit as Ax —> 0 we obtain du/dx, that is, €*, 
as the strain in the x-direction. It follows similarly that dv/dy and dw/dz 
are the strains in the y- and z-directions respectively. They are called 
longitudinal strains. 

We shall give simple geometric interpretations of the other first partial 
derivatives of w, v, and w. From Figure 158(b) we have 


^ MN 

“““'PH 


Lv 

- * 

Ax + Aw 


Taking the limit as Ax goes to zero we have 

dv 
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where ao is the limit of a as Ax goes to zero. The angle ao is thus the angle 
of inclination of the horizontal projection of the tangent line to the curve 
P'Q' at P’ with respect to the x-axis. Assuming that du/dx is small com¬ 
pared to 1, as is generally true in practice, we have 

* d» 

*““•-55- 

Figure 158Cb) is a special one, but the argument is perfectly general. 
Let PR be a straight line segment parallel to the y-axis in the unde¬ 
formed body of Figure 158(a), and P'R' the corresponding curve in the 
deformed body of Figure 158(b). 



Fig. 159. Horizontal projections 
of curves in the deformed body B* 

The derivative du/dy is now the tangent of the angle inclination jSo of 
the tangent line to P'R" with respect to the y-axis, where P'R" is the 
horizontal projection of the curve P'R'. In Figure 159 we have pictured 
the horizontal projection P'(f' of the curve P'Q' as well as the horizontal 
projection P'R" of P'R'. Here we have written Q" for the N of Figure 

158(b). The right angle QPR deforms into the angle ~ 

indicated in Figure 159. For small angles ao and Pa we can replace ao and 

jSo by their tangents, so that the change in QPR is — -|- that is, the 

■ shear strain 7*,. The term shear is used because of physical considerations 
which become clearer when the corresponding stresses are studied. 

Because the strains (9.10) involve relative elongations, they are 
commonly referred to as unil strains. Thus e, is a unit elongation, and a 
unit shear strain. 

We have shown how with the aid of (9.8) we can compute the unit 
elongation c in any direction at a point P in the body B when the six 
components of strain (9.10) are given. As we shall show, the change in 
any angles atP between two curves through P (assumed to have tangent 
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lines atP) is also determined by the components of strain. Let Ci and C 2 
be two curves of the undeformed body B whose tangent lines atP have the 
direction cosines /i, mi, rii and U, respectively. Let C[ and CJ be 

the corresponding curves in the deformed body, and let their correspond¬ 
ing direction cosines be denoted by ZJ, mj, n[ and ZJ, mj, respectively. 
By the relations of type (9.7) the direction cosines in the sets Z(, m(, ni and 
Z 2 , mj, nj are certain combinations of Zi, mi, rii and Z 2 , m 2 ,112 respectively. 
It is readily seen that the angle between C\ and corresponding 
to the direction cosines given above, is determined by the Z’s, m’s, and 
n’s for Cl and C 2 , and the strain components atP. The change (^' — B) in 
the angle B between the curves Ci and C 2 at P can thus be found from the 
directions of Ci and C 2 at P and the strain components at P regardless of 
what curves Ci and C 2 are chosen at P, provided that they have tangent 
lines at P. 


9 . 5 . Relations between stresses. Wc shall prove that the 
shear stresses are dependent, in fact 

Tjjy = XZ ~ '^1/2 ~ '^zy^ (9.14) 

whence the stress tensor is symmetric. 

To prove (9.14) we refer to Figure 155, where we have an element in 
the form of a rectangular parallelepiped with edges Ax, Ay, and Az, and 
with three faces on the coordinate planes, the other faces being in the first 
octant. We shall compute the moment of the forces acting on the element 
where this moment is taken with respect to the x-axis. Assuming that 
the element is in equilibrium under these forces (include dynamic equi¬ 
librium), it follows that the total moment with respect to the x-axis must 
vanish. 

We emphasize that in the notation T^y the subscript y refers to the axis 
to which the stress represented by is parallel, and the subscript x, that 
is, the first subscript, denotes the direction of the normal to the plane at 
which the stress acts. The positive directions of the shearing stresses are 
in the positive directions of the axes for the faces of the element in the 
first octant not on the coordinate planes, and just the opposite for the 
faces which lie in the coordinate planes. If the coordinate axes are trans¬ 
lated, the positive directions of the stresses remain the same. It is no 
restriction on the generadity of the method to take the axes at the element 
as shown. 

If a rectangular parallelepiped element has its faces parallel to the co¬ 
ordinate planes, the faces whose points have the more positive coordinates 
will be called positive faces, and the other faces negative. It follows that the 
positive directions of the shearing stresses are the same as the positive 
directions of the coordinate axes for points on positive faces, and the 
negative directions of the axes for negative faces. 
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We shall use primes on the symbols for the stresses on the planes of 
the element that are not coordinate planes, as in Figure 155. 

In Section 2.11 we defined the moment of a force with respect to a point 
0 . The definition can be extended in a simple manner to the moment of a 
force F about a line as follows. Let this line be the a:-axis. The force F is 
the sum (F* + Fp) of the component of F in the aj-direction, and a com- 
pontot Fp perpendicular to the ir-axis. Suppose that Fp ^ 0 . Let A be the 
point on the ar-axis where the ar-axis cuts the plane through the line of 
Fp perpendicular to the a:-axis. The moment F with respect to the a:-axis 
is the moment of the perpendicular component Fp with respect to the 
point A, U F tends to rotate a body B counterclockwise about the a:-axis 
as seen from the positive end of the ar-axis, the moment of F with respect 
to this axis is positive; otherwise it is negative. If Fp is zero, the corre¬ 
sponding moment is zero. 

We suppose that the stresses vary continuously on and in the body B 
of which an element is pictured in Figure 155. Let Pi be a point on the 
bottom face of the element in this figure, and let eiAy be the y-coordinate 
of Pi for a number €i for which 0 g €i ^ 1 . By the first theorem of the 
mean for integrals we can choose Pi so that 

{€iAy)azAxAy 

is the moment with respect to the a:-axis of the force due to the stress 
component or, on the bottom face of the element. Here is understood to 
be evaluated at Pi. 

Let P 2 be a point on the top face of the element, and let € 2 Ay be the 
y-coordinate of P 2 for a number €2 with 0 ^ €2 ^ 1. We can choose P 2 so 
that 

(€ 2 Ay)cr^AxAy 

is the moment with respect to the ar-axis of the force due to the stress 
represented by o-' on the top face of the element, the function (t' being 
evaluated at P 2 . 

Assuming the existence of enough derivatives, we have 

= (T. + ^ SAX + ^ SAy + ^ Az + ,1. 

where SAac, SAy, and Az are the coordinates of P 2 minus the corresponding 
coordinates of Pi, and 171 is a quantity that will contribute nothing to the 
final limit in the process to follow. It follows that the moment Mi (with 
respect to OX) corresponding to the quantities <r, and (tJ can be written as 

Ml • ..(Ay)* f («* - 

+ ..(^U.+ ^S4y + ^-Az+ .,)]. (9.15) 
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As Az goes to 0, we have €2 —► 61 , 8Ax —► 0, —> 0, —> 0, whence the 

quantity in the brackets goes to zero with Az. Thus Mi goes to zero with 
Az. 

The same type of treatment applies to the moments with respect to 
OX corresponding to Cy, as well as the moments for shear stresses 
represented by Txv, and r**, There remain the stresses represented 
by t', and r'^y. These contribute the moment M 2 given by 

Ms = Ay{TyJ^xAz) - Azij'^yAxAy), (9.16) 

where and T^y are evaluated at properly chosen points. 

The body B may be influenced by a field of force whose intensity has 
the X, y, and z components represented by Fy, and F- respectively. 
Assuming that these components are continuous functions of x, y, and z 
over the element, we have the resulting moment M witli respect to the 
x-axis given by 

M = (ezAyFz — €4AzFy)AxAyAz (9.17) 

for c’s in the range 0 to 1, and functions Fy, F^ evaluated at points of the 
element. We can include inertial forces in M. 

It follows from (9.15), (9.16), and (9.17) that if we let Aa? == Ay = Az, 
divide the sum of the moments with respect to the ar-axis by (Aar)®, and 
take the limit as Aa* 0, we obtain 


Tyz = Tzy (9.18) 

valid at 0, whence the stress tensor is symmetric. 

9 .6. Stress on arbitrary plane. In Section 9.3 we showed that 
the six strain components €*, ^y, €s, yxv, Tv* arc sufficient to determine 
the strain in any direction at the given point P, so that in this sense these 
components form a complete set. We shall prove similarly for the six 
components of stress <?■*, o-y, T^y, Tyz, Tzx that the stress on any plane 
through a given point P of the body B is determined by the six components 
of stress at P. 

Consider the tetrahedron ABCP of Figure 160 bounded by planes paral¬ 
lel to the coordinate planes and a plane ir whose outward normal has the 
direction cosines /, m, n as shown. The edges AP, BP, and CP are parallel 
to the x-, y-, and z-axes respectively. We let T designate the stress at a 
point on t, and let p be the perpendicular distance from P to the plane t. 
The shear stresses will be denoted without primes, with single primes, and 
with double primes on the faces BCP, ABP, and APC respectively. We 
suppose first that /, m, and n are all different from zero, that is the plane ir 
is not parallel to one of the axes. We let a be the area of the part ABC of v 
which bounds the tetrahedron, and represent the components of the body 
force intensity by P*, Fy, and P„ respectively. The area of the bottom face 
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ABP is an. Similar formulas hold for the other faces. We let T*, 7^, and 
Tt represent the components of the stress T (hence surface force intensity) 
in the t-, y-, and z-directions respectively. The x-component of force acting 
on the face ABC is represented by for Tx evaluated at a properly 
chosen point on this face. We assume continuity of all components in¬ 
volved in the argument. Due to the stress represented by o’* on the face 
PBC the quantity — o-^a/ represents a force component in the T-direction 

C 


Oy 

y 


Fig. 160. Stress T on a plane «. 

for (T*, evaluated at a properly chosen point. From the face APC we have a 
force component represented by --Tyjim, and from ABP a force com¬ 
ponent represented by We also have a body force component 

represented by (Fxap)/i for F* evaluated at a properly chosen point of the 
tetrahedron. We include inertial forces in F*, Fy, F* to take care of dynamic 
equilibrium. Since the sum of the x-components of force on the element 
vanish, we have 

T*a — — Tyjflm — r'^an + — = 0. 

Dividing by a and taking the limit as p goes to zero while /, m, and n 
remain constant we derive 

T* = /<r* + mTyx + nr,* (9.19) 

valid at P. Similarly, 

Ty = ITxV + mCTy + nT,y, (9.20) 

Tg = hxz + niTyg + ruTg. (9.21) 

The ± signs of the force intensities T*, Ty, Tg are taken so that the sign 
is positive if the intensity has the positive sense of the corresponding 
axis. This is not the convention for stresses. Thus if / « — 1, m =» n = 0, 
formula (9.19) yields T* “<r*, when the normal stress component in the 
ar-direction is cr*. 

The above derivation of (9.19)-(9.21) is based on the assumption that 
I, m, n are all different from zero. Continuity assumptions yield the valid- 
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ity of (9.19)-(9.21) when at least one of the direction cosines i, m, n 
vanishes. 

We proved (9.19)-(9.21) by using a tetrahedron in the first octant. The 
treatment is easily seen to be valid in the general case. 

The quantities cr*, Tyx, t** represent the a:-, y-, and z-components of the 
stress on a plane parallel to the yz-plane. Thus the stresses at a point P 
on any plane can be expressed in terms of the stresses on three mutually 
perpendicular planes through P. 

Let S be a surface through the point P, and ts the tangent plane to *8 
at P. Assume that a normal ray to S at P exists. From the manner in 
which Vs approximates S in a neighborhood of P the stress on S at P is 
easily seen to be the same as the stress on vs at P, in fact the stress on S 
depends only on the direction of the normal ray to S at P and the stresses 
on three mutually perpendicular planes through P. There are two direc¬ 
tions of the normal rays to vs corresponding to the two different sets of 
directions cosines of the normal lines to vs. Let Bi be the part of the body 
on the same side of S as the normal ray to aS at P and B 2 the part of the 
body on the other side. It is convenient to think of the stress on S as due 
to the action of Bi on JB 2 , at least in a sufficiently small neighborhood of P. 

It follows from (9.19)-(9.21) that the stresses on any plane through P 
are determined by the six components of stress Ty2, Tzx» 

9.7. Stress-strain relations. For an elastic body the strains 
are functions of the stresses, so that 

€* “ f(s^x^ ^Z» rjcy, Tyzi Tzx\ 

and similarly for the other strains. It is reasonable to suppose that 
...» Tzx) can be expanded as a power series in , Tzx- For 

this series the constant term vanishes inasmuch as €, = 0 when the 
stresses vanish. We suppose that the series converges for the stresses 
under consideration. This is reasonable because in a given problem we 
often have the stresses initially zero and we would expect the series to 
converge for some range of values of the stress components near zero. 
Unless the stresses are large we can expect to be able to discard all but 
the linear terms in the expansion so that 

€x = cuTx + bay c<r, + cfr*y + er** •+• fryz (9.22) 

with similar relations valid for the other strains, the coefficients of the 
stress components being real numbers. We should always assume that linear 
relations like (9.22) hold unless there is good evidence to the contrary. For 
even such a nonuniform substance as wood it is customary to suppose that 
linear relations hold between the stress and strain components. 

In the manufacture of many items, such as steel peirts, an effort is 
generally made to have the material uniform, that is, homogeneous and 
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isotropic. By isotropic we mean here that the elastic properties at a point 
are the same for each direction through the point. Homogeneous desig¬ 
nates that the elastic properties at different points are the same* In this 
event the linear relations between the stresses and strains are quite simple 
as we shall show. Most structural materials are crystalline. However, the 
crystals are generally small compared with the dimensions of the material 
used, and chaotically distributed, so that the assumption of homogeneity 
and isotropy is a good one. Wood is not isotropic but generally has three 
mutually orthogonal planes of elastic symmetry. We assume in the rest 
of this section that the body B is isotropic and homogeneous. 

Since the y- and 2 -axes are individually related to the x-axis in the same 
way, it follows that 

6 = c, d = e, 

whence by (9.22) 

€* = (KTx + b{(Ty <r*) "jr d{Txy -f* + frys, 

€y == cury + b{(Tx + (Tz) + d{Txy + Tyz) (9.23) 

€* = Off, -f- b(<Tx + <Ty) + d{Tyz + Tzx) +/rx». 

We can similarly write the shear strains as 

7*1/ = 9{<rx + (Ty) + hrz + qtxy + + Ty*), 

7y* = 9{<^v + (Tz) + h<rx + qryz + p{rzx + Txy), (9.24) 

yzx = gicTz + Ox) + /KTy + qtzx + p{Txy + Tyz). 


We introduce an a;'-axis as shown in Figure 161, which axis is the same 
as the T-axis with the sense reversed, so that x' = —x. In this figure we 



Fig. 161. New «'-axis. 


have a rectangular parallelepiped element with faces parallel to the axes. 
Since B is homogeneous and isotropic the stress-strain relations must be 
the same for any Cartesian coordinate system, and in particular these 
relations for the yx'z-coordinate system must be the same as these rela¬ 
tions for the xy2-coordinate system. The negative faces on which the 
stresses represented by r*y and act in Figure 161 for the xyz-coordinate 
system are positive faces for the yx'z-coordinate system. It follows that 
the positive directions of the shear stresses represented by rj^y, r on these 
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faces for the yx'z-coordinate system are opposite to the positive directions 
of the stresses represented by T*y 8uid t*, respectively, so that 

Examination of the stresses indicated in Figure 155 shows that the 
other stresses with respect to the a:yz-coordinate system go over without 
change in sign. We have thus 


^l/» r-p/y ^xy, '^zx' r^X) yz — ryp, (9*^5) 

where we use asterisks to represent stresses in the y^'z-coordinate system. 
Asterisks will similarly be used for strains. Since the lines of the axes are 
not changed in going from the a^z-coordinate system to the yx'z coordi¬ 
nate system the unit elongations are unchanged. Let AB, AC, and AJB' be 
rays in the directions of OAT, OF, and OX' respectively, so that angles 
BAG and B'AC are orientated in the same way as XOY and X'OY respec¬ 
tively. The angle B'AC is the supplement of the angle BAG, whence an 
increase (or decrease) in BAG corresponds to a decrease (or increase) by 
the same amount in B'AC. The same applies to angles oriented like XOZ 
and X'OZ. 

We have 


€* = €? = €y, €* = tzy Tyt = lyz- (9.26) 

By (9.23) we have 

€* = a<7-* + b{<T* •+• ) + (Kj^y -h r*,) -|- fr%,. 

By (9.25) and (9.26) this yields 

€y = aay + b{<Tx + (Tz) + d{—Txy + Tyz) — /t*,. (9.27) 

From later considerations of this chapter it will appear that we can 
have any one of the stresses not zero while the other stresses vanish, in 
fact, except for physical limitations we can have any value of any one 
stress while the other stresses vanish. It follows that the formulas (9.27) 
and (9.23) for €y must be identical in the stresses, whence 

d=:/« 0. 

For y*,y we have by (9.24) 
y*v =* 

Substituting from (9.25) and (9.26) we derive the relations 

“7*y = g{(Tx + (Ty) + /kt, — gr*y + p( —r,, + Ty,). 

Comparison with the formula for yxy in (9.24) yields 

g ss h ^ p - 0. 
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The relations (9.23) and (9.24) now become 

€* = a<r» + b{<ry -f 7*if *= 

y = CUTy -f- 6((ra; + (T*), 7y» (9.28) 

€« = Oct* + 6((r* + o^y), 7,» = 

We know from experience that relations (9.28) cannot be simplified 
by removal of other terms. In fact a tension in the ar-direction causes an 
elongation in the x-direction and contractions in the y- and z-directions, 
whence a and 6 are in general different from zero. As will be seen below 
we can produce a pure shear T*y that causes a corresponding strain in the 



Fig. 162. Planes making 45** with the 
jrs-plane. 


body, whence q 0. The constants a, 6, and q are dependent as will now 
be shown. 

We let the origin of the coordinate system be chosen so that this is 
the point at which the stresses are being taken. We consider a long beam 
(infinitely long to be mathematically rigorous) with the z-axis as axis, and 
constant horizontal cross section in the form of a rectangle with sides 
parallel to the x and y-axes. We assume that the following set of stresses 
apply to the beam 

(Tx ^ ""O’!/* ~ Txy “ ry, = Tgx ~ Oy 

and that ^x is constant. The reader can verify that these stresses satisfy 
the fundamental equations of elasticity, not all yet derived. These stresses 
correspond to tension on the beam in one direction and compression in 
the other. 

The z-coordinate is now out of the picture, there being no strains involv¬ 
ing z. We pass planes and ir'' through the z-axis as in Figure 162 making 
45 degrees with the xz-plane. The plane t' cuts into the first octant. We 
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let I', m', n', and I", m", n" be direction cosines of normals to the planes r' 
and n” respectively. It follows that we can take 

V = -m' = = 0; T = m" = n" = 0. 

Let primes on notations for surface force intensities designate intensities 
on the plane tt', and double primes intensities on tt". By (9.19) and (9.20) 



It appears from Figure 163 that the force intensity components repre- 



Fig. 163. Stress on a plane 


seated by T', and T'y yield a shear stress on x' represented by t, where 
r = ax. By (9.19) and (9.20) 

T ff rpff O'x 

* \/2 ^ V2 

whence there is a shear stress on ir" represented by r, where r = o-*. Since 
the stresses on all planes through 0 are determined by the stresses on three 
mutually perpendicular planes through 0, it follows that the stresses at 0 
are determined by the shearing stresses represented by {rj on t' and t", 
there being no stress on the ary-plane. We have a case of pure shear. It 
follows that 7 is a function of a and b. 

By (9.28) we now have the strains 

€*=(«“ 6)<r*, €y = (6 — a)©-,, 

whence by integration 

u « ar(a — 6)o-* -f /(y), v - y(b — a)<T^ + g{x) 

for functions/(y) and g(x). Due to symmetry the points originally on the 
ar- and y-axes remain on their respective axes after deformation. Thus 
when a; as 0, we have u = 0 also, whence /(y) = 0. Similarly g{x) = 0. 

By (9.28) the shear stress represented by r causes no elongations in the 
directions of the lines U and L" where the planes and t" cut the 



FUNDAMENTAL THEORY OF ELASTICITY 


fCHAP. 9 


aiy-plane. The derivative ds/ds' in (9.7), relating arc lengths on the unde¬ 
formed and deformed curves, is thus unity for each of the lines U and L". 
Let ZJ, mj, n[ and ZJ', mj', nj' be the direction cosines of the tangent lines to 
the respective curves into which L' and L" are deformed by the stress 
distribution. By (9.7) 

l[ = [1 + (a - 


= [1 + (6 - 
= [1 + (a - 6)<rJ 


(9.29) 


m'l' = - [1 + (6 — a)(Tx] 


n[ = ii'i 


Let 7 represent the shearing strain for the lines L' and L". Further, let 
6 be the angle into which the angle L'OL" of Figure 162 deforms under the 
given stresses. By (9.29) we have 

cos 0 = I'll" + m'lin'l + = 2(a — b)ai. 

The shearing strain for U and L" is | — 0. Assuming that | is small 
we can write 


^ 5 = sin = cos $. 


It follows that the shearing stress y is given by 

7 = 2(o — 6)(r, = 2(a — 6 )t, 

whence 

g = 2(a - 6) 

as was to be proved. 

Hooke's law states that with <r* as the only stress 


(9.30) 


for the modulus E of elasticity in tension, whence a = 1/E. For steel E is 
about 30,000,000 pounds per square inch. Since a typical value of the 
elastic limit for steel is around 30,000 pounds per square inch, the strain 
cz in the case of steel is generally smaller than 0.1 per cent. The elastic 
properties hold up to the elastic limit. For rubber a typical value of E is 
300 pounds per square inch, and as is well known, the strains can be 
relatively large. The law (9.30) holds for both compression and tension. 

It is customary to write 
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where m is Poisson’s ratio. Since from experiment we know that extensions 
are accompanied by lateral contractions, we expect b to be negative, 
which is the case. Typical values of m are 0.244 for glass, 0.333 for copper, 
0.303 for steel, and 0.15 for concrete. A rough average value of n is thus i. 

In terms of m we have 

„ _ 2(1 + #») 

E ' 


It is customary to write the relations (9.28) as 


for 


_ M / , N 

~ E E ^ 




- -Q< 


yvt 


la 

G' 


M / I \ tx 

^ ^ [(Tx "T 7*x 


G = 


E 


2(1 + m) 


(9.31) 


The quantity G is termed the modulus of elasticity in shear, or modulus of 
rigidity. 



Fig. 164. A oonnectiiig rod model under strees photographed 
with polarized light. Courtesy of the photoelasticity laboratory 
of the Chrysler Corporation. 
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From the eqiulibrium of forces on subbodies of the body B we can 
obtain three conditions on the stresses and body forces corresponding to 
the vanishing of the total force components in the directions of the co¬ 
ordinate axes. These three conditions, with (9.10) and (9.31), yield nine 
coiiditions on the six stress components and the displacements u, v, and 
w. These conditions and the stresses on the boundary of B or the displace¬ 
ments on the boundary of B, given also the body forces, are often enough 
to determine the state of stress of the body B for rather general condi¬ 
tions, as can be shown by the uniqueness theory of partial differential 
equations. The conditions obtained from the equilibrium of forces will 
be derived later for the two-dimensional case. 

Generally, the uniqueness of the solution of the nine conditions on the 
six stress components and three displacements is proved (physically) 
by assuming that the body B is a thermodynamic system to which the 
first and second laws of thermodynamics apply. For two dimensions 
uniqueness can often be readily shown where stress functions exist (see 
reference 2). 


9.8. Plastic flow and creep. For plastic deformation the rate of 
change of the strain with respect to time is a function of the stress. With 
Vg denoting the derivative d€g/dt, Hooke’s law (9.30) is replaced by 

Vs = /(<r,) 

for a function/. From experience we know that there is no change in the 
deformation when the stress is zero, whence it is reasonable to suppose 
that 

Vg = kai (9.32) 

for constants a and k. This approximation is used successfully in practice. 

In the case of creep the rate of deformation decreases with time. Here 
we can use the law (9.32) with k decreasing with time. It is evident that 
all kinds of relationships between stresses and strains are theoretically 
possible. Experimental observation of the nature of the changes of state 
of the body under consideration should suggest reasonable relations be¬ 
tween stresses and strains, as well as other variables. 

The terms “plastic deformation” and “creep” are sometimes asso¬ 
ciated with other stress-strain relations. 
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CHAPTER 



Elasticity for one and two dimensions 


10.1. Stretched v/ire. The stress-strain relations derived in 
previous sections are generally too complicated to apply directly in prac¬ 
tice. We should therefore replace the given body or bodies by the sys¬ 
tem that is as simple as possible geometrically and will still give satis¬ 
factory results. We should idealize the bodies by equivalent ones of 
as low dimensions as possible, and of the simplest shapes. Thus we may 
be able to replace a body of elliptical cross section by one of circular cross 
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Fig. 165. Stretched wire. 


Fig. 166. Section of a stretched 
wire. 


section. We shall illustrate by beginning with wires having a cross section 
normally so small in comparison with their length that, in what follows, 
the cross section will be considered as a point. 

Consider a wire fixed at one end -4, and stretched out so as to lie at all 
times on the same straight line. Suppose that the other end B is moved 
sinusoidally along the line. The reader is referred to Figure 165, where the 
coordinate of B is (L + 17 sin /). In practice 17 would be small compared to 
L, If the point C has the abscissa x when / = 0, this point has the ab¬ 
scissa {x -f u) at the time t for the displacement u of C. We let T represent 
the force due to tension. The problem is to determine T and u. 

We suppose that the mass of the wire can be neglected. In Figure 166 
we have pictured a section EF of the wire of length Ax. From the vanish¬ 
ing of forces on the segment it follows that the tension force at the end E 
is the same as the tension force at F but oppositely directed. As a con¬ 
sequence the tension along the wire at any given instant is constant. By 

[2B7 
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Hooke’s law, assuming that du/dx exists, 

§ » km ( 10 . 1 ) 

for a constant and the tension T(i). With the aid of boundary conditions 
the solution is now determined. The boundary conditions to be used will 
be found from the solution. 

Integrating (lO.l) we obtain the formula 

u == kxT(t) + g(i) 

for a function g(i) of At a? == L we have u — vi sin L It follows that 

u = k(x — L)T(t) + rj sin L (10.2) 

Since the point A is fixed we have « = 0 when x = 0. By (10.2) 

whence the tension at each instant is known. By this formula for T(t) and 
(10.2) the displacement of each point on the wire is determined. We thus 
obtain the easily anticipated result that u = ix/L){r} sin i). 

Where the tension is high enough we are justified in neglecting inertial 
and damping forces. 



The boundary and initial conditions needed to solve a problem are perhaps 
best determined in the general case by first setting up as many independent 
equations as there are variables to be solved for. In the solution of these equa¬ 
tions the initial and boundary conditions needed to carry through the solution 
will become evident. Through the theory of the existence of solutions it is 
possible to state fairly comprehensive theorems on the initial and bound¬ 
ary conditions needed to solve various problems. 

As a second example, we suppose that the wire is vertical, and that the 
tensions are small enough so that the mass of the wire cannot be neglected. 
In Figure 167 we have pictured an element PQ of length Ax. We suppose 
that the weight is distributed uniformly along the wire when at rest. We 
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let p be the density of the wire per unit length, so that the element PQ 
weighs pgAx units, inasmuch as the density is uniform. At an instant 
t during the motion of the wire the points P and Q are at P' and Q' as 
shown in Figure 167. The coordinates x and (x + Ax) of P and Q have 
gone into {x + u) and (a: + u + Ax + Au) of P' and Q\ respectively. 
Here u is a function of x and L The density of the wire is in general no 
longer uniform. It will be denoted by (p + <t). We assume that all func¬ 
tions and derivatives in our argument are continuous. 

The mass of the wire section PQ is identical with the mass in the section 
P'Q'. For some value of (p + a) between the minimum and maximum 
taken on by (p + a) along the segment P'Q' the mass of the section P'Q' 
is (p + O')(Ax + Au). Equating masses yields 

pAx = (p + O') (Ax + Au). 

Dividing by Ax and letting Ax go to zero gives 

If du/dx is small compared to I, this gives p = p + o', from which cr = 0, 
and p + a can be replaced by p. 

To allow for varying density we must use Newton’s force law F = 
d{mv)/dt in the form 

« dv , dm 

^ ~ dl dt’ 

the velocity and mass being denoted by v and m, respectively. We let 
g be the magnitude of the acceleration of gravity, and AT the differ¬ 
ence between the tension (T + AT) at Q' and the tension T at P'. As a 
consequence 

(p + p)(ip+A„) yfr +,“ + 

^ a(. + » +^. + i-Aa) a(p + .)^^ + A„) _ ^ ^ 

for fj and f between zero and 1, and factors evaluated at some properly 
chosen point with coordinate (x + u + riAx + i?Au) on the section P'Q'. 
Suppose that du/dx is small compared to 1. Note that Au is approximately 
(du/dx)Ax. Dividing by (Ax + Au), taking the limit as Ax goes to zero, 
(assuming that the limits exist), dropping du/dx in 1 + du/dx, and mak¬ 
ing use of the fact that p and x are independent of /, we have 

(p + <^) + QpJ+ Qt Qf 9(j> + <r) + 
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If dtr/di is sufficiently small we can write this equation as 


where we have dropped the term in the product of derivatives of m. 
By (10.1), remembering that T is now a function of x and /, and the as¬ 
sumption that (T is small compared to p we finally obtain 


d^u ^ 1 

dt~ ^ kp dx^' 


(10.3) 


To solve (10.3) for « as a function of x and t we need the boundary condi¬ 
tions 

a; = 0, u = 0; T == L, u = ?; sin / 

and initial conditions such as / = 0, u = 0; and the velocity of each point 
on the wire when / = 0. 

If damping must be included, then a term like —K(du/di) for a posi¬ 
tive constant K should be added to the right of (10.3). 

10,2, Flexible cable. Chains, ropes, strings, and threads offer, 
for practical purposes, no resistance to bending, and will be called yZea:i6fe 
cables. As in the case of wires the cross section is so small compared to 



Fig. 168. Airplane pulling a glider. 

the length that it will be neglected. Thus the flexible cables will be con¬ 
sidered to be one-dimensional bodies, that is, simply curves in space with 
associated physical properties. A cable is generally supported at one or 
both ends, and hangs under the influence of gravity and other forces. 

Consider, for example, the case of an airplane pulling a glider as shown 
in Figure 168. The rope connecting the glider to the airplane joins the 
glider at A and the airplane at 0. The problem is to determine the stresses 
at points on the cable, and the geometry of the cable. It is important to 
know the stresses, because if they are too high the ultimate stress of the 
rope material will be exceeded, and the rope will break. 

The speed of the airplane near the earth is normally high compared 
to the prevailing winds so that we may neglect these winds, and treat 
only the wind due to the motion of the airplane in still air, at least we 
consider this case only. We shall consider first the case of a steady state. 
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We set up X- and y-axes fixed to the airplane as shown in the figure. We 
shall suppose that the airplane is traveling in normal horizontal flight. 

As a first approximation we neglect the stresses on the rope caused by 
the wind. We suppose that the rope is uniform, and weighs w units per 
unit of length, and that the density can be considered constant for 
practical purposes. In Figure 169 we have pictured a section of the 
rope of length for arc length coordinate s. For purposes of explanation 
the rope section is taken below the a:-axis in the figure. The coordinates x 
and y of a point R on the rope are functions of s. The end points of the 



rope section are denoted by a and b respectively. We let ^ be the angle of 
inclination of the tangent line to the rope at a, and (6 + A^) the corre¬ 
sponding angle at the point 6, where the angles of inclination are taken 

in the range to We let T designate the tension force at a, and 

(T + AT) the tension force at 6. The force of gravity acting on the rope 
section is w^s. The vanishing of the horizontal component of the total 
force on the section gives 

(T + AT) cos {e + M) - T cos ^ = 0. 

Suppose that we measure arc length s from O so that 5 = 0 at 0 and s = L 
at the point A, where L is the length of the stressed rope. The derivatives 
to be used in the argument are assumed to exist. Novv 

/I 

— cos ^ 

We write 

AT »= ^ A« + 6i, — cos {B + A^) ~ 
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whence we have 


^ (S +**)+(S {ts +1* 

The quantities €i and €2 will contribute nothing to the limit of the above 
expression after we have divided by As, This limit yields 


T 4 - 

ds^ ds ds 


= 0 . 


(10.5) 


Since the left side of this equation is the derivative of T(dx/ds) with 
respect to s, it follows that 

= K (10.6) 

as 


for a constant K. 

In the same manner the vanishing of the total force in the y-direction 
yields 




Elimination of T gives 


dx _ 
ds ^ K 


(10.7) 


as the differential equation relating x and y along the rope. We can 
eliminate ds from (10.7) and obtain a differential equation of the second 
order in x and y. 

The tension force acting on the glider at A is now K/{dx/ds) with the 
direction specified by dy/dx at 5 = L. We must incorporate this force into 
the differential equations of motion of the glider, which can be obtained 
from that given for airplanes in Section 2.17. We have in addition the 
condition that the rope passes through (0,0). 

If in actual flight K and the coordinates of A are measured, the shape 
of the rope is determined by (10.7). Having an equation for the curve 
of the rope we can substitute into (10.6), and find the tension force T at 
each section of the rope. Knowing the area of the cross section of the 
rope we can compute the stress perpendicular to the section, and deter¬ 
mine whether or not the rope is strong enough for its purpose. 

Equation (10.7) came from the equilibrium of forces, and not from the 
stress-strain relations. We assumed nonrigidity of the rope, and an 
absence of flow of the rope material for the state considered. We can, of 
course, determine the strains at the points on the rope from Hooke’s 
law if the stress is known at each point (the stress is T divided by the 
cross sectional area). 
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Let us now consider the more general case where the rope may be mov¬ 
ing with respect to the airplane. We shall again, for simplicity, treat 
states of the rope in the same vertical plane. We also neglect the wind 
forces acting directly on the rope. In Figure 170(a) we have pictured a 
section of the rope of length running from the point y) to the 
point Q(x + Ax, y + Ay). We suppose that with each point of the rope in 
the initial state we associate an arc length coordinate s as before, so that x 
and y are functions of 5, but not of time /. In Figure 170(b) we have drawn 
the section of the rope in a later state, where Q' and P' are derived from 
Q and P respectively. The x- and y-displacernents a and 13 of P are func- 



(a) Initial state (t^OJ (b) General state 

Fig. 170. Stales of the glider rope. 

tions of both s and L Assuming that the curve of Figure 170(b) is rectifia¬ 
ble, we can approximate the length of the arc P'Q' by the length c of the 
chord joining P' and Q', The relative elongation of the arc PQ is then 
approximately {c — PQ)/PQ, that is. 


^(Ax + Aa)^ + (Ay + Aj8)- -- As 
As 


( 10 . 8 ) 


The A's are due to As. Taking the limit of (10.8) as As goes to zero we 
obtain the strain e at P', where 

f/dx daY A {dy 30^ , 

The strain e is in the direction of the tangent to the curve at P', which 
tangent line is assumed to exist. By Hooke’s law e = kT for a constant k 
and the tension force T at P', whence 

V(s + S)’ + (w + 55)’ - ‘ (I"-’) 

It is assumed that x and y are given functions of s so that (10.9) involves 
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the unknown functions a, jS, and T of s and L We suppose that the rope 
density is uniform. The a:-component of the inertial force on the element 
P'Q' is minus the quantity 

w , d^(x + a + fAx + 7/Aa) 
ff dr 

for the weight w per unit length, the magnitude g of the acceleration of 
gravity, and a point along P'Q' for which rj and f have the proper values. 
Since, however, x, f, and At are independent of t this component becomes 



d^(a + rjAa) 

d/2 ' 


For dynamic equilibrium we must have this term on the right of equation 
(10.4) in which x is to be replaced by (x + a). Dividing both sides of this 
relation by A^ and taking the limit as As goes to zero (assuming that the 
limits exist) we find that 


Similarly, we obtain 



+ «)] 


i ~ 


w da* 

ds 


“ g dP 

p5(.V + 

A)] 


ds 

ds 


«)a*/3 
g 3/* 


( 10 . 10 ) 


( 10 . 11 ) 


Equations (10.9), (10.10), and (10.11) are the three desired equations 
in the functions a, 0, and T, To determine the solution we also need the 
differential equations of the glider, and initial, as well as boundary condi¬ 
tions. The boundary condition is simply that a = ^3 = 0 at the point 
( 0 , 0 ). 

The reader will note that we did not use the notations u and v instead 
of a and p. The reason for this is that a and P are not necessarily the dis¬ 
placements in the x- and y-directions of P due to stresses in the rope. In 
general a and jS involve displacements due to motion of the rope as a 
rigid body, as well as displacements because of the tension in the rope. 
These displacements are additive. By the use of e above to obtain (10.9) 
we were essentially able to extract from a and the displacements due to 
the stresses. 

Consider now the action of the wind on the rope. Equations (10.10) 
and (10.11) must now be modified by adding corresponding terms to the 
right of these equations. These terms will be functions of the angle of 
inclination 6 at P', the speed v of the wind due to the motion of the air¬ 
plane, and the t- and y-components dx/dt, dy/dt of the velocity of th^ 
point P'. Suppose that dx/di and dy/di are numerically small compared 
to V, The T-component of force due to v will yield a term on the right of 
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(10.10) that increases with |^| and v. From Part V it will appear reasonable 
to take this term to be proportional to \e[v^. There are similar expressions 
for the other wind terms. 

Equation (10.9) is too complicated lo use in practice. It is reasonable 
to suppose that da/ds is small compared with dx/ds, and that dx/ds is 
always near 1, so that 

dx , da 
ds ds 

in (10.9) can be replaced by 1. Further dy/ds may be small compared to 
to dfi/ds, so that (10.9) can be replaced by 



= 1 + jfer. 


If we also assume that dfi/ds remains reasonably small we have 



by the binomial expansion. This relation is still nonlinear but is much 
better than (10.9). 


10.3. Thin beams. We shall treat the case of a beam fixed at 
one end as shown in Figure 171, and supporting a load W at the other end. 



Fig. 171. Thin beam. 

As an example, the weight W might be caused by use of the beam for a 
hoist as shown. We suppose that the beam has constant cross section, as is 
ordinarily true in practice. We take the ar-axis along the axis of the beam 
passing through the centroids of perpendicular cross sections; we take the 
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y-axis vertical, and the origin at the left end which is fixed. We assume 
that the beam is thin, that is, the dimension of the beam perpendicular 
to the ay-plane is not large compared with the other beam dimensions, a 
condition generally satisfied. We can then apply the two-dimensional 
treatment of Figure 171. Since in practice the amount of bending of a 
beam under load is small we have pictured the beam in Figure 171 to be 
horizontal. Actually the right end is lower than the left end. We suppose 
that the beam is of constant density, weighing w units per unit of length 
in the a:-direction. We let L be the length of the beam. 

Normally the weight of the beam can be neglected in comparison with 
the loads on the beam. We shall, however, include it to show how we treat 
a uniform vertical loading of the beam. 

We assume the existence of the derivatives to be used in the argument. 

We cut the beam at a section A where the points of A have the co¬ 
ordinate Xy but keep the force distribution acting on the beam to the left 
of A the same. In what follows section will refer to a cross section perpen¬ 
dicular to the axis of the beam. The part of the beam to the right of A 
applies stresses to the part to the left of A. These stresses yield an 
^-component of force represented by T and a y-component of force repre¬ 
sented by iS. The horizontal stresses also yield a moment M about a line I 
through the T-axis at the origin 0 perpendicular to the xy-plane. Thus the 
part of the beam to the left of A applies forces — T, — S, and a moment 
— M to the part to the right of A. We cut the beam at another section 
B where the points have the coordinate (x + Ax). The part of the beam 
to the right of B applies stresses on the part to the left, which stresses 
yield forces represented by (T + AT), (S + AS), and moment (M + AM) 
corresponding to T, S, and M for the section A. Since the beam segment 
is in equilibrium, the horizontal and vertical components of force on 
the segment vanish, whence 

AT = 0, AS = wAx. (10.12) 

Dividing by Ax and taking the limit as Ax goes to zero we have 


dJ 

dx 


0 , 



(10.13) 


The equations in (10.13) are valid throughout the beam from a; *= 0 to 
X — L. We shall assume that the weight W acts at the very end of the 
beam, that is, at a: = L. 

The total moment of the forces on the beam segment AB with respect 
to I vanishes, whence (with the proper sign convention) 

AM -f- xAS + (S -j- AS)Ax — ^as + (wAx), (10.14) 
Dividing by AXy taking the limit as Ax goes to zero, and making use of 
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the second equation in (10.13) we obtain 


dx 


-S. 


(10.15) 


Thus we have derived three differential equations in T, S, and M. An 
examination of the method of solution reveals that the following boundary 
conditions are sufficient: 

=L, s = - W, M = -LW. 

By (10.13) the tension T is a constant, and since there is no tension at the 
right end of the beam the tension vanishes. In practice the tension T 
would not vanish along the beam, although it would generally be neg¬ 
ligible. We obtained the vanishing of T because we neglected the bending 
of the beam. 

The moment M is generally referred to as the bending moment. 

The deflection of the beam is often desired. To derive it we must make 
use of the elastic properties of the material. Thus far we managed without 
the stress-strain relations, although we have made use of the nonrigidity 
of the beam in treating internal forces. Since we would expect more bend¬ 
ing for a greater bending moment M, it is reasonable to assume that M 
is proportional to the curvature, or what is the same thing, is proportional 
to the reciprocal of the radius R of curvature, so that 

Af = ^ (10.16) 

for a constant k. In Section 10.8 mathematical reasons for relation 
(10.16) will be given. This relation is known as the Euler-Bernoulli law. 
The constant k is El where E is Young's modulus and I is the moment of 
inertia of a cross section of the beam with respect to / (or a line parallel to I 
through the centroid of the section). If dy/dx is numerically small com- 
. pared to 1 the curvature is approximately equal to d^y/dx^^ whence (10.16) 
becomes 

Af = /;g- (10.17) 

By (10.17) and the previously derived relations of this section we can 
solve for an equation of the curve of the beam, or more precisely the axis 
of the beam. 

Suppose now that the beam is in motion. We assume that the density 
can bo considered constant. With g denoting the magnitude of the accel¬ 
eration of gravity we have the y-component w{dy/di^)Ax/g, which must 
be added to the right of the second equation given in (10.12). The deriva¬ 
tive in this component is evaluated at some properly chosen point on the 
section AB. We can also incorporate on the right of (10.14) the moment 
w(x -j- (/ix)(d^y/dP)^x/gy where f is a number in the range 0 to 1. Since 
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there is relatively little movement of the parts of the beam in the a?-direc- 
tion we can neglect this. Where the beam is used for a hoist as in Figure 
171, the force W at the end of the beam would probably vary, so that the 
corresponding end condition should be changed. 

In Figure 172 we have pictured a couple, which is a pair of equal but 
oppositely directed forces in the same plane. We let F designate the mag¬ 
nitude of these forces, and let d be the distance between the lines of these 



Fig. 172. Couple. 


forces. The reader can easily verify that the magnitude of the moment ol* 
these forces is the product Fd with respect to any line perpendicular to the 
plane of these forces. The bending moment M above is often considered 
as produced by a couple for which the magnitude of M is Fd. 

In this section we have treated a beam with one end fixed and the other 
end free. The fixed end, often called clamped or built-in is mathematically 
characterized by the fact that y and dy/dx are given (for example, at the 
centroid of this end). At a free end we have d^/dx^ = 0 in view of (10.17). 
By (10.15) we have d^y/dx^ = 0 if there is no load at this end. 

It is convenient in practice to use other end conditions. Thus at a hinged 
end, the beam end is geometrically fixed (at least at one point), but is free 
to rotate about this end. In this event we have the boundary condition 
d^y/dx^ = 0 from (10.17) and the given value of y for a point on this end. 
We can also have an elastically clamped end with y given and 


dx‘ 



= 0 


for some real number ki. Other boundary conditions for beam ends are 
possible. 

When we pass a concentrated load P the shear force changes by an 
amount equal to P. 


10.4. Buckling of a beam. Let us treat a vertical beam as in 
Figure 173, which is part of a structure, so that for practical purposes we 
may consider the top end C as able to move in the vertical direction only. 
Even though the end C moves horizontally, as long as its movement is 
not too large, we may imagine that the a?-axis moves with it, where the 
2 ;-axis passes through C and the bottom end 0 of the beam. The bottom 
end 0 of the beam is assumed to be hinged. We suppose that the top end C 
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is loaded with a fixed force L acting downward. We know from experience 
that if L has the proper value the beam will buckle. 

We apply methods of Section 10.3 except that the beam is vertical 
instead of horizontal. Since values of L in which we are normally interested 
are usually large compared to the weight of the beam, we shall neglect 
the weight of the beam. The column generally remains nearly straight 
and therefore it appears reasonable to neglect shear. From the first equa¬ 
tion of (10.13) and the boundary condition T = —L at C it follows that 


X 



Fig. 173. Buckling beam. 


T = —L along the beam. Here the force T is one of compression. Let the 
point (x, y) be the centroid of a cross section E of the beam. The bending 
moment M (moment with respect to a line through 0 perpendicular to the 
xy-plane) at E satisfies the equation 

M = ~ Ly, (10.18) 

By (10.17) and (10.18) we have (assuming that cPy/dx^ exists) 

k^,+Ly = 0 (10.19) 

The boundary conditions x = 0, y = 0;x=L, y = 0 apply. 

The techniques used in Sections 10.3 and 10.4 for single beams apply 
to structures composed of a network of several beams. 

If a beam is not ihin, but is still of constant cross section, the above 
methods generally apply as long as the length of the beam is much more 
than the maximum chord of a perpendicular cross section. 

10.5. A uniformly loaded continuous beam. In treating 
horizontal beams in structures it is often convenient to imagine that they 
are uniformly loaded. Such a beam may rest on several supports, often 
columns, and is called a continuous beam. We shall treat the example 
where one end 0 of a beam OB is hinged as in Figure 174, while the other 
end B rests on a support, and the beam is further supported at a point A 
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between 0 and B. We letL designate the distance from 0 to A, and N the 
distance from 0 to B. We let w be the load per unit length along the beam. 

By (10.13), (10.15), and (10.17) we have the differential equation 
(assuming that d^y/dx^ exists) 


dy 

dx^ k 


( 10 . 20 ) 


The general solution of (10.20) involves four arbitrary constants. We can 
think of the beam as made up of two parts, OA and AB. The differential 



y 


0. 


B 

1 

7z^ nfihj rm 



Fiff. 174. ContinuoiiH heani. 


equation (10.20) thus applies to each part. However, since there are t>\(» 
parts there are eight arbitrary constants in the solutions of (10.20) for the 
beam. These constants can be determined from the conditions 


^ = 0, y = 0; j = L, y = 0; u TV, 

giving the altitudes of the supports, the conditions 

x = N, 


V = 0 


a!* = 0, 


^ = 0 - 

2 


dx 


<k’ • 


which state that there are no bending moments at the supports 0 and B, 
and the conditions that dy/dx and dy/dx^ are continuous at the support 
A ; that is, the values of these derivatives at the point A as given by the 
solution of (10.20) for the section OA are equal to the values of the corre¬ 
sponding derivatives from the solution for the beam section AB, Since the 
condition x = L, y = 0 applies to both solutions we have the required 
eight conditions on the eight arbitrary constants. 


10.6. Two-beam hoist. We shall treat a hoist made from two 
beams as in Figure 175. The horizontal beam AC of length N is attached 
at i4 to a vertical supporting member that is rigid for practical purposes. 
At a point B a distance L from A the horizontal beam AC joins with a 
slant beam DB. The slant beam DB is attached to the rigid supporting 
member at D. We shall suppose that for practical purposes all joints are 
hinged. At the free end C of the beam AC there is a pulley (not shown in 
the figure) supporting a weight W through a rope or cable. 

Since for practical purposes the weight W is nonnally large compared 
to that of the beams, we shall neglect the mass of the beams. We let a 




TWO-BEAM HOIST 


[311 


§10.6] 

designate the angle the slanted member makes with the horizontal, and 
F the magnitude of the reaction of the hinge at D on the member DB. 
There must then be a reaction of the beam AC on the member DB of the 
same magnitude but oppositely directed in order to have a force balance 
on the beam DB. These forces act along the same line DB as is seen from 
taking the moment of the forces with respect to the point D. We can now 
apply the technique of Section 10.3 to the beam DR. 


Y 



We introduce a horizontal T-axis and a vertical y-axis through A as 
shown in the figure. 

We restrict our attention to the horizontal member AC. This beam is 
subject to external forces composed of a force of magnitude W acting 
downward at C, a force F' of magnitude F acting at B in the direction of 
the angle a with the j’-axis, and a reaction jR at /I. W e let and Ry be the 
magnitudes of the x- and y-components of the reaction R. 

The vanishing of the cr- and y-components of the applied forces and 
the vanishing of tlie moment >\ith respect to A of the forces on the beam 
yield 

Rj, + F sin a = ir, 

/?, + F cos a = 0, (10.21) 

FL sin a = NW. 

Equations (10.21) determine F, /?,, and Ry. 

We use the notations 7\ S, and M as in Section 10.3. We first treat the 
section AB of the horizontal beam. By the first equation of (10.13) we 
have T everywhere constant, and therefore equal to F cos a. We may 
suppose that the beam section AB includes enough of the beam so that 
we may consider that the beam DB acts on AB only, whereas the stresses 
at the left end of the beam section BC are due to the action of the beam 
section AB on RC, In Figure 176 we have pictured the beam section AB 
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subject to the forces /?, T, S, and moment M, By (10.21) and the equi¬ 
librium of the beam section AB we have 

S = F sin a — IV (10.22) 

By (10.15) and the condition a; = 0, M = 0 we have M determined for 
the beam section AB, By (10.22) and the conditions t = 0, y = 0; ar = L, 
y = 0 the deflection of is determined. 



Fig. 176. Beam section of Figure 175. Fig. 177. Beam section of 

Figure 175. 


We consider now the right end BC of the horizontal beam, as pictured 
in Figure 177. From force equilibrium it follows that the shear force Si 
on BC at B is W, Thus in crossing B we have a discontinuiiy in Ihe shear 
force that changes from S of (10.22) to — W. The shear force S is — IV for 
any cross section of BC perpendicular to the beam axis. Since there is no 
tension at the right end of BC we have no tension at the left end. We thus 
also have a discontinuity in the tension as we cross B. By (10.13) the 
tension is zero along BC, By (10.15) and the condition that M = 0 at the 
free end C, the couple M is determined for each cross section perpendicu¬ 
lar to the beam axis. From (10.17), the condition that x = L, y = 0, and 
the continuity of the slope of the beam AC at B, the deflection curve for 
the section BC is obtained. 

The analysis of the present section illustrates how a problem involving 
discontinuities, such as the shear force at B, can be treated by solving for 
ihe continuous sections, and then piecing ihe solutions for these sections 
together by making use of conditions which must hold at the junctions. 

10.7. Differential equations and boundary conditions for 
two-dimensional problems. In Sections 10.1-10.6 we did not use the 
technique of treating stresses and strains at a general point in the body. 
Because of the difficulty of treating the partial differential equations 
involved, it is advisable to avoid the point treatment where possible. 
However, even when the point treatment is not used, the general theory 
of elasticity serves as a valuable guide for finding simplifying assumptions. 
From the previous sections it is clear that only dominant forces should be 
retained, and forces on entire sections should be used in preference to 
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stresses at points. Where considerable precision is desired, or we wish to 
determine mathematically the validity of simplifying assumptions, it 
may be desirable to have recourse to the point method. 

A good many problems in elasticity can be reduced to the study of 
stresses and strains in one plane. This is true of a thin plane plate, which 
we idealize to a region of a plane, if the externally applied stresses on 
the plate occur at the boundary of the plate in the plane of the plate, and 
are distributed uniformly over the thickness of the plate. Another 
common example is the case of a long thin horizontal beam of con¬ 
stant cross section uniformly loaded. If we analyze the stresses far enough 
away from the ends the deformation is essentially plane. 



Fig. 178. Kleinenl of a two-dimensional body. 

We suppose now that we have a case of plane deformation with yyg 
— 7*x = €« = 0. It follows from (9.31) that = Tyz = 0. However 

<Tz = m(Ox + O'!/). 

The stress <Tz maintains the plane deformation. 

By (9.10) we have the equations 


€x 


_ dn _ dr _ ^ 
dx^ dy dy dx 


(10.23) 


By (9.13) the following compatibility equation is valid 


dy- dx^ dxdy 


(10.24) 


By (9.31), neglecting terms in g-, we have the stress-straiii relations 


«» - £- E’*'' ~ E E’ G 


(10.25) 


Equations (10.25) also apply for the case of plane stress, where <r, = t,.- = 
Tzx = 0. To complete the equations for the tw o-diniensional case we must 
have those expressing equilibrium. 

In Figure 178 we have a two-dimensional body B*, and a rectangular 
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element ABCD with sides parallel to the x- and y-axes. The dimensions 
of the element are Ax and Ay respectively. We may take the stress to be 
force density with respect to length (force per unit length), rather than 
area. On each side of the element we have indicated average stresses, so 
that, for example <r*Ay represents the normal force on the side AD of the 
element, (or* + AaxjAy the normal force on the side BC, and t'^Ax the 
tangential force on the side AB, and finally (t'^ + Ar^) the tangeiitial 
force on the side DC, We letF^A^Ay andF^Aa^Ay represent the body forces 
on the element in the x- and y-directions. From the vanishing of the forces 
in the a‘-direction we have 


((Tx + A(rx)Ay - a^Ay + + ATiy)Ax - + F^AxAy = 0. (10.26) 


For the y-direction we have a corresponding formula. Dividing both sides 
of (10.26) by AxAy, taking the limit as the maximum of Ax, Ay goes to 
zero (assuming that the limits exist), and setting == in the limit, we 
obtain 


Similarly, 


^ = 0. (10.28) 


Equations (10.23), (10.24), (10.25), (10.27) and (10.28) give six equations 
in the five functions <rx, Cy, Try, u, and v. We note that the compatibility 
equation (10.24) can be expressed as a condition on the stresses. 

We shall hereafter refer to the two-dimensional body as a plate. To 
determine the solution we must have equilibrium at the boundary be¬ 
tween the external forces acting on the boundary and the internal stresses 
of the plate. 

The stresses at the boundary of a body must be balanced by the sur¬ 
face forces. Let X and Y represent the x- and y-components of the surface 
force intensities (actually, intensities per unit length) at a point P of the 
given body B*. By (9.19) and (9.20) we have 


— Ixx TTIT xy, 

Y = Itxv "I” mcTy, 


(10.29) 


in which I and m are direction cosines of the normal N to the body B* at 
P, the normal in this two-dimensional case being assumed to lie in the 
ary-plane. 

The equations (10.23), (10.24), (10.25), (10.27), (10.28), and (10.29) 
are the fundamental equations of elasticity for two dimensions. 


10.8. Beam bent by couples. We consider a beam of constant 
cross section deformed by couples corresponding to bending moments M 
and — M as shown in Figure 179. The ar-axis (before deformation) is 
taken along the beam through the line of centroids of cross sections of 
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the beam, the y-axis is pointed downward at the left end 0 of the beam, 
and the z-axis is horizontal. 

The stresses contributing to a couple at one end of the beam are dis¬ 
tributed along this end. Perhaps the simplest such distribution is that of 
Figure 180 where the stress is directly proportional to y. We write this 
stress as cr*, where 

= - § (10.30) 


for the modulus of elasticity E, and a constant R. We shall assume that 
there are no body forces, and no lateral forces on the beam. 

Because of the difficulty of solving the fundamental equations of elasticity 
directly, it is customary to guess at the solution of these equations, or guess 



X 


tv 

Fig. 180. Stress distribution 
on an end of a beam bent b} 
couples. 


at part of the solution (as in Saint-Venant’s semi-inverse method). Per¬ 
haps the simplest trial we can make in this case is to assume that the only 
stresses in the beam are the stresses given by (10.30). 

From physical experience and the fact that the stresses act in the 
ar-direction only, and do not vary in the z-direction, it seems reasonable 
to suppose that the deformation is plane, or approximately so. We there¬ 
fore treat deformation in the a:y-plane only. 

Since the stresses are parallel to the x-axis, there can be no lateral forces 
in the y-direction in view of (10.29). This agrees with one of our assump¬ 
tions. By (10.27) and (10.28) there are no body forces. By the stress-strain 
relations (10.25) we have 






yxy = 0 . 


The compatibility equation (10.24) is satisfied. From the first two rela¬ 
tions between the strains and the displacements given in (10.23) we 
have 

u = - ^ + /(y). ® M 

for functions/(y) and g{x). By the last relation of (10.23) we obtain 


-1+/'(y)+ »'(*) = 0. (10.31) 
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By (10.31) we have/'(y) a function of x, which can happen only if/'(y) is 
a constant, whence 

/(y) - Ay + B 
for constants A and B. Also, 




for a constant C. The constants B and C represent a translatory motion 
of the beam. Without restriction on the generality of the method we may 
suppose the beam at the origin does not move, whence B and C vanish. 




Fig. 181. Rotation of a point Fig. 182. Circle into which a 

about the ;8-axis. beam is bent. 

Consider now a point P(x, y) of the beam as shown in Figure 181. In 
designating P we leave out the z-coordinate. Suppose for the moment that 
the beam is rotated about tlie z-axis. We let r and d be the polar coordi¬ 
nates of P in the icy-plane, so that after rotation the point P has gone into 
a point P' with polar coordinates r and (6 -f AS) for the angle of rotation 
Ad. Since x = r cos d, y = r sin d, we have dx = —r sin ddd, dy = 
r cos ddd, whence the displacements u juid v of P can be approximated by 

u = Ay, V = —Ax 

for A « — 

Thus the terms Ay and —Ax in/(y) and g(x) correspond to rotation 
of the beam as a rigid body about the z-axis when the angle of rotation is 
small (so that we can write dx, dy for Ax, Ay respectively). Excluding 
such a rotation we drop the terms Ay, —Ax, and write 


u = 



„ - 

’ ~ 2R ' 


(10.32) 


If X is large compared to y, the displacement u is small compared to v, and 
we can write 



(10.33) 


In Figure 182 we have pictured a circle of radius R tangent to the a;-axis 
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with center at x = 0, y = From the equation + {y — Ry = for 
this circle we have 

:,=B[i±\/rr|. 

Expanding the radical by the binomial theorem and keeping the minus 
sign in front of the radical, we have 

^ • • • 


where the terms of higher degree in x have been dropped. We are justified 
in dropping these terms if R is large compared to x. We know from experi¬ 
ence that a beam bent by end couples usually deforms very little even 
under heavy loads. It follows that the axis of the beam deforms for prac¬ 
tical purposes into an arc of a circle of radius /?. 

For the stress distribution (10.30) the moment M with respect to the 
z-axis is given by 

^^ = / / ydydz 

integrated over tlie region A at the right end of the beam. It follows that 


for the moment of inertia I of the end section, or for that matter any cross 
section perpendicular to the a*-axis, with respect to the z-axis. From the 
formula for the radius of curvature we have R approximately equal to 
{d^y/dx^Y^ when {dy/dxY is small compared to 1. Relation (10.17) is 
thus valid for k = EL 

It can be proved from uniqueness theory that our conjecture as to the 
internal stresses of the beam is the only one satisfying the applied force 
distribution. 


10.9. The principle of Saint-Venant. In the previous section 
we showed how for the stress distribution of (10.30) we arrive at the 
Euler-Bernoulli relation (10.17). It is unlikely that we should have pre¬ 
cisely this distribution. We therefore assume the following principle, 
which satisfies experience, and for which some mathematical justification 
can be made. 

Saint-Venant’s principle. The stresses and strains in an elastic 
body at a large distance from a portion AS of the surface of the body^ where 
large means relative to the linear dimensions of AS, are approximately the 
same as the stresses and strains obtained when the force distribution on AS 
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is replaced by another distribution yielding the same resultant force, and the 
same moment about some given line. 

For practical purposes a ratio of 10 to 1 between the distance from AS to 
the point of the body, where the stresses and strains are being studied, and 
the maximum Unear dimension of AS is enough to insure that the force 
distribution on AS can be replaced by one equivalent in the sense of yield¬ 
ing the same resultant force and moment. 

If we used any other stress distribution than (10.30) yielding the same 
couple, by Saint-Venant’s principle we should get the same stresses and 



Fig. 183. Plate under compres¬ 
sion. 


cross section sufficiently far removed from the ends of the 
obtained for the distribution (10.30). Unless the reader has 
the contrary he should accept the validity of the Euler- 
BernouUi formula in each case he treats. Ordinarily only the force and 
moment are known, so that the analyst must assume a stress distribution 
to correspond to this force and moment. 

10.10. Rectangular plate under compression. A rectangular 
plate in a machine is compressed by forces perpendicular to the four edges 
in such a way that the plate remains a rectangle. We picture the plate 
vertical as in Figure 183 with two edges horizontal. Since the plate is a 
rectangle it is reasonable to suppose that stresses are applied to the 
edges of the plate in a uniform manner. To obtain these stresses simply 
divide the total force on the edge by the area on which it acts. Let the 
vertical stress be denoted by —<r 2 as in Figure 183, and the horizontal 
stress by — cri, the minus signs denoting compression. We take the co¬ 
ordinate axes as shown with origin at the center of the plate and axes 
parallel to edges of the plate. Due to symmetry the center of the plate 
remains fixed, and points on the axes remain on their axes. 


strains at a 
beam as we 
evidence to 
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The conjecture that the stresses satisfy 


CTx =* —<ri, <Ty ■“Cr2 

throughout the plate is perhaps the most obvious one. By (10.23), (10.25), 
and the assumption that the motion of the points on the plate is due to the 
deformation only, we obtain 




= g (/^o-i — <r2)y- 


The fundamental elasticity equations are now satisfied. 

It is often a trivial matter to set up the differential equations and 
boundary conditions for a deformed body. This is generally of little value 
because of the difficulty of solving systems of partial differential equa¬ 
tions. It is necessary to set up the problem in a mathematical form in such 
a way that a solution can be readily obtained. For this purpose the analyst 
must ordinarily replace the boundary conditions by others or introduce 
boundary conditions so that he can conjecture a solution of the problem, 
or the problem can be solved by direct methods. Until he has obtained 
the solution he may not be sure that he has set the problem up properly. 

Fortunately, the boundary conditions that are mathematically simplest 
often suffice. Thus a uniform stress distribution, or one varying linearly 
with distance are mathematically simple, and often lead to good solutions. 
We illustrated the use of a uniform distribution in this section. In Section 
10.8 we showed how a couple could be replaced by a linearly varying 
stress distribution. 

For the beam of Section 10.8 the stress (t^ is related to the given moment 
M by the equation 


or* = 


My 

I 


(10.34) 


If a couple with moment M acting on a plane or almost plane surface were 
given in some problem, we could set up coordinate axes as in Section 10.8 so 
that a stress distribution like {10.3^) could be used on (he given surface in 
place of the couple. 

If both resultant forces and moments apply to a given body, we should 
employ the principle of superposition, using a stress distribution for the 
forces in addition to a stress distribution for the moments. 


10.11. Dimensional analysis applied to a stretched string. 
Consider a string of length I with density p (mass per unit length), under 
a constant tensionF. We wish a formula for the fundamental frequency/ 
of vibration of the string. We take the primary quantities to be length L, 
mass M, and time T. The dimensions of the secondary quantities follow. 
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QUANTITY DIMENSIONS 

I L 

F MLT-^ 

p ML-^ 

/ 

By the Buckingham pi theorem we may expect a dimensionless x-term. 
We take this term in the form 

//“FV. 

Since this term is dimensionless in L, M, and T we have 


a + 6 — f = 0, 
- 26 = 1, 
6 + c = 0. 


This system of equations has the solution 


6 = —c = a = 1. 


By the Buckingham pi theorem we have flF~ipi equal to a constant K. It 
follows that 


REFERENCES 


/ = 


K 

/ 



1. S. Timoshenko, Theory of Elasticily, McGraw-Hill, New York, 1934. 

2. John Prescott, Applied Elasticity, Dover, New York, 1946. 



CHAPTER 


n 


Elasticity in three dimensions 


11.1. Equilibrium equations and boundary conditions for 
three dimensions. In Section 9.7 we derived the stress-strain relations 
for three dimensions. To complete the mathematical picture we also need 
the equations of equilibrium of forces, and the boundary conditions. It is 
a simple matter to extend the results of Section 10.7 to three dimensions. 
In place of (10.27) and (10.28) we derive 


da-x , 
dx 

d^xy , 
dX 
dT»x 
dx 


+ 



+ 

dz 

d<Ty 


dTy^ 

dy 

r 

dz 

dTy^ 

) 

d(Tg 



dz 


+ Fx = 0, 
+ = 0 , 
+ F, = 0 


( 11 . 1 ) 


from the equilibrium of forces. Here F*, Fy, and F* represent the com¬ 
ponents of the body force intensity F. If X, T, and Z represent the ar-, y-, 
and 2 -components of the surface force intensity at a point on the surface 
of the given body, the equations (10.29) generalize to 


l(Tx + TTlr^y + riTzx = X, 

It xy rno'y JiTyz Yy ( 11 . 2 ) 

1'T‘zx “h fJ^Tyg “1“ flag — 


There are many problems where one- and two-dimensional methods fail, 
and these fundamental equations of three-dimensional elasticity must be 
used. 


11.2. A rod stressed at the ends. A rod in a machine is often 
under tension or compression on its ends. If the cross section of the rod 
perpendicular to some axis along the rod varies materially, we might 
treat the rod as one composed of several rods of uniform cross section 
joined end to end. We shall give a rigorous treatment of a rod of uniform 
cross section only, that is, a cylinder (not necessarily circular) subject only 
to a tension or compression force on its ends. We let T be the magnitude of 
the force on an end of the rod, and let A be the area of one end of this rod. 

\32i 
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Since there is no bending moment M on the ends we shall replace the 
given force by a uniform stress distribution, which in the case of tension 
will yield a stress T/A to be designated by <r. We shall neglect gravitation, 
which is generally justified. 

Let L be the length of the rod, and let us set up a coordinate system as 
shown in Figure 184 with the ar-axis parallel to a generator of the rod, and 
the left end on the yr-plane. We have r^y = r*, = 0 , a* = tr at x = L, and 
corresponding stresses on the end a? = 0. 



.-L-H 

vy 

Fig. 184. Body under end stresses. 

We assume that = cr throughout the rod, and that the other stresses 
vanish. The equilibrium equations (11.1), the compatibility equations, 
and the boundary conditions (11.2) are now satisfied. The compatibility 
equations (9.13) are expressed in terms of strains, but can, of course, be 
written in terms of stresses. The equations (9.10) now become 


- + 
dx 


du 

a 

dv _ 


fur 

dw 

fia 

dx 

~ E’ 



E’ 

Iz ■“ ■ 

E' 

du 

= 0, 

dw , 

dv 

dz 

= 0, 

du 

dz 

dw _ 
dx 


(11.3) 


which can easily be solved for the displacements u, v, and w. Since the 
fundamental elasticity equations are satisfied we know that our conjec¬ 
ture as to the internal stress distribution was correct. 

To determine the solution of (11.3) for the displacements free of arbi¬ 
trary constants it is necessary to use boundary conditions, such as that 
points on the ar-axis remain on the a?-axis. 


11.3. Three-dimensional treatment of a beam bent by 
couples. Let us return to the example of Section 10.8 of a beam bent by 
couples. Assuming that the stress cr* of (10.30) is the only stress acting, 
the first three equations of (11.3) are replaced by 

^ ^ ^ y 

dy dz dx 

while the other three remain the same. It is a simple matter to verify 
that the equilibrium conditions, compatibility equations, and boundary 
conditions are satisfied. With no rigid body translation at the origin 0 or 
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rotation at 0 about 0 we have 

dv ^ dw ^ dw ^ ^ 
dx dx dy 

at 0. Solution for the displacements yields 

„ = _ ^ (a;2 -I- jljyi _ u, = 

For y and z small compared to x^ these displacements reduce to (10.33) as 
before, yielding again the Euler-Bernoulli formula (10.17). 

11.4. Torsion of a circular cylindrical shaft. If a cylinder is 
twisted by couples acting at its ends, where these couples lie in the planes 
of the bases of the cylinder, the cylinder is said to be under torsion. Con¬ 
sider a right circular cylindrical shaft like the transmission of an auto¬ 
mobile. In Figure 185 we have pictured such a shaft under torsion, with 



Fig. 185. Circular shaft under torsion. 

the a;-axis along the center of the shaft, and one end of the shaft on the 
yz-plane. The other end of the shaft lies in a plane parallel to the yz-plane. 
Let L be the length of the shaft. 

We shall suppose that the stresses due to surface forces on the end of 
the shaft are symmetrically distributed about the axis of the shaft. Be¬ 
cause of symmetry, the points of the untwisted shaft which lie on a circle 
with center on the x-axis, in a plane perpendicular to this axis, go into 
points on such a circle after the shaft is twisted. We shall venture the 
guess that such circles in the same plane go into circles in the same plane, 
that is, plane cross sections perpendicular to the ac-axis go into plane cross 
sections perpendicular to this axis. Let the left end of the shaft be fixed 
relative to the coordinate system. We shall try the stronger assumption 
that the cross sections of the shaft perpendicular to the ar-axis rotate 
about the a;-axis. On the basis of experience we would expect such sections 
to rotate more when farther away from the fixed end. Let the angle of 
rotation be denoted by $, The simplest law connecting 6 with the section 
is the following direct proportionality 

d = ax 

for a constant a. Here a is the angle of twist per unit length. 


(11.4) 
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We make the further assumption that points on the shaft do not dis¬ 
place in the a:-direction, so that u = 0. By the treatment of rotations in 
Section 10.8 we have 

, V = w = dy, 

whence 


V = —axZy w = axy. 


By (9.10) and (9.31) we have 


Tx, = Gay, Txy = —Gaz, 


(11.5) 


while the other stresses vanish. The constant G is the modulus of rigidity 
introduced in (9.31). Here we prefer to because we are treating 
stresses perpendicular to the” a:-axis. With no body forces acting, the 
stresses are readily seen to satisfy the equations (11.1) of equilibrium, and 
the equations of compatibility (9.13). The last two boundary conditions 
in (11.2) for the lateral surface, with no lateral surface forces are seen at 
once to be satisfied, inasmuch as ? = 0 for a normal to the surface of the 
shaft, and Hy, <r*, Y, Z vanish. Since I and X vanish, the first equation in 
(11,2) reduces to 

niTxy + UTxz = 0 . 


If /? is the radius of the shaft and {x, y, z) the point on the surface at 
which the boundary conditions are being studied, we have 


m 


- i '• 


R 


It follows from the formulas for the stresses r^y that the first equation 
of (11.2) is satisfied. 

It remains to consider the boundary conditions on the ends. The non¬ 
vanishing stresses on the ends are given by (11.5). Integration reveals 
that with respect to the y- and z-axes the moments corresponding to this 
stress distribution vanish. With respect to the ar-axis we have the moment 

M=Ga/o, (11.6) 

where /o is the moment of inertia of a cross section perpendicular to the 
a:-axis with respect to the center of this section. 

From uniqueness theorems we can show that the solution above is the 
correct one for the applied stresses. 

By Saint-Venant’s principle we may suppose that the solution above 
applies for any stress distribution on the ends yielding the same couple Af, 
except near these ends. 

In practice G, /©, and M are known, so that the quantity a can be com¬ 
puted from (11.6). We then assume the stress distribution (11.5), whence 
the strains are as described above. 

In the example of this section we made a conjecture as to the boundary 
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conditions. It was necessary to carry through the solution to determine 
whether or not the assumptions were correct. 


11.5. Balloon under pressure. Let us treat a spherical balloon 
under expansion due to the excess of the pressure of the gas inside of the 
balloon over the pressure outside. The treatment to follow applies equally 
well to a spherical tank with a thin wall and with a surface under a uni¬ 
form pressure due to the presence of a liquid or gas within the tank. 
We let p be the net pressure, that is, the pressure on the inside surface 
minus the pressure on the outside. 

We introduce an element on the surface of the balloon as in Figure 186. 
Here the element is a spherical quadrilateral formed by four great circles, 
where the sides of the quadrilateral are equal, and the angles are equal. 



Fig. 186. Balloon under pres¬ 
sure. 

Let be the radian measure of one side, and R the radius of the balloon, 
so that the length of a side of the quadrilateral is RA6, We let AB desig¬ 
nate such a side as in the figure. By reason of the symmetry of the balloon 
the resultant force on a side of the element, because of the action of the 
rest of the balloon, is normal to this side at the middle. If there were a 
component of this resultant force tangent to the side, this would imply 
that one direction along this arc (that of the tangent component of the 
force) was preferred to the other. Because of symmetry there can be no 
preference for one direction over the other, and for this reason we infer 
that there is no such tangential component. We write the magnitude of 
the resultant force as <tRA0 for a stress represented by cr. The force due to 
pressure on the element has a resultant normal to the center C of the 
element. We designate this force by p times the area of the element. This 
area is a function/(A^) of Ad, which goes to zero with AS, The resultant 
force due to pressure is then pf(A$). We take the component, along the 
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normal to the element at C, of the tension force on one side of the element. 

Ad 

This component is represented by aRAO sin Since there are four sides 

Ad 

of the element, and we can replace sin small Ad, the total 

radial component due to tension is approximately 2aR(Ad)^, Equating 
this to the resultant pressure force we have 

pf(Ad) = 2aR(Ady. (11.7) 

The quantity/(A^) is an area, whence it is not surprising that the quantity 
f{Ad)/(Ady has a limit as Ad goes to zero while the sides and angles of the 
quadrilateral remain respectively equal to each other. Dividing both 
sides of (11.7) by (A^)^ and taking the limit as Ad goes to zero we have 

pLini^ = 2a/?. (11.8) 

Ae-^0 

By spherical trigonometry/(Ad) can be readily computed, and the limit 
in (11.8) found to be R^. If Ad is small the quadrilateral is approximately 
a square and the area is approximately the square of the length RAd of 
one side. The relation (11.8) gives the normal stress a where <r = (pR)/2, 
which is the same for each direction due to symmetry. 

Treating a small region on the surface of the sphere as plane, we can 
apply two-dimensional theory and obtain the longitudinal strain. F'rom 
the strain at each point on a great circle we can derive at once the circum¬ 
ferential or radial elongation of the sphere under the influence of the given 
pressure. 

In this three-dimensional example we found it convenient to study an 
element of the sphere rather than use the elasticity equations derived for 
three dimensions. In various examples the direct attack is often to be 
preferred, especially when some dimension can be neglected, in this case 
the thickness of the balloon material. 

11.6. Bottom of a barrel in the form of a membrane. Sup¬ 
pose that the bottom of a barrel is in the form of a taut circular membrane 
attached all around its edge to the barrel. This membrane is under uni¬ 
form normal pressure from a liquid in the barrel if the barrel is vertical, 
which is assumed. We take the radius of the membrane to be /? and set up 
an ary-coordinate system with origin at the center of the membreme when 
it is undistorted, so that the perimeter of the membrane has the equation 

+ y* = 

We introduce the z-axis so that it points downward as in Figure 187 where 
we have drawn a cross section of the membrane under pressure. 
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The deflection of the membrane is such that the z-coordinate of points 
on the membrane is small comparecl with the diameter of the membrane. 

In Figure 188(a) we have indicated an element ABDC of the membrane 
bounded by arcs AB and CD of circles with centers on the z-axis and in 
planes perpendicular to the z-axis. The sides AC and BD lie in planes 
through the z-axis. By reason of symmetry we can conclude that the 


r«-^ 



Fig. 187. Bottom of a barrel. 


resultant force acting on the edge AB is normal to AB its center; the 
proof runs along lines such as the following. Suppose that this force had a 
component R as in Figure 188(b) tangent to AB at its center. As far as 
the action of the membrane on the element along the edge AB is con¬ 
cerned the same geometric conditions prevail everywhere along this edge. 
We could therefore just as easily have R pointed in the reverse direction. 



Fig. 188. Membrane. 


Because we expect the stresses and forces to be unique, we decide that a 
component R is impossible. Similar considerations apply to the edges AC 
and BD. 

In going to the limit as the maximum linear dimension of the element 
ABDC goes to zero we derive a radial stress, and a stress perpendicular to 
the radius. We shall make the simplest assumption we can about these 
stresses, namely that they are equal, in fact we shall suppose that there 
are no shear stresses, and that the longitudinal stress represented by <r 
is the same in all directions. Symmetry considerations show that along 
the periphery of the membrane we have only a normal stress. 

A membrane cannot support bending moments, compression or shear 
stresses; in fact, it can support only tension. 
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We consider the usual rectangular element of area AxAy in the iry-plane. 
This is the projection on the a^-plane of an element of area on the distorted 
membrane of which two edges E and F are indicated in Figure 187. Since 
the membrane is practically plane we approximate the dimensions of the 
element on the surface by Ax and Ay. Let 6 be such that tan d = dz/dx. 
The vertical component of the force on the edge E is represented b> 
<r(sin 6)Ay for an angle d evaluated at some properly chosen point on the 
edge E. For the edge F we then have {a + Act) [sin {6 + A0)]Ay. The net 
vertical component corresponding to the stresses on the edges E and F is 
thus approximately 

(cr + A(r){e + AS)Ay - aSAy 


inasmuch as 6 and ($ + Ad) are small. This component is approximately 
AylaAd + 6A<t]. Similarly, from the other two edges of the element we have 
the vertical component Ax[aAa + aAa] for an angle a defined by tan a = 
dzjdy, and average stress <r. The vertical component due to the pressure 
is pAxAy for a properly chosen vertical component p of the pressure p 
on the element. The vanishing of the vertical component of the forces 
on the element yields the approximate relation 

pAxAy + Ay{aA6 + BAa) + Ax(aAa + aAa) = 0. (ll*9) 

Dividing both sides of (11.9) by AxAy, and letting the maximum of Ax, 
Ay go to zero we have (assuming that the limits exist) 


, dd , .da , da , da ^ 

p + o'-r—hd-r— = 
dx dx dy dy 


Here we have used p for the limit of p. Since a and 6 are small we drop 
the third and fifth terms to derive 


dd da ^ 


The definitions of a and 6 give 


— 4 - ^ ^ 

dx^ dy^ a 


( 11 . 10 ) 


To equation (11.10) we must adjoin the boundary condition 

+ y2 ^ 2 : = 0. 

In this example the membrane is understood to be so thin that for prac¬ 
tical purposes it may be treated as a surface. 

Because of the nature of the problem the above example can be more 
readily treated with polar coordinates. 


11.7. Energy method applied to a helical spring. Energy 
considerations can often be used to advantage in treating elasticity 
problems. 
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§11.7] ENERGY METHOD APPLIED TO A HELICAL SPRING 

In Section 11.4 we discussed torsion in cylindrical shafts. Consider 
one end of the shaft fixed. A twisting couple of moment M rotated through 
an angle 6 does the amount of work W given by 

W Me (11.11) 

in view of (2.63). This is then the elastic energy stored in the shaft as a 
result of the work done on the shaft by the given couple. 

In Figure 189 we have pictured a helical spring wound in the form of a 
right circular cylinder. Suppose that a resultant compression force of 
magnitude F is applied to the ends of the spring. Where the wire (for the 
moment thought of as a curve) leaves the plane of one end of the spring 

F 


P 


F 

Fig. 189* Helical 
spring. 

there will be a twisting moment M about the axis of the wire (not the axis 
of the spring), as well as other forces and moments which experiments 
show can be neglected. Assuming symmetry in the sense that the spring 
looks the same from both ends, there is an identical twisting moment M 
at the other end of the spring about the axis of the wire. Experiment shows 
that the longitudinal deflection of the spring is due principally to torsion 
of the wire. The simplest assumption we can now make is that there is a 
constant couple M at each perpendicular cross section P of the wire 
tending to twist the wire. If $ is the total angle of rotation of the wire 
about its axis (the axis runs through the center of the wire), by (11.11) 
the energy stored in the wire is MB. In compressing the spring the force F 
is applied to an end which moves a distance that we shall denote by t. 
The work W done by the force F is then 

w jj Fdx. (11.12) 

Since the shape of the end of the spring does not change much with 
different uniform force distributions normal to the end of the spring in the 
direction of the spring axis, it follows that 

M « KF 
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for a constant K. Let L be the length of the wire. By (11.6) and $ = at 

whence (11.11) becomes 

W 


ML 

nn’ 


M^L __ K^LF^ 
Gh Gh ■ 


In view of (11.12) we have now 


/■%, K^LF^ 

/ Fdx = -Qj^‘ (11.13) 

We can differentiate (11.13) with respect to x, divide F out of both sides 
of the resulting equation, and obtain a constant for dF / dx. Since F = 0 
when a; = 0, we can obtain a direct proportionality between F and x. 



Y 

Fig. 190. Bending of a rectangu¬ 
lar plate by moments and 

±M^. 


The above analysis would have little value unless verified by experi¬ 
ment, inasmuch as we have by-passed the fundamental equations of 
elasticity because of the more or less complicated shape of the wire in 
the spring. 


11.8. Pure bending of plates. A rectangular plate is a beam of 
constant rectangular cross section with one dimension small compared to 
the other two. We shall consider such a plate as pictured in Figure 190 
where we apply bending moments ± Mi to the two edges parallel to the 
z-axis. The moment Mi corresponds to the moment M of Figure 179. We 
also apply moments ± M 2 to the two edges parallel to the x-axis as shown. 

Let us return to the beam of Figure 179 and the analysis of Section 11.3. 
We let ixu yu ^ 1 ) be the coordinates of a point of the beam before deforma¬ 
tion, and (a:, y, z) the coordinates of this point after deformation, whence 

X ^ xi + u, y = yi + r, z = Zi + «? 
for the displacements u, t), and w. Consider the cross section =» a of the 
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beam before deformation. Since 
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0^1 =* a: — u, u = — 
the plane Xi a goes into 

X = a-^, (11.14) 

where we have assumed that we could replace yi in ayi/R by y. Equation 
(11.14) is the equation of a plane, whence Xi = a deforms into a plane. 
This equation is satisfied by all points (0, /?, z) so that the planes (11.14) 
lor the different values of a intersect along the centers of curvature (see 
Section 10.8). In Figure 191 we have the cross section of the beam lying 



Fig. 191. Bent Ijeam. 

in the plane 2 = ri = 0. For each a the section Xi = a goes into a line 
segment Avhich v hen sufficiently extended passes through the point (O, /?). 

The lateral faces of the undeformed beam of Figure 179 are given by 
equations 

y, = ±6, Zl = ±c (11.15) 

for numbers b and c. In the plane Xi = a tlie eciuations (11.15) define a 
rectangle. 

Under the deformation the equations Zi — ±c go into 

z=±r(l+^y (11.16) 

where we have assumed that we could replace yi in ^xyi/Ii by y. The equa¬ 
tions (11.16) are equations of planes inclined to the xy-plane. The sides 
Z\ = ±c in the plane xi = a thus go into straight lines that are slanted 
instead of vertical. 

Similarly, the equations yi = ± 6 go into 
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which are quadric surfaces. The straight lines yi = 
approximately into the curves represented by 

y = ^ - z^)] ± b. 


[chap. 11 
±b^ Xi ~ a thus go 

(11.18) 


and (11.14). The equation (11.18) is a parabolic cylinder with elements 
parallel to the ai-axis. The lines yi = ±by Xi = a thus go into parabolas, 
that except for translation lie on the surface 


y = 


2R 


(11.19) 


By Section 10.8 the equation (11.19) represents an arc of a circle for prac¬ 
tical purposes if the deformation is not too large. It follows that the sides 
y 1 = ± 6, = a go into arcs of circles of radius R/^jl, so that the rectangle 

defined by (11.15) goes into the shape indicated by the dashes in Figure 





Y 


Fig. 192. Cross section of 
a beam. 

192. Consider now the plate of Figure 190 with the moments ± Mi ap¬ 
plied to the edges shown, but the moments ± M 2 omitted. Let the dimen¬ 
sions of the plate in the x- and z-directions be denoted by r and s respec¬ 
tively. The moment of inertia h of the edge ar = 0 with respect to the 
z-axis is given by 

Iz = ish\ 


where the thickness of the plate is 2h, By Section 10.8 we have 


1 ^ 3Mi 
R 2Esh^ 


for the radius of curvature R. The quantity \/R is the curvature of the 
surface curves of the plate in planes parallel to the ay-plane. For planes 
parallel to the yz-plane we have the corresponding curvature — 

Suppose now that the moments ±Mi are applied to the edges of the 
plate parallel to the z-axis, and the moments ± M 2 to the edges of the 
plate parallel to the x-axis as in Figure 190. Let Ki and K 2 be the curva¬ 
tures of the surface curves in planes parallel to the ay- and yz-planes, 
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respectively. For practical purposes these curvatures are second deriva¬ 
tives. We assume that the principle of superposition applies so that 


K, = 


2Eh^' 




( 4 '- 

3 (M^ 
2Eh^ V r 


tMiy 


( 11 . 20 ) 


It is assumed throughout that the deflections are small compared with the 
thickness of the plate. 

Solving (11.20) we have 


,, 2sEh^ 

Ml = ^ - 5"^ (Ki + fiKz), 

3(1 - fx-) 

, . 2rEh^ /rr , zr \ 

3(1 - 


For small deflections we have 


Ki = 


dx'^^ 


K 


= ^ 
dz2‘ 


ThQ flexural rigidity D of the plate is defined by 


D = 


2Eh^ 
3(1 - 


so that 



( 11 . 21 ) 


By means of (11.21) the moments Mi and M 2 can be computed from given 
properties of the deformed plate; or from given moments Mi and M 2 , the 
equations (11.21), and boundary conditions at the edges of the plate, we 
can obtain the deflections of the plate. 


11.9. Thermal stresses. In the study of internal combustion 
engines, such as gas turbines, stresses in a body can be introduced by 
heating the body, such stresses being called thermal stresses. From experi¬ 
ence we know that, in an isotropic body, heat causes identical longitudinal 
strains in all directions through the point being studied, provided the 
body is free to deform. If T is the temperature that causes the thermal 
strains we have the strains 6* = ATy €y = AT, €» = AT for a constant A. 
If the deformation is prevented we have corresponding thermal stresses. 
For steel a change of 12 degrees Fahrenheit in the temperature can cause 
a stress of 2,340 pounds per square inch. 
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ll.lO* Principles of the analysis of elastic bodies. In treat¬ 
ing elastic bodies, we should if possible replace the body by one of simple 
geometric shape. Thus if we were making a rough treatment of the torsion 
of an elliptical rod, where the cross section of the rod does not deviate too 
much from a circle, we might replace this rod by one of the same material 
but circular cross section, where the radius of the circle is between the 
minor and major axes of the ellipse. Similarly, in an approximate analysis 
a hollow rod subject to bending might be replaced by a solid rod, pro¬ 
vided the given rod is not too hollow. Where a rod has a varying cross 
section one might try treating it as a rod formed by joining two or more 
rods each of constant cross section. 

We should reduce the problem to as few dimensions as possible. Thus a 
thin almost flat plate can sometimes be considered to be a section of a 
plane. Symmetry conditions should be used where they exist. 

The simplest stress distribution compatible with the given information 
should be assumed, preferably a uniform or linearly varying distribution 
with respect to some coordinate. The same remark applies to strains, when 
assumptions concerning them must be made to set up the problem. We 
should conjecture as many stresses and strains as possible. The princdple of 
superposition can often be employed to simplify the treatment of stresses 
and strains due to two or more forces and moments. Generous use should 
be made of Saint-Venant’s principle. 

Where a physical system is made up of several elastic (and perhaps 
rigid) bodies, we should analyze each member separately, and introdu(*e 
mathematical conditions which apply at the junctions. 

Since the loads are usually large compared to the w eights of the parts 
involved, it is generally possible to neglect these weights, except where 
rapid dynamic phenomena ocjcur. 

Unless experience dictates otherwise, all deflections should be assumed 
to be small. 

The density of an elastic member should be taken constant unless it is 
decidedly otherwise. 
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Problems for Part IV 


In the problems to follow, the reader is expected to set up equations in the 

stresses, strains, and displacements. He is not expected to solve these equations. 

1. A cable han^s under its own weif?ht. 

2. A hanging rope supports weights at two distinct points. 

3. A uniform horizontal steel girder rests on a cement foundation. 

4. An airplane propeller blade is subject to bending and torsion. 

5. The wing of an airplane is subject to a uniform load. 

6. A piano wire is struck with a hammer. 

7. A horizontal continuous iiniforin Ix'ain rests on supports at the ends, and on 
two intermediate supports. The supports are equally spaced. The beam is 
uniformly loaded. 

8. A circular plate is whirled at constant speed about an axis perpendicular to 
the plate through its center. 

9. A rectangular plate is bent by couples into part of a right circular cylinder 
between two generators. 

10. The axle of an automobile rests on wheels for support and is loaded at two 
points symmetrically placed. 

11. A right circular cylindrical shaft with a flywheel at one end is subject to 
torsional oscillations. 

12. A vertical equilateral triangle constructed from three beams hinged at the 
vertices forms part of a structure. The horizontal beam forming the bottom 
of the triangle is supported at its ends. The top vertex of the triangle is loaded. 

13. Water filling a straight pipe flows through it at a constant speed. One end of 
the pipe is fixed. The pipe is elongated as a result of interaction between the 
liquid and the pipe. We are interested in this elongation. 

14. The ends of a beam are subject to both bending moments and compression. 

15. A railroad car with six pairs of wheels rests on a track. We are interested in 
the stresses and strains in the rails. 

16. A horizontal uniform beam is fixed at one end, and a weight is bouncing on the 
other. 

17. The shovel of a steam shovel is connected by a beam to the cab. At the shovel 
end of the beam a cable connects the cab to the beam for additional support. 
We are concerned with the beam. 

18. A horizontal uniform beam supporting a weight at the middle is supported 
by two identical vertical cables at the ends. The upper ends of these cables 
are flxed. 
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19. A solid steel sphere is dropped to the bottom of the ocean. 

20. A circular rod is subjected to torsion. One half of the rod is of one radius, 
and the other half, except for a small transition section, is of another radius. 

21. A circular plate is supported at the middle, and is subjected to a uniform 
normal pressure. 

22. The rod of problem 20 is subjected to tension. 

23. The rod of problem 20 is subjected to bending moments. 

24. A rod of rectangular cross section is twisted. 

25. Vertical poles equally spaced carry a heavy telephone cable. 

26. A vertical pendulum wire fixed at the top end has a weight on the lower end 
rotating about the vertical with an oscillatory motion. 

27. A suspension bridge is uniformly loaded. 

28. A circular rod fixed at the ends is uniformly heated. 

29. The rectangular horizontal bottom of a tank is subject to the pressure of 
liquid above it. 

30. A vertical rectangular plate with two edges horizontal forms a gate in a dam, 
water presses on one side of the gate, and the other is exposed to the air. 
The edges of the gate are in slots. 

31. A helical spring is in motion under forces applied at its ends. 

32. By dimensional analysis find a formula for the speed of sound along a solid 
rod. 

33. By dimensional analysis find a formula for the stiffness (force/deflection) of a 
homogeneous isotropic rectangular beam. 

34. A vertical right circular cylindrical bar is stretched by its own weight. By 
dimensional analysis find a formula for the displacement at points along the 
vertical center line of the bar. 






CHAPTER 



Fundamental fluid theory 


12.1. Fluids. We shall be concerned in Part V with setting up, 
in mathematical form, physical problems involving the flow of fluids. 

By definition a body is composed of fluid if the body cannot support 
tension (tensile stress), practically speaking, and cannot support shear 
stresses when there is no relative motion between points in the fluid. 
Liquids and gases are fluids. Actually, a liquid can support some surface 
tension. 

We consider the case vhere the points of the fluid are not moving 
relative to each other, so that like a rigid body, the fluid is not changing 



Fiff. 193. Fluid in static 
equilibrium. 

shape. We consider a section of the element in Figure 155, as shown in 
Figure 193, obtained by passing a plane through the y-axis making an 

angle d with the a;z-plane, where 0 < ^ < 

We let three dimensions of the section be denoted by Aac, Ay, and Az 
as shown. We designate the average normal stresses on the lateral faces 
of the prism in Figure 193 by p„ py, and p pointed toward the face, since 
these are compressive stresses. Here p*, py, and p are respectively vertical, 
horizontal, and inclined pressures as shown. We shall reverse the sign 
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convention of Section 9.1 and take the p’s positive. The stresses are as¬ 
sumed to be continuous functions of position. We let AA denote the 
area of the face OAHK. The areas of the xz- and a;y-faces (the latter is the 
face GKHD) are AA cos d and AA sin d, respectively. Due to py there is a 
stress component in the direction of the vector representing p. This com¬ 
ponent is designated by py cos 6, whence the corresponding component of 
force due to py on the a'z-face is given by PyAA cos^ 0. From the face 
GKHD we obtain the force component pzAA sin^ 6 in thep direction. From 
the vanishing of the resultant force in the p direction 

PyAA cos- 6 + p,A4 sin^ B = pAyl + /?AF, (12.1) 

where AV is the volume ^AyAA cos 6 of the prism, 7? is a function taking 
into account body forces and inertia, and the p’s are evaluated at prop¬ 
erly chosen points. Dividing both sides of (12.1) by AA, and taking the 
limit as Ay goes to zero with 6 constant, assuming that the limits exist, we 
obtain 

Py cos^ 0 + pz sin2 Q p, (12.2) 

Letting Ax go to zero simultaneously with Ay (that is, letting the maxi¬ 
mum of Ax, Ay, and Az go to zero), the relation (12.2) becomes one 
between the stresses at 0 normal to the xz-, xy-, and Oyt/Z/ii-planes 
through 0. 

By the same mathematical limit process the components of forces per¬ 
pendicular to the stress denoted by p yield py = p*. It follows that 

Px = Pv = Pz = p. (12.3) 

In the absence of shear stresses the components of the stress tensor at 
the origin are now determined. By Section 9.6 the x, y, and z-components 
of stress for any plane through 0 are given by Ip, mp, and np respectively 
with I, m, and n direction cosines of a normal to this plane. The quantities 
Ip, mp, and np are components of a normal stress denoted by p. Thus the 
normal stress is the same for all planes through 0. This normal stress, 
which has the dimension F/L^, is termed the pressure at 0, and is often 
called the static pressure. We are considering absolute pressure here. 

If the parts of the fluid are in relative motion in the region of space 
being studied, we either neglect internal forces which manifest themselves 
through viscosity, in which case the above theory still applies, or we use 
an average p of the normal stress in three mutually perpendicular direc¬ 
tions as the pressure. This average can be shown to depend on the point 
only, and not on the directions chosen. 

Due to molecular attraction tension exists at the surface of a liquid. 
This surface tension is defined in terms of forces acting on curves bounding 
surface elements of area just as stresses in Section 9.1 were defined in 
terms of forces acting on bounding surfaces of volume elements. The mole- 
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cules at the surface of a liquid are not surrounded by others as in the 
interior, and therefore the same force balance does not exist at the surface. 

12.2. Pressure. Pressure is often measured in pounds per square 
inch or square foot, and also in millimeters of mercury. 

Let us suppose that a fluid is in static equilibrium under the influence 
of the constant force of gravity. The surface of the fluid, if there is one, 
may be considered a plane surface perpendicular to the direction of the 
force of gravity, since in the contrary case we can cut from the fluid a 
section as shown in Figure 194. This section is acted on only by the 



Fig. 194. Free surface not 
in equilibrium. 


force W of gravity and the force F due to pressure. We take the plane 
cutting out the section to be a plane not normal to the direction of the 
force of gravity. The section cannot be in equilibrium because the com¬ 
ponent of the resultant force in a direction perpendicular to W does not 
vanish. In practice, the surface of the fluid is not strictly plane, but may 
be considered as such provided the surface is not too large. 

We consider a plane surface S parallel to the surface of a fluid in static 
equilibrium under the influence of gravity. We shall treat the column of 
fluid above S and shall suppose that there is no force acting on the surface 
of the fluid above S, In the absence of shear there are no vertical forces 
acting on the column except the weight W of the column and the force 
due to the pressure on S, It follows that these are equal in magnitude. 

The column of fluid need not be limited above by a surface. This may 
be a column of air in the atmosphere, which gradually thins out as 
progressively higher altitudes are reached. 

A convenient reference pressure is one normal atmosphere. This is 14.7 
pounds per square inch, or 2116 pounds per square foot, at sea level at a 
temperature of 15 degrees centigrade, or 59 degrees Fahrenheit. Pressure 
is often given in atmospheres. It is customary in work on gases to use 
pressure in excess of 1 atmosphere, rather than absolute pressure; such 
pressures are called gage pressures. Atmospheric pressure is added to gage 



J42] 


FUNDAMENTAL FLUID THEORY 


[chap. 12 


pressure to obtain absolute pressure. Gage pressure is negative if the 
absolute pressure is less than 1 atmosphere, and we are said to have a 
vacuum. 

We let h denote the height of a mercury column in millimeters, where 
the pressure is zero at the top of the column. If this column is supported 
by a pressure p applied at the base of the column, the quantity h is calJed 
the pressure head corresponding to p. In general, if 7 is the weight of a 
liquid per cubic unit (specific iveighi), p/y is the height of the column of 
liquid that can be supported by a force due to the pressure p on a unit 
area. The head is then p/y units (of length) of this liquid. Head h is often 
given infeef of water. The head for one normal atmosphere is 760 milli¬ 
meters of mercury. 

Pressures all the way from 10 ”^^ to 10 *^ pounds per square inch have 
been obtained in the laboratory, whereas liquid pressures from 1 pound 
per square inch to 20,000 pounds per square inch arc in general use in 
industrial equipment, and gas pressures from 0.01 pound per square inch 
to 50,000 pounds per square inch. 

12.3. Liquids and gases. We shall distinguish between liquids 
and gases qualitatively. Liquids have extremely small compressibilities, 
that is, great forces are needed to change the volume of a liquid by even 
such amounts as 1 per cent, whereas gases are very compressible. Gas(\s, 
unlike liquids, tend to expand to fill the entire available volume. 

The specific weights (weight per unit volume) of liquids in common use 
v€u*y all the way from 46 pounds per cubic foot for ether to 847 pounds 
per cubic foot for mercury. 

If the density of air is taken as 1, the relative densities of other ordinary 
gases at the same physical conditions range from 0.138 for helium to 
2.208 for sulfur dioxide. For mercury vapor at 100 pounds per square 
inch absolute, the relative density is 19.6. 

Gases differ from liquids in that the molecules are widely separated 
compared to those in liquids, whence the densities are correspondingly 
smaller. Thus at 1 atmosphere and 68 degrees Fahrenheit air weighs 
0.07528 pound per cubic foot, whereas under the same conditions water 
weighs 62.3164 pounds per cubic foot. 

If pounds, feet, and seconds are used, mass m is in slugs, as explained 
in Chapter 1 . Density is then in slugs per cubic foot. 

12.4. Ideal fluids. A fluid that is incompressible, homogeneous 
(same density at each point), and nonviscous (no shear) is termed ideal. 
In attacking a problem in liquids the reader should always assume that he is 
working with an ideal fluid unless he has reason to believe otherwise. If there 
is not much relative motion between the neighboring peurts of a fluid, if the 
conduits are large in diameter compared with the lengthy and if the pres- 
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sures and temperatures at points in the fluid do not vary greatly, the 
viscosity and compressibility efTects may be disregarded. The assumptions 
made in a particular problem depend on the nature of the problem, as 
examples will illustrate. 

At 32 degrees Fahrenheit a unit volume of water at zero pressure goes 
into a volume 0.9566 under a pressure of 1,000 atmospheres, at 176 degrees 
Fahrenheit with zero pressure we have the volume 1.0287, and at 1,000 
atmospheres the volume 0.9884. 

In Section 12.18 we shall give a similar illustration for viscosity. 

Gases can also often be considered ideal fluids. Thus at speeds far 
below the speed of sound the compressibility and viscosity of air can often 
be neglected in computations on flow of air past an airfoil, such as the 
wing or propeller of an airplane, unless considerable accuracy is required. 
When gases are confined as in pipes, compressibility must usually be taken 
into account; otherwise not, except for high velocities. 

Let the Cartesian coordinates of a point P in an incompressible, non- 
viscous fluid be {x, y, z). Let (a, 6, c) be the coordinates of P at some in¬ 
stant, say t = 0. Then x, y, and z are functions of a, 6, c, and /. This 
viewpoint is due to Lagrange. In terms of these coordinates we have the 
theorem to follow. 


Theorem 12.1. At each point P of an incompressible, non-viscous 
fluid the coordinates 1 , y, z ofP, the pressure p, and density p are related by the 
differential equations 


d^x __ Y ^ ^ 

^2 “ ^ ^ pYx 

^ y - ^ ^ 

dP p dy' 

— 7 — ^ ^ 

^2 “ ^ p^z' 


(12.4) 


ichere X, 1, and Z represent the x-, y-, and z-components of the body forces 
per unit mass at P, and t is time. 

We can write (12.4) in the vector form 


d2r 

dt^ 


= F- 


- grad p 
P 


for the body force F and position vector r. The equations (12.4) can be 
obtained from (11.1) by setting 

<7* = <7y ~ (T* *= ■“P? ~ Tzx ~ ^9 

and including inertial forces in F. For the benefit of the reader we shall 
give a direct proof of Theorem 12.1. 

We consider a rectangular parallelepiped containing the point P, where 



FUNDAMENTAL FLUID THEORY 


[chap. 12 


344] 

the faces of the parallelepiped are parallel to the coordinate planes (see 
Figure 195). We let p be the average pressure on the back face of the 
element, the back face being the one where x is constant and has the 
smallest value. The parallel face is called the front face in what follows. 
We use the term average pressure in the sense that the resultant force 
due to pressure on the back face is pAyAz, Assuming continuity of all 
variables and derivatives that occur in our argument, it follows that p is 

kZ 


Az 


Y 

: X 

Fig. 195. Element of a fluid. 

the value of p at some properly chosen point Pi on the back face. The 
average pressure on the front face is (p + Ap), and this is the value of p 
at some point P 2 on the front face. The inertial force on the element has 
the x-component denoted by x^'pAxAyAz, where is the value of po?" at 
some point of the element. Here the primes designate differentiation with 
respect to time. By Newton’s second law we have the relation 

x"pAxAyAz = Xp*AxAyAz — ApAyAz, (12.5) 

for a properly chosen p*X so that the first term on the right in (12.5) 
represents the ^-component of the body force on the element. 

We write 

Ap = Az + g MAy + If Mz + « (12.6) 

for the differences Ax, pAy, and vAz between the corresponding coordinates 
of Pi and P 2 , and a number e, the derivatives being evaluated at Pi. The 
number € will not contribute to the final limit. If we keep Ay and Az fixed 
and let Ax go to zero, continuity of p implies that p and v go to zero. We 
substitute the Ap of (12.6) into (12.5) divide by AxAyAz and take the 
limit as the maximum of the quantities Aa?, Ay, Az goes to zero, while the 
element shrinks to P. We suppose that the limits of p/Ax and v/Ax exist 
as Aa?—► 0. Mathematical continuity considerations yield (12.4). 

Theorem 12.1 applies to ideal fluids. It is to be observed that an incom¬ 
pressible fluid need not be homogeneous. The density p at a point P of the 
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fluid is in general a function of a, 6, c, and L For incompressible fluids p is 
independent of U but may vary with a, 6,8ind c. 

12.5. Continuity equation for incompressible fluids. The 

equations (12.4) form a system of three equations in the unknown func¬ 
tions X, y, z, and p of the time L It is evident that we need another equa¬ 
tion to determine these functions. This equation follows from the indes¬ 
tructibility of matter, which implies that the rate at which fluid enters a 
region R of space is equal to the rate at which fluid leaves /?. We are sup¬ 
posing that we have no sources or sinks, meaning points at which fluid 
suddenly appears or disappears. 

For practical purposes it is often convenient to introduce sources and 
sinks, as when we treat a reservoir with an outlet through a hole in the 
bottom. The hole, if not too large compared with the dimensions of the 
reservoir, could be taken to be a point at which the fluid is destroyed, that 
is, a sink. It is a simple matter to alter the following equations to take 
care of sources and sinks. 

We are thus using the principle that follows. 

Principle 12.1. Mass can neither be created nor destroyed. 

This principle is called the continuity principle. It applies even in 
nuclear physics, as for example in the case of the atom bomb, if energy 
equivalent to mass is taken into account. 

In general no new assumptions are needed to treat the theory of fluids, 
Newton’s second law of motion and the laws of conservation of energy 
and mass being sufficient to cover the problems that arise in engineering. 
Following Euler, we let x, y, z, and t be the independent variables in the 
theorem below. 


Theorem 12.2. If u, v, and w represent the x-, y-, and z-components 
of the velocity V of a point P{x, y, z) in a homogeneous^ incompressible fluids 
these components satisfy 


dll , dr dw 


(12.7) 


Equation (12.7) is equivalent to 

div F = 0. 


Theorem 12.2 is the divergence theorem applied to fluids. The rate at 
which fluid crosses the back face of the parallelepiped used in the proof 
of Theorem 12.1 is puAyAz for the ar-component of velocity u evaluated 
at a properly chosen point Pi on this face, and density p, it being assumed 
that the velocity varies continuously over the element. 

The V and w components contribute nothing to the flow across the back 
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and front faces. The rate at which fluid is flowing across the front face is 
p(a + Au)AyAz evaluated at some point P 2 on this face. 

The net flow rate across the back and front faces is pAuAyAz, Consider¬ 
ation of all the faces yields the net rate of flow, which vanishes, whence 

AuAyAz + AvAxAz + AwAxAy = 0, (12.8) 

where Ar, and AH) come from properly chosen points. We can write 
A«, Av, and Aw in expanded form as for Ap in (12.6), and substitute the 
results in (12.8). Dividing by AxAyAz^ and taking the limit as the maxi¬ 
mum of the quantities Ax, Ay, Az goes to zero, the relation (12.8) yields 
(12.7), assuming that the limits exist. 

Theorems 12 J and 12.2 with boundary conditions completely describe the 
motion of an ideal fluid. For compressible and viscous fluids these equa¬ 
tions can be modified in simple ways where necessary. 

As was true for fields in electrical engineering, it is not generally con¬ 
venient to work with the partial differential equations (12.4) and (12.7). 
As we shall see, simplifying assumptions are usually made to give prac¬ 
tical results quickly. 

12.6. Flow of water through a wide pipe. In many cases the 
equations (12.4) and (12.7) reduce to very simple form. As an example 
we shall consider water flowing through a horizontal right circular cylin¬ 
drical pipe 10 feet long, 1 foot in diameter. At the left end of this pipe a 


100 psi 


Fig. 196. Flow through a horizontal pipe. 

pressure of 100 pounds per square inch is maintained, and at the right 
end the water empties into a standard atmosphere. It is assumed that the 
water has been flowing long enough so that a steady state prevails. 

We set up an x-coordinate axis as shown in Figure 196. Our units will 
be pounds, feet, and seconds. The equations (12.4) and (12.7) now become 





(12.9) 


We have the boundary conditions 

X = 0, p « 14,400; ar « 10, p « 2,116. (12.10) 

The equations (12.9) give 

p = Cl, tt = C 2 (12.11) 

for constants Ci and C 2 . The first relation of (12.11) yields a contradiction 
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with the boundary conditions for p of (12.10). It follows that our analysis 
has been much too simplified; in fact, there can be no drop in pressure 
across the pipe when we treat the water as an ideal fluid. 

We shall, therefore, consider a different problem and leave the solution 
of the above example until later when we take into account viscosity, 
which clearly cannot be neglected in the above problem. 



100 psi 


Fig 197. Flow out 
of a vertical pipe. 

We shall instead take the pipe of Figure 196 vertical as shown in Figure 
197 so that the body force of gravity enters into the picture. The equations 
(12.4) and (12.7) now become 

t - I - »■ ( 12 . 12 ) 

The first term on the right of (12.12) is obtained from the fact that pX 
is the body force (weight) per unit volume. We still have the boundary 
conditions of (12.10). By (12.12) 

p = —62.3x Cl, ii = C 2 (12.13) 

for constants Ci and C 2 . We can determine Ci so that the first condition of 
(12.10) is satisfied, but the second is not then satisfied. Again our mathe¬ 
matical model is inconsistent, and viscosity cannot be neglected. 

We shall, therefore, modify the problem once again and suppose that the 
second condition of (12.10) is given, that is, the pipe empties into the 
atmosphere, and that we have 

a: = 10, u = 10, 

that is, the velocity of the water on leaving the pipe is 10 feet per second. 
The initial conditions, and (12.13), now yield the solutions 

p = 2,739 - 62.3a:, u = 10. (12.14) 

Thus velocity and pressure are everywhere determined in the conduit, the 
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velocity being in the x-direction only and constant at 10 feet per second, 
and the pressure varying linearly with x. In particular the pressure at the 
bottom of the pipe is 2,739 pounds per square foot. The problem is thus 
consistent. 


12.'7. Transient flow through a vertical pipe. In the problem 
of this section there is a lid on the top of the pipe of Figure 197 at the 
start / = 0. At < = 0 the fluid is at rest. The pressure at x = 0 is kept at 
100 pounds per square inch. The lid is instantly removed. 

Equations (12.4) and (12.7) now give 


0^ n _ 32^ dp 

di^ 62.3 dx’ 



(12.15) 


and the initial and boundary conditions arc 

ar = 0, p = 14,400; / = 0, « = 0; r = 10, 

p = 2,116. (12.16) 

Solution of the second e<] nation in (12.15) yields 


u = /(/) 


(12.17) 


for a function/(/) of t. Since the motion is one-dimensional, the derivative 
d^x/dt^ in (12.15) is simply du/dl. Thus the first equation in (12.15) 
becomes 



(12.18) 


The function on the right of (12.18) is a function of t only, whence 


p — h(i)x + k(t) 


(12.19) 


for functions h(t) and k(i) of t. From the first and last conditions of (12.16) 
we have 


p = -1,228.4a: + 14,400. (12.20) 


By (12.20) and (12.18) 
By (12.17) and (12.21) 


/'«) = 603. 
u = 603< -1- C 


( 12 . 21 ) 

( 12 . 22 ) 


for a constant C. By (12.22) and the second condition of (12.16) we have 
C = 0. Integration of (12.22) gives 


X = 302f* -t- C*, (12.23) 

where we have rounded off The value of C* is determined by the 
initial position of the point in the fluid being studied. Thus C* is zero for 
all points at x = 0 when < = 0. The formula (12.23) then gives the posi¬ 
tion of such points at the time t. 
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The complete solution of our problem is thus given by (12.20) and 
(12.23). The fact that we arrived at a solution indicates that our assump¬ 
tion that we were working with an ideal fluid was justified. 

It is to be observed that the relations of (12.16) are conditions on func¬ 
tions, giving the values of these functions for all values of one variable x 
or t, the other variable being constant. This is quite different from what 
happens for ordinary differential equations. The reader should familiarize 
himself with the methods of solution of partial diflFerential equations so 
that he will know what boundary conditions are needed to determine his 
problem. 


12.8. Pressure energy. Because it is generally too difficult to 
work with the differential equations (12.4) and (12.7), or their analogues 
for the compressible and viscous cases, it is more convenient to use 
energy relations as in Section 2.18. 

We shall employ the concept of energy density, that is, we shall 
introduce an energy point function which by integration yields the energy 
in a region of the fluid, just as the mass can be secured by integrating 
the mass density. In engineering, energy density is termed head. In 
particular, there is a pressure head dependent on pressure only. It is 
logical to take this as zero when pressure is zero, which is done. 

We shall derive the pressure head at a point P of a fluid at which the 
pressure is p. It is no restriction on the generality of the method to imagine 
that the fluid is contained in a body of fluid unlimited in horizontal extent 
and under the influence of a constant force of gravity. The body is as¬ 
sumed to have a surface at x = 0, the x-axis being vertical and pointed 
downward. In our argument the fluid may be viscous, since the fluid 
moves as a unit and viscosity effects do not occur. The fluid is taken 
incompressible. It is a simple matter to extend the argument to compress¬ 
ible fluids. 




Fig. 198. Flow with a sur¬ 
face at« =0. 

We enclose P with a rectangular parallelepiped of vertical sides as 
shown in Figure 198. The height of the element is taken to be Aa?, and the 
area of a horizontal face is taken to be unity. 
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The pressure on the top face of the element is equal to the weight of the 
liquid above it, which is pgfa* for the density p of the liquid, the magnitude 
g of the acceleration of gravity, and coordinate x of the top face. Because 
of pressure on the top face, it takes a certain amount of work Wt to 
bring the element to the surface of the liquid where a; = 0, the work Wt 
being 

w, = pg JJ xdx, (12.24 ) 

namely 

Wt = ipgxK (12.25) 

The pressure on the bottom face of the element is pg(x + Aa*), so that the 
work Wh done in bringing the element to a? = 0, due to the pressure on th(' 
bottom face only, is 

Wb = ipg(x^ + 2xAx). 

We let W = Wb — Wf The difference W is then pgxAx, Dividing 
W by the volume of the element we have pgx as the net work Wu per unit 

volume, due to pressure, necessary to bring the element to the top. 

Clearly, Wu is the pressure on the top face of the element in the initial 
position. 

Taking the limit as Ax goes to zero we obtain p as the pressure energy 
per unit volume at the point P. Let y be the specific weight of the fluid. 
It is customary to use the density p/y, instead of p, this being the pressure 
energy per unit weight. The density p/y is called the pressure head. 

For compressible fluids the above proof applies except that the element 
will change geometrically in being brought to the top. 

If the fluid has no surface, as for a free gas in space, the above proof 
applies with the modification that we must work with limits of integrals. 
We must treat the fluid as compressible in this case, for otherwise the 
pressure would be infinite at each point. 

The element in the discussion above might be at the bottom of a vertical 
cylindrical tube with the top exposed to the air. By scooping off the liquid 
at the top of the tube, doing little or no work in the process, we can make 
the element rise to the surface. This element rises to the surface under the 
influence of the neighboring fluid, and the pressure energy originally 
associated with the element is converted into work. 

In Part III we defined flow work. This is a difference between values of 
the pressure energy. Here we have arrived at this difference from a slightly 
different point of view. 

12.9. Velocity and potential heads* At each point of a fluid 
there is an energy density due to the velocity of the fluid. 

In the case of any fluid the mass of an element of volume AK is pAV, 
where p is the value of the density at some point in the element, and is 
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continuous over the element. Assuming that the velocity is also continu¬ 
ous, the kinetic energy possessed by the element is ipv^AVy where v is the 
speed at some point in the element. The average kinetic energy density 
per unit weight (7 = pg) is then, by definition, v^/2g for the element. 
Taking the limit as the maximum linear dimension of the element goes 
to zero and the element shrinks to the point P, we obtain the kinetic 
energy density v^/2g per unit weight at the point P, the speed of the fluid 
at P being v. This density is also termed the velocity head, and is usually 
given in feet of water or millimeters of mercury. See Section 6 . 8 . 

Let a point P in a fluid be a height z above a reference plane. From the 
technique of taking an element of volume containing P as above, and 
going to the limit as the element shrinks to P, it is seen at once that 
there is an energy density (gravitational head) due to the fact that in 
moving the element vertically a distance z under a constant force of 
gravity, work is done equal to the weight of the element times the dis¬ 
tance a point in the element is moved. The gravitational head, called 
potential head, is thus z itself. 

If we are treating a problem where only forces due to pressure, gravi¬ 
tation, and inertia are considered, the energy densities involved are those 
above. If, however, chemical transformations or certain other phenomena 
occur, such as temperature changes, other forms of energy density must 
normally be taken into account to satisfy the law of the conservation of 
energy. 

For energy density (as energy per unit weight) the law of conservation 
of energy takes the form of Bernoulli’s theorem (below) when the motion 
is steady. The fluid motion is said to be steady when 

du _ dv ^ _ 0 

for the velocity components represented by u, v, and w. Here u, v, and w 
are functions of x, y, z and L In the case of steady motion we have a 
velocity field, given by a region of space and a velocity at each point of the 
region. A line of motion is by definition a curve for which 

u V ~~ w 

The velocity is in the direction of a tangent ray to the line of motion. By 
mathematical continuity assumptions involving u, v, and w, and differ¬ 
ential equations theory, we can show that the lines of motion are deter¬ 
mined by the velocity field, and that there is only one line of motion 
through each point. In this event each particle of fluid describes a stream¬ 
line with the property that this is identical with a line of motion. In the 
theorem to follow we refer to such motion. A streamline is by definition 
a curve such that at any instant the velocity of each particle of fluid on 



352] 


FUNDAMENTAL FLUID THEORY 


[chap. 12 


the stream line is along the tangent to this line. When considering only 
pressure, velocity, and potential heads BernoullVs theorem states that for 
steady motion of an ideal fluid the total energy density, that is, head, is a 
constant for the points of a streamline. 

A proof of Bernoulli’s theorem will be given below. When treating 
energy in general this theorem should be assumed to be valid, including 
terms to take care of heat, work, friction, chemical, and other forms of 
energy that may be involved. Thus in its general form Bernoulli’s theorem 
is not a theorem, but the principle of the conservation of energy in a cer¬ 
tain form. 

We consider a plane region R of area A perpendicular to a streamline 
L, where L passes through /?. We suppose that L has an arc length coordi¬ 
nate s, where s increases in the direction of flow. In what follows / is the 
independent variable. The particles at R at the instant t travel some 
average distance As during the time M after the instant t. At the instant 
{t + A/) the region R has gone into a region R* of area A*, where A 
is a good approximation to when At is small. The force due to pres¬ 
sure on the region R is given by pA for some properly chosen pressure />. 
There is a corresponding component of the pressure force on the region 
B*/ where this component is given by (p + Ap)A* for some properly 
chosen increment Ap. During the interval At the particles at R at the 
instant t sweep over a region M of space between the surface regions R 
and B*. The net pressure force on M perpendicular to B is then approxi¬ 
mately —AAp at least when At is small enough. 

Let p be the density of the fluid. We shall treat the case where p is 
constant for practical purposes. We let z be the vertical coordinate of a 
point on L with the positive direction upward. The force of gravity 
acting on the fluid M is given approximately by AgpAs, and its component 
in the direction of the streamline L at B is this force multiplied by — dz/ds. 

Let V represent the velocity of the fluid at a point of L so that V is 
ds/dt. The tangential component of acceleration is given by dV/dt, which 
is the product of dV/ds by ds/dt. Since V is ds/dl, the tangential compo¬ 
nent of acceleration is represented by VdV/ds. The mass of the fluid in the 
region M times this acceleration is then approximately (ApAs)VdV/ds. 
From Newton’s second law of motion we have approximately 

(ApAsW^ = -AAp - g (AgpAs). 

Dividing by i4A^, and taking the limit as the maximum length of the 
chords joining points of the region M goes to zero, we have 



The approximations then disappear. It is assumed of course, that the 
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for the specific weight y = pg and a constant C. The constant C depends 
on the streamline. If the subscript 1 denotes the values of the variables 
at one point on a streamline, and the subscript 2 denotes these values at 
another point, 


Y 1 

2(7 


+ z^ + ^ = 
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12.10. Flow through an orifice. By definition an orifice is an 
opening in a surface bounding a fluid. In practical examples an orifice is 
a hole short in length compared to the maximum diameter taken normal 


Pi 



P2 


Fig. 199. Flow 
through an ori¬ 
fice. 

to the average direction of flow. In many cases the velocity of discharge 
is so great compared to the velocity of the fluid entering the orifice, that 
the latter velocity is neglected. Since an orifice is short in length, the 
potential head is disregarded. Otherwise the orifice might be treated as a 
pipe. 

In Figure 199 we have pictured an orifice with pressure pi on one side 
and p 2 on the other. The difference h equal to (pi — p 2 )/y, for the specific 
weight 7 , is termed the pressure head for the orifice, this being actually a 
difference between heads. For the standard orifice case we have the 
theorem that follows. 

Theorem 12.3. If h is the pressure head across an orifice, g the 
magnitude of the acceleration of gravity, and zero the speed of the fluid enter¬ 
ing the orifice, the speed u of efflux is given by 

u = VWi (12.26) 

for an ideal fluid. 

By Bernoulli’s theorem 

Bl + 

y y 2g 


(12.27) 
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for the specific weight 7 . Relation (12.26) follows at once. Theorem 12.3 
is due to Torricelli who stated that the speed u of efflux is equsd to the 
speed of a body falling in a vacuum a distance of h feet from rest. 

If the speed Ui of the fluid entering the orifice is not small compared to 
u we have the term ul/2g added to the left member of (12.27), whence 
(12.26) becomes 

u = y/2gh + u\. (12.28) 

In a practical example the velocity across the orifice will not be uni¬ 
form, whence (12.26) is replaced by 

u = a V^gh (12.29) 

for the coefficient of velocity C„. For orifices about an inch or more in diam¬ 
eter the coefficient Cv for water is very nearly unity. The constant C„ will 
vary somewhat with the head. 

With orifice area ylo the volumetric discharge velocity Q is Aou in the 
ideal case for u of (12.26), but in practice we have 

Q = CAo (12.30) 

for the coefficient of discharge C. A typical value of C for water is 0 . 6 . It is 
customary to use the effective area A in place of the actual area so that the 
formula 

(? = A VWh (12.31) 

is employed in place of (12,30). 

12.11. Emptying a reservoir. We consider the reservoir of 
Figure 200 with constant cross section of area 10® square feet, and with 



Fig. 200. Emptying reservoir. 

the water level 30 feet at the start. A valve with effective area 1 square 
foot is suddenly opened so that the water discharges into the atmosphere. 

We set up an a?-axis as shown, x being the instantaneous height of the 
water. The pressure on the bottom of the reservoir at the hole is thus 
62.3a: pounds per square foot. We are neglecting the pressure of the air 
which is practically the same on the bottom of the hole as on the surface 
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of the water above the hole, so that the effect of this pressure cancels out. 
We also neglect the initial transient. By (12.31) with h ® we have the 
equation 

Q = 8 Vx. (12.32) 

Here we have taken g = 32.2 ft per sec® as usual. However, 

Q=-10®^, (12.33) 

whence 

- 0.008 Vx. (12.34) 

Kquation (12.34) is a nonlinear ordinary differential equation of the 
first order. To solve it we need the initial condition 

/ = 0, ar = 30. (12.35) 


12.12. Solenoid valve problem. We shall treat a solenoid valve 
as shown in Figure 201. In this figure R and L are the resistance and 


i 



Fig. 201. Solenoid valve controlling 
oil flow to a cylinder. 


inductance of the coil, i is the current through the coil and e the cor¬ 
responding voltage, po is the oil supply pressure, ki is the scale of the 
spring loadii g the plunger, and x is the coordinate of position of the 
plunger measured from the just closed position. The oil flows from the 
supply through the valve to a cylinder with piston and connecting parts 
of mass m, and position coordinate z. The piston is assumed to be loaded 
by a spring with scale k 2 » The pressure on the right side of the piston is 
atmospheric, and on the left side the pressure is a variable p. 

See Figure 202 for a cross section of an actual solenoid valve. 

We shall treat the problem where the valve is in the just closed posi¬ 
tion, and the whole system is in static equilibrium. The value of e is then 
suddenly changed by an amount E to open the valve. Except for p, which 
is absolute pressure, we can measure our variables and forces as devia¬ 
tions from the static equilibrium where the pressure drop across the piston 
is zero. 
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For a normal valve the volumetric rate of flow of the oil through the 
valve increases with the valve opening. It is therefore reasonable, as a first 
try, to assume that 

^ = Kx Vpo - P (12.36) 

for a positive constant K and time L Equation (12.36) follows immedi¬ 
ately from (12.31) and the fact that the volumetric rate of flow of oil into 



Fig. 202. Cross 
section of a sole¬ 
noid valve. Cour¬ 
tesy of the 
Barber-Col man 
Company. 

the cylinder is the cross-section area of the piston times the speed of the 
piston. We are neglecting leakage and compressibility effects. 

The quantities e and i are related by the equation: 

m + L^ = e. (12.37) 

We shall suppose that the plunger is below the center of the solenoid 
when a: = 0, and that during disturbances it never goes beyond the 
center. For a given i we would expect the permeability of the core of 
the coil to increase as the plunger approaches the center position, and 
to decrease otherwise. By the flux treatment of Chapter 3 the force 
on the plunger will increase with x. The force will be represented by F. 
The force F will also increase with the current in the coil. Since we can 
use differentials in place of deviations, if the deviations are not too large, 
we can approximate the deviation Fp of F from equilibrium by 

Fp = Cii “f" C 2 X (12.38) 

for positive constants ci and C 2 . 

We shall write the mass of the plunger as m^. From Newton’s second 
law of motion 


rripx" = Cii + c^x — kix 


( 12 . 39 ) 
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for the acceleration ar". In actual practice we must also take account of 
the hydraulic reaction at the valve. We shall assume that this reaction 
is included in the spring scale. In any event (12.39) can be written for a 
constant k as 

rripx'' + kx = CiL (12.40) 

We let >1 be the cross-section area of the piston, and jd« the pressure 
of the atmosphere. By Newton’s second law 

mj" = (p — pa)A — k2Z. (12.41) 

In deriving (12.41) we have neglected friction, which is ordinarily 
justified. 

We have a system of four differential equations (12.36), (12.37), (12.40), 
and (12.41) in the four variables x, z, i, and p as functions of time /. 

It remains to obtain the initial conditions. We shall consider (12.37) 
first. When f < 0, c = i = i' = 0. Since i must change continuously, we 
have the initial condition 

/ = 0, £ = 0. (12.42) 

Equation (12.37) and the condition (12.42) completely describe the solu¬ 
tion for the current £. With this £ we can solve (12.40) for x provided we 
know the values of x and x' when t = 0. These are 

/ = 0, X = 0, ar' = 0. (12.43) 

With X known in terms of t we consider the solution of (12.36) and 
(12.41) for p and z. We can solve (12.41) for p in terms of z and z", and 
substitute in (12.36) obtaining a nonlinear differential equation, which 
can be written as a linear polynomial in z", (z')^, and z equal to zero, the 
coefficients being functions of /. 

By (12.36), (12.43), and z = 0 at the start 

< = 0, z = 0, z' = 0, (12.44) 

whence the solution for z is determined. In view of (12.41) the solution 
for p is also determined, whence our problem is solved. 

If friction and leakage are to be taken into account the equations 
(12.36), (12.39), and (12.41) must be modified by corresponding additional 
terms. 


12.13. Jet of water striking a spring-loaded plate. We shall 
treat the case of a jet of water with varying speed v striking against a 
plate as in Figure 203. The plate is supported by a light steel spring with 
scale jfe. We introduce a coordinate x for the plate, where the plate is in 
the position x = 0 when the water is not flowing and the state is station¬ 
ary. We take the positive sense on the x-axis in the direction of contracting 
spring. 
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We shall take the effective area A of the nozzle to be 2 square inches, and 
the scale As at 100 pounds per inch. Let us suppose also that v is in a reason¬ 
able range, say from zero to 1,000 inches per second, and that the given area 
of the plate is about 10 square inches, while the plate is very thin but 
strong enough so as to be a rigid body for practical purposes. We assume 
that the plate dimensions are large enough so that the entire jet strikes 
the plate. 



Ox X 


Fig. 203. Jet of water striking 
a spring«loaded plate. 

It is reasonable to neglect the mass of the plate and the spring as a 
first approximation, since the applied forces are normally large by com¬ 
parison with the inertia of these parts. 

It is also reasonable to suppose that on striking the plate the jet is 
deflected parallel to the plate surface away from the region of impact as 
shown. 

The ^-velocity of the water is changed to that represented by x' on 
impact with the plate, whence the decrease in velocity of the fluid at 
impact is given by {v — x^). 

The mass rate pQ of fluid striking the plate is pA (v — x') for the density 
p of the water. With pounds, inches, and seconds the density p is 935 • 10“"^. 
The rate of change of momentum of the water at the plate is the product 
of the change in the velocity of the fluid on impact by the mass rate of 
flow, and is thus represented by 0.000187(r — x')^ if v > x'. Newton’s 
second law of motion, stated in the more general form for momentum, 
gives 

0.000187(r - x')2 = lOOx. (12.45) 

If we have an oscillatory case, where for example d = 1 + sin /, the solu¬ 
tion for X is determined by (12.45) and the initial value of x. If we are 
interested only in the steady-state solution we do not need this initial 
value of X, on the assumption that the initial transient dies out rapidly 
so that it can be neglected. 

If < x' the jet does not strike the plate, which case could not arise in 
our present treatment because then we would have the spring force 
unbalanced. 

As we have taken our problem, the coordinate x is always positive. The 
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velocity v is also positive. We did not need to use the area of the plate 
explicitly. 


12* 14. Checking a solution by weakening assumptions. 

The remarks of this section apply to all fields of analysis treated in this 
book, but will be illustrated in the next two sections by a hydraulic exam¬ 
ple. In cases where experience or experiments are not available, it is 
advisable to take neglected factors into account. It would normally be 
expected that the larger the neglected factors, the larger are the deviations 
from the results based on simplifying assumptions. It is therefore advisable, 
if the neglected factors are not exactly known, to exaggerate these factors 
one by one and study the effect on the solution. In calculus, through the 
theory of total differentials, errors in a function/ of two or more variables 
are treated by computing the approximate errors { df) in/due to the errors 
in each of these variables individually, and obtaining the total error in /, 
approximately, by adding the errors {df}. Similarly, mathematical con¬ 
siderations show that it is reasonable in the standard situation to suppose 
that the following principle holds. 

Principle 12.2. If the deviation of the solution caused by taking 
into account neglected factors individually is negligible, the deviation of the 
solution for these factors taken into account simultaneously is negligible. 

12.15. Example of weakening assumptions in an oscillatory 
case. We shall illustrate Principle 12.2 with the example of Section 12.13. 
We shall consider the solution for the oscillatory case where r = 1 + sin L 
Suppose that the plate and spring together weigh I pound, whence the 
mass m of these parts is that is 0.00259. Assuming that the entire 
mass is concentrated at the target, the differential equation (12.45) 
becomes 

0.000187(r - j*')“ = 0.00259x" + lOOx (12.46) 

when this mass is taken into account. We note that if a; = sin t the first 
term on the right in (12.46) is negligible compared to the second term. 
This suggests that with v given as a periodic function of t with the same 
frequency as sin t the first term is still negligible compared to the second. 
Actual solution, or a study of the properties of Fourier series approxima¬ 
tions to the solution, shows that this is correct. 

In Section 12.13 we have also neglected friction in the spring, and air 
resistance to movement of the plate. It is a simple matter to compute 
the air resistance to the plate, just as we computed the hydraulic force 
on the plate due to the change of momentum of the fluid, in Section 12.13. 
The friction in the spring is not such an easy matter, and here we should 
fall back on experience or measurement, Such studies will show that the 
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damping-friction force can be approximated by — ca?' with c certainly 
much less than 0.01, so that (12.45) becomes at worst 


0.000187(® - x'y = O.Olaj' + lOOx (12.47) 


when damping and friction are taken into account. 

The same argument as used for m above shows that the first term in 
(12.47) is negligible compared to the second for the oscillatory case where 
r = 1 + sin L It follows that both mass and damping are negligible, as 
assumed in Section 12.13. 

Consider now the case of Section 12.13 where 


= 1 + sin 300/. (12.48) 

The first term on the right of (12.46) is now no longer negligible. The first 
term on the right in (12.47) is still negligible. 


12.16. Weakening assumptions in a transient case. Let us 
consider the problem of Section 12.13 where from a static equilibrium 
with V = 0 the speed of the water is instantly (for practical purposes) 
increased to v = 10 inches per second as by opening a valve. 

If we use (12.45) for the plate-spring system, neglecting damping and 
inertia, it follows that x' changes instantly from zero to 10 inches per 
second. This implies infinite acceleration a;" of the plate at the start, 
which is impossible. It is clear that the mass m should probably not be 
neglected. A practical solution can be obtained from (12.46) with v = 10, 
and the initial conditions 

/ = 0, a: = 0, a:' = 0. (12.49) 

In (12.46) we should really use one-half the weight of the spring in place 
of the entire weight, for greater accuracy. 

12.17. Impulse wheel. We shall derive the differential equa¬ 
tion of an impulse waterwheel (Figure 204). For such a wheel, jets of 
water are directed at buckets on the wheel (see Figure 205), and as in 
Section 12.13 the rate of change of momentum of the water creates a 
force on the buckets and hence a torque T. We shall treat the case where 
the volumetric rate of flow Q of the water striking the buckets is increased 
suddenly from zero for a static state to a fixed value Qo. We shall suppose 
that the velocity of the water is constant. The power absorbed by the 
wheel is proportional to Q. 

Let N be the speed of the wheel. The power consumed by the wheel is 
the product TN, whence the torque T is proportional to Q/N. If T, Q, and 
N do not vary over too wide a range, it is reasoiiable to use the differ¬ 
entials of these variables instead of the variables. Now letting T, (?, and N 
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deaote the differentials of torque, rate of flow, and speed, respectively, we 
have 

T ^aQ-bN (12.50) 


for positive constants a and b. Equating T to the inertial torque IN' we 



Fig. 204. Two 4-nozzle vertical impulse turbines on an erecting floor. 13,200 
horsepower. 600 rpm. 1301 ft head. Courtesy of the Pelton Waterwheel Company. 


Q 

Fig. 205. Impulse wheel. 

obtain the differential equation of motion of the wheel. The initial condi¬ 
tion is 

/ = 0, AT = 0. 

12.18. Viscosity. To treat viscosity of fluids the theory of ideal 
fluids is modified to satisfy the two laws which follow. 

Law 12.1. Whenever a fluid is in contact with a solid walU and the 
fluid wets the walU there is no motion of the fluid relative to the wall at the 
points of contact. 

Thus when the fluid wets the wall it does not slip past the wall. 
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In the following law ar, y, and z refer to a Cartesian coordinate system. 


Law 12.2. (Newton). If u and v represent the x- andy-componenis 
of the velocity of a point P in a fluid, the shear stress at P is such that 


for the coefficient of viscosity m- 


^\dy ^ dx) 


(12.51) 


The quantity in the parentheses in (12.51) is the rate of change of tin* 
shear 7 *,,, so that (12.51) can be written as 





which replaces the stress-strain relation 

ryx ~ 

for elastic bodies. See Sections 9.1 and 9.3 for the definitions of jyx and 

yxy* 

The coefficient of viscosity m depends on the temperature of the fluid 
as well as other factors which can normally be neglected. 

The coefficient of viscosity n is often given in centipoises. A centipoise 
is 0.01 poise, and is the viscosity of water at 68.4 degrees Fahrenheit and 
one atmosphere in the metric system of grams, centimeters, and seconds. 
The poise is the resistance, in dynes per square centimeter of its surface, 
oflFered by a layer of the fluid to the steady motion parallel to that layer, 
of another layer of the fluid at a distance of 1 centimeter from it, with a 
relative speed of 1 centimeter per second. At 32 degrees Fahrenheit the 
quantity ^ in centipoises is 1.792 for water, and at 212 degrees Fahrenheit 
it is 0.284. For each temperature the viscosity m of water is practically 
constant for the pressure ranges that arise in engineering. 

To change from the metric system to the pounds, feet, seconds system 
multiply centipoises by 2.08 • 10 “*, giving slugs per foot per second. The 
dimensions of g are M/LT, or FT/L^ for F denoting force. 

For air at 32 degrees Fahrenheit and a pressure of one atmosphere the 
viscosity M is 0.0171. For a heavy lubricating oil m may be as high as 
4,000 centipoises. Also, n for gases is relatively independent of pressure 
in usual engineering pressure ranges (up to 100 atmospheres for many 


Viscosity is due to internal fluid forces. 

In treating flow problems it is convenient to distinguish between two 
typ© 8 » laminar and turbulent. In the case of laminar flow the motion is 
steady, or practically so, and the fluid travels in layers or laminae. Even 
though we may have turbulent flow, as between the blades of a gas turbine 
compressor, we can still obtain results accurate enough for many purposes 
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by supposing that the flow is laminar. Reynolds introduced the number R 
given by pVlIn for the density p, speed V, viscosity p, and some character¬ 
istic dimension I of the bounding surfaces (see Section 8.16). If R is small 
the flow is laminar, and if large, it is turbulent as verified, for example by 
flow through pipes. Whether or not R is small or large depends on the 
problem. However, in general, for a circular pipe with I equal to pipe 
diameter and R less than 2320, the flow is laminar. 

12.19. Flow of water through a circular pipe. To illustrate 
Laws 12.1 and 12.2 we shall study the case of water flow through the 
horizontal circular pipe of Figure 206. We suppose that the state is steady. 
The pipe is 10 inches in diameter and 100 feet long with a pressure differ¬ 
ential of 1 pound per square foot between the ends. 


0 100 ft 



Since the pressure difference between the ends of this pipe is not great, 
we would expect a low velocity of the water. We therefore suppose that 
we have laminar flow. 

We introduce an a;-axis parallel to the pipe axis with x = 0 at the left 
end of the pipe, and the flow of the water toward the right. 

Because of symmetry the same state, as far as u is concerned, may be 
assumed to exist at each point the same distance from the axis of the pipe. 
For a given distance y all such points lie on a right circular cylinder of 
radius y with the same axis as the pipe, as shown in Figure 206 for the 
cylinder ABDC. 

Many engineering problems (;an be similarly simplified by making use of 
symmetry. We should always look for this. 

For every y the body of water wilhin the cylinder is in equilibrium 
under the action of the forces acting on it. We shall treat the .components 
of these forces in the x-direction. The net pressure force on the ends of 
the cylinder is given by xy®. We let u represent the velocity of the points 
on the lateral surface of the cylinder, this being the same at all such 
points because the water is taken incompressible, and the continuity 
Theorem 12.2 applies. Because of symmetry we have u directed toward 
the right. We suppose that the water is at 68.4 degrees Fahrenheit. By 
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Law 12.2 we have a shear stress 

T,, =» 2.08-ia-*^- (12.52) 

Multiplying this stress by the lateral area 2007ry of the cylinder we have 
a force due to shear given by 0.00416irydu/dy. 

' By Law 12.1 the velocity of the fluid is zero at the wall, whence the 
velocity must increase in magnitude as one leaves the wall. Equating to 
zero the sum of the shear force and the force corresponding to the 
pressure on the ends, and taking y 0 so that we can divide it out of the 
resulting equation, we have 

^ + 240y = 0. (12.53) 

We need a boundary condition. This follows from Law 12.1 giving 

y = A, « == 0, (12.54) 

whence the solution is determined as regards the velocity of the fluid. 

We have neglected the effect of gravity in assuming symmetry of the 
flow with respect to the axis of the pipe. Experience shows that this is 
justified. It can, of course, be taken into account by a three-dimensional 
treatment of the problem; this is complicated. 

By integrating the solution of (12.53) and (12.54) we can obtain the 
volumetric rate of flow Q {Hagen-Poiseuille law) past any cross section of 
the pipe. The pressure at any cross section can be obtained by running 
through the above analysis for a cylindrical element between two arbi¬ 
trary cross sections, assuming, as is practical, that we can represent the 
pressure at a section by an average. It is thus proved that the pressure 
varies linearly from one end of the pipe to the other. 

12 .20. Energy in the case of pipe flow. Bernoulli’s theorem 
does not apply to pipe flow, because the energy density at a point P in the 
fluid varies, in fact decreases due to friction as the point P moves. In 
most engineering cases the friction makes itself evident in the form of 
heat. If we let Hi be the total head for one position of the point P, and H 2 
the total head at a second position, we have 

Hi = H 2 + Q (12.55) 

where Q is heat (density). The quantity Q is called the loss in head. 

In more general cases we would have to add chemical energy, internal 
energy, and work terms on the right of (12.55) as explained in Part III. 

12 .21. Flow in a trough with an open surface. We shall 
analyze the flow of water in the trough of Figure 207 with cross section 
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an isosceles trapezoid of height 2 feet, and bases 4 feet and 8 feet as shown. 
There is a drop in elevation from the left end of 1 foot for a horizontal 
distance of 100 feet with the water in steady flow. The trough is assumed 
full in the sense that the volume of water in it is a maximum. 

We introduce an a;-axis in the direction of the axis of the trough as 
shown. We may assume that the water has everywhere the same cross 
section perpendicular to the a:-axis. We assume also that the flow is steady 
and laminar. We consider an element of water between the plane sections 
for X and (x + Ax) as shown. 

X 


Fig. 207. Flow in a trough with an open surface. 

Since the flow is steady and laminar we can neglect the inertia of the 
water. The component of the force of gravity on the element in the 
a;-direction is given by 7.48Aaj pounds. Since the pressure on the surface 
of the water is everywhere the same, we can expect the pressure to be 
uniform for practical purposes. We introduce a viscosity force — cuAar for 
a constant c. We assume that c is known. From the equilibrium of forces 
we have 

cu = 7.48, 

whence u is determined. 

12 .22. The solution of flow problems. We have illustrated 
above some of the principles enumerated below, which should be followed 
in setting up flow problems in mathematical form. The other principles 
will be illustrated in chapters to follow. 

The problem should be simplified geometrically by making use of sym¬ 
metry and substitution of geometrically simpler figures whenever possible. 
The problem should be made one of as few geometric dimensions as possi¬ 
ble, preferably one only. 

If changes are slow enough, the problem should be treated as one in 
steady state, thus eliminating initial conditions. If changes are very rapid, 
inertia should be taken into account, but damping neglected if possible. 

If damping is indicated, we should try to use a corresponding force pro¬ 
portional to the velocity of a moving point. 

The number of equations should be kept to a minimum by the introduc¬ 
tion of a potential function if there is one. 
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If the flow is one-dimensional we should consider the energy method of 
deriving an equation of motion. For air flow in the atmosphere, well below 
the speed of sound, the compressibility of the air should be neglected. If 
near the speed of sound, compressibility should be considered. If forces on 
bodies due to flow past these bodies are desired, do not neglect viscosity. 

For flow of liquids in conduits, where the changes are not rapid, com- 
pressiblity should be neglected but viscosity taken into account. Otherwise, 
compressibility should be considered. For gases flowing in conduits one 
should take compressibility into account, but neglect viscosity unless 
otherwise indicated. 

Laminar flow should be assumed when possible. 

For flow through orifices it is advisable to neglect friction unless very 
accurate results are needed. 

12.23. Dimensional analysis applied to fluid problems. In 

general the variables that must be considered in fluid motion are the 
density p, specific weight w, viscosity p, surface tension a, elastic modulus 
e, and a mean speed V (or rate of discharge Q) of the fluid, and a pressure 
increment Ap (or gradient dp/dx for a distance coordinate x), as well as 
linear dimensions describing the geometry of the system under consider¬ 
ation. We have length L, mass M, and time T as primary quantities. Let 
I be a characteristic linear dimension. By the Buckingham pi theorem 
we expect five dimensionless groups in the eight secondary quantities 
whose symbols are given above, namely 

ep, n^Yk, c^Yk. 

Ap wl jjL a e 

The numbers F, i?, W, and C are the well-known Froude, Reynolds, 
Weber, and Cauchy numbers. By the Buckingham pi theorem we have 
the flow equation 

where the /’s are characteristic linear dimensions of the system, and / is 
a function. 

The Reynold’s number occurred in Sections 8.16 and 12.18. 
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CHAPTER 


13 

Compressible fluids 

13.1. Water hammer in a circular pipe. It is well known that 
a sudden disturbance in the flow of water in a pipe can create noises, a 
phenomenon known as water hammer. It is reasonable to expect that this 
is due to the compressibility of water, just as sound waves are generated in 
air because of this property. We shall analyze water hammer for circular 
pipes as an illustration of the manner in which compressibility of liquids 



0 X %+Ax X 

Fig. 208. Cross section of a cir¬ 
cular pipe showing a fluid ele- 


is taken into account in engineering problems. The theory applies to any 
liquid. 

It is to be expected that the velocity variations are so small that vis¬ 
cosity can be neglected. We begin with this assumption, and first restrict 
ourselves to a horizontal pipe. 

We suppose that we can work with an average pressure p, density p, 
and velocity u at each cross section of the pipe. We set up an a:-axis length¬ 
wise along the pipe as in Figure 208, so that p, p, and u are functions of 
X and t. Consider the fluid section 1 of Figure 208. The coordinate x of a 
particle of fluid at section 1 is a function of a and /, where a is the coordi¬ 
nate of the particle when / = 0. Since ii denotes the velocity of such a 
particle we have 



for the c(K)rdinate x of this particle. 


\3G7 
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We shall consider the element of fluid bounded by cross sections 1 and 2 
of Figure 208. We let A be the cross sectional area at 1, and Ax the length 
of the element. 

At the pipe section 1 there is a pressure p on the wall as shown in Figure 
209. We now consider a pipe element with the section 1 and length unity, 
where the pressure is p at each point on the inner surface. This pipe ele- 



Fig. 209. Cross sec¬ 
tion of a pipe. 

ment is not meant to be part of the pipe in Figure 208, but is introduced 
for the purpose of computation. We shall take p to be gage pressure (rela¬ 
tive to the air surrounding the pipe). 

We make the reasonable assumption that the pipe thickness / is small 
compared to the inner radius r, and suppose also that the changes in / 

N 


T 

Ad 

0 

Fig. 210. Tension forc^ 

T in a pipe element. 

with time are negligible compared to changes in the inner and outer cir¬ 
cumference of the pipe. We pass two planes through the axis of the pipe 
element cutting out a piece of the pipe element of which a partial cross 
section is shown in Figure 210. In this figure T represents the magnitude 
of the tension force on this piece. This means that the piece cut away from 
the pipe is in equilibrium under the influence of T and the force due to 
pressure p on the inside of the section. The angle between the cutting 
planes is denoted by A$. Because of symmetry there is a force of magni¬ 
tude T at each side of the piece, acting along the tangent. In analyzing 
the forces on the piece, we are taking the cross section as an arc of a circle 
of radius r subtended by A6, By reason of symmetry, the net force on 




WATER HAMMER IN A CIRCULAR PIPE [56.9 

the piece in the vertical direction 07V, because of the hydraulic pressure, 
is of magnitude p*rAd for a nuiubcr p*. The vertical component of the 
force represented by T is T sin (A^/2), whence for both sides we have 
2T sin Ad/2, Equating to tlu^ function representing the net pressure force 
component in the vertical direction we have 

p*rAd = 2rsiniA^. (13.1) 

Taking the limit in (13.1) as A^ goes to zero we derive 

r = pr. (13.2) 

Let ap be such that the density of the pipe piece of Figure 210 is <rprA0, 
If we take the inertia of the pipe material into account, the term T in 
(13.2) must be replaced by (T + Oprr'^) for the time derivative r" of r. 
If cTp is small enough the term o-prr" is negligible compared to T; this we 
assume. That is negligible in a given problem should be verified 

from the solution of the water hammer equations. 

By Hooke's law 

S == Ee (13.3) 

for the longitudinal stress aS (tension in our case), modulus of elasticity E, 
and longitudinal strain e. The sirain e is the elongation divided by the 
initial length before S is applied (see Chapter 9). 

The area of a face of our piece, to which T is applied, is/, whence in 
this case 

5 = j- (13.4) 

It follows that the strain is e where 



Let Co correspond to a value To of T. By the definition of strain 




Acq 

Co 


Aro 

•—j 

Co 


where Co is the value of the circumference c of the pipe when T = 0 , and 
To is the corresponding value of r. We write r = ro + Aro. If T goes into 
(To + AT), the strain e goes into (co + Ac), where Ac = AT/fE. Let Ar 
be the corresponding change in r. Then (co + Ac) is (Aro + Ar)/ro, whence 
Ac = Ar/ro. For any reasonable ro and Aro we have 

Ar ^ Ar _ Ar 
7*0 Co + Aro r 

where the symbol “ » ” means “is approximately equal to,” as in Section 
2.13. Thus, with the assumption that (ro + Aco) is the same asroforprac- 
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tical purposes, the change in strain Ae due to a change AT in T is Ar/r 
for the corresponding change Ar in r. 

We let AT be the change in T over an interval of time Ai. By (13.2) 

AT = rAp + pAr + € (13.6) 

for a number €. It follows from (13.5) and (13.6) with Ae = Ar/r that 


Ar = 


r^Ap 

(fE^y 


(13.7) 


where we have dropped the €-term because it will not contribute to the 
final limit. Except for similar 6-terms, the change in area AA is 2TrAr and 


AA 


27rH 


di 


(fE -rp) 


AL 


(13.8) 


We assume that the deviation from cylindrical shape is small. It follows 
that the change in pipe volume between sections 1 and 2 of Figure 208 is 
given by AV\ where 

AFi = AA];iAjr (13.0) 

for AA of (13.8) evaluated at some section 3 between 1 and 2. 


13.2. Change in volume due to compression of a liquid 
element. Consider the mass of the fluid between the sections 1 and 2 
of Figure 208 at the starting time L During the interval At the volume 
occupied by this mass decreases by an amount AV^ due to compression 
of the fluid. 

In a nonviscous liquid the only stress acting is pressure, whence the 
volume V occupied by a given mass of the liquid is a decreasing function 
of the pressure. For a change Ap in the pressure p there is a correspond¬ 
ing change AV in the volume V. For a Ap not too large it is reasonable to 
assume that the relative change in volume is directly proportional to the 
change in pressure, whence 



(13.10) 


for a positive number b. 
Relation (13.10) yields 


Ap = -K 


AV 

T 


(13.11) 


in the bulk modulus of elasticity K, The modulus K is about 300,000 for 
water when the units are pounds and inches. From numerical values given 
in Section 12.4 it is seen that the variation of K with temperature in the 
case of water is not very great. 
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The decrease tVi in water volume is then given by 

AF, = ~ A^x^t, (13.12) 

where the quantity in the brackets is evaluated at a section 4 between 
1 and 2 at some instant between t and i + M, and we have omitted an 
e-term that does not contribute to the final limit. 

We are assuming all continuity properties of functions and their deriva¬ 
tives necessary to carry through the argument. 

13.3. Continuity equation for water hammer. In the previ¬ 
ous section we treated compression of the water. This was done for pur¬ 
poses of exposition only. The same formulas hold for expansion. We shall 
continue to discuss compression even though the theory also holds for 
expansion. The net mass rate of flow into the volume section between 
1 and 2 of Figure 208 is equal to the mass necessary to fill the volume 
(AFi -f- AF 2 , because of expansion of the pipe wall and compression of 
the water. We shall therefore compute the net mass flow into the volume 
element in tlie interval A/. It is convenient to think of going from the state 
for time / to the state for time {i -|- A/) by compressing the mass of liquid 
in the volume element, expanding the pipe to the new dimensions, and 
filling the space thus vacated with the mass of liquid that has flowed 
into the element in the time M minus the mass of liquid which has flowed 
out in this time. Of course, the net flow in the time A/ may be out of the 
element. The net direction of mass flow is indicated by the ± sign. 

Except for an €-term, which can be neglected, the net mass rate of flow 
into the volume element at the instant I is given by Q, where 

Q = - ^x, (13.13) 

obtained by subtracting the mass rate of flow out through section 2 from 
the mass rate of flow in through section 1 . The derivative in (13.13) is 
evaluated at section 1. The net flow during the time Af is 

QfAl = - AxA/, (13.14) 

where the subscript 5 indicates that the derivative in (13.14) is evaluated 
at some time /s between t and (t -h At), 

We shall equate the net flow of (13.14) to the mass of liquid necessary 
to fill up the volume {AVi -f AV 2 ) at the time {t + At). We let p* be such 
that this mass is p*(AVi + AV 2 ). The mass flow relation is thus 

Q 5 A/ - p*(AFi + AF 2 ). (13.15) 

We make use of (13.8), (13.9), (13.12), and (13.14) in (13.15), divide both 
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sides of equation (13.15) by Ax A<, and take the limit as the maximum of 
At and Ax go to zero. We are taking Ax and At positive. We obtain 


dpAu 

dx 


. r 1 . 2r ■ 

~ P^[k+ fE ^ rp^ 


dt 


Differentiating pAu^ and using (13.7), we have 


dp All 
dx 


~ ^yax''' fE - 


dp 

dx 


rp 


Hence by (13.16) 

2,,.^ 

r du u dpi _ r 1 I 2r 1 dp _ dx 
[^■•■pdSj" lK^jE^1^\dl JE - rp 


In the next section we shall eliminate p from (13.18). 


(13.16) 


(13.17) 


(13.18) 


13.4. Relation between changes in density and pressure. 
Let M be a mass of liquid occupying the volume V with density p. It 
follows that 

M = pV. (13.19) 


If we change the pressure p by Ap, the density changes by Ap and the 
volume by —VAp/K. Since the mass M remains the same we have 


Ap 


(p + Ap)Ap 
K 


(13.20) 


By (13.20) 

dp _ p dp 
dx K dx 

Equations (13.18) and (13.21) now yield 


(13.21) 


H - - [k+ re^rp] [% + "'£]■ 

Equation (13.22) involves the functions u and p of the variables x and L 
Equation (i3.22) is one of our basic water hammer equations. 

For steel E is about 30,000,000 pounds per square inch; similar large 
values hold for other pipe materials. It follows that for any practical 
values of/, E, r, and p the term rp is negligible compared lofE^ whence 
we can replace (JE ~ rp) in (13.22) hy fE to get 

_[!+ 2rir^ ^1^ 

dx \_K^ fE\idl^dx\ 

We substitute hpg for p, the head being h, and let a be given by 


(13.23) 
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By (13.20) we have 


r 1 , 2r 

Kpg 


(13.24) 


In practical cases K - p ^ K. Then (13.23) can be written as 


du 

dx 


[dh . dh 


We need another equation in u and h. 


(13.25) 


13.5. Force equation for water hammer. Our second equa¬ 
tion in u and h will follow from the dynamic equilibrium of an element 
of the liquid. We consider a right circular cylindrical element of cross- 
section area A running from section 1 to section 2 as in Figure 211. 
Assuming continuity, we can suppose that Ax is so short that either the 
element of liquid of this figure does not meet the wall of the pipe at points 



Fig. 211. Element of fluid. 


between 1 and 2, or such is the case for an element of cross-section area 
(A + AA), this being the cross-section area of the liquid at 2. The result 
will be the same in either case. Therefore we work with the element in 
Figure 211 of base area A, The force due to pressure p on the left end of 
this element is given by Ap, and on the right end by ^(p + Ap), where 
(p + Ap) is the pressure at the right end of the element. The net force 
due to pressure is given by AAp. At the instant t each point in the element 
has an acceleration in the a:-direction, which acceleration might be zero. 
Assuming continuity of d{pu)/dt we can find a value [d(pu)/dt]* of 
d(pu)/di at some point in the element so that the inertial force is repre¬ 
sented by [d(j)u)/dt]*AAx. It follows from Newton’s second law that 
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dpu _ _ ^ 
dl "" dx 


(13.26) 


By (13.20) and (13.26) we have 


du 

^di 


K dt dx] 


Since pu/K is probably very small compared to 1, we write this equation as 


du 


dx 


Now u is a function of x and L Therefore, 


du _ du dx du __ du du 
di ~ Ti ~ " dx ~di' 


Since p = pgh, relation (13.21) yields 

dh 





With K large we have 


dp dh 
dx ~ dx 


The relation (13.26) has now been reduced to 


u 


du 

dx 


, du dh 

+ Tt = -^Yx 


(13.27) 


We can expect du/di and dh/dt to be generally large compared to udufdx 
and udh/dx, respectively. We therefore can simplify the relations (13.25) 
and (13.27) to 


5a _ __ dh du _ ^ dh 
dx m ~ ~^dx' 


(13.28) 


Under our simplifying assumptions we have thus arrived at the partial 
differential equations (13.28) of water hammer in the pressure head ft, veloc¬ 
ity u, distance x, and time L With boundary conditions these equations 
suffice to describe the motion of the liquid through the pipe when vis¬ 
cosity is neglected. 

In our treatment we have disregarded stresses and strains in the pipe 
that are concerned with the axial direction of the pipe. This is justified 
by experience. 


13.6. Equations for a slanted pipe. Suppose that the pipe of 
Section 13.1 makes an angle 6 with the horizontal. For an element of 
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liquid between sections 1 and 2 as in Figure 212 there is an additional 
force due to gravity. Take the element as in Figure 211. In addition to the 
applied force represented by AAp there is the gravity force given by 



pgAAx sin 0. In (13.26) we have the extra term pg sin 0 on the right. It 
follows that the second equation in (13.28) goes into 

g = (13.29) 

The first equation in (13.28) and equation (13.29) cover the slanted pipe 
case. 


13.7. Allievi’s equations. The Allievi equations in (13.28) may 
be combined to give the wave equation 

d% _ a 
dx^ g dl^ 

See Section 5.2 for a discussion of the wave equation. For a Allievi used 
g/a^ because a is the speed of the pressure wave; in fact we have the 
solution 

h = F(at — x) + f(at + x) 

for functions F and/. 

13.8. Friction in pipe flow. There are cases in which friction 
in the liquid cannot be neglected. It is then logical to assume that the 
friction force is proportional to a power u" of the speed u. For laminar 
flow, experiments show that n = 1, and for turbulent flow n ranges from 
1,7 for a smooth pipe to 2 for a rough pipe. Taking the friction force pro¬ 
portional to u, the equations of motions are modified by the replacement 
of (13.29) *>y 

^ = ff (sin 0 - ku-^ (13.30) 

for a constant k. 

To analyze the water hammer problem ive have made assumptions indicated 
by the mathematics itself to simplify the mathematics. This is typical of 
engineering studies. 
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The difficulties we have encountered in treating the problem of com¬ 
pressibility for liquid flow in a pipe are typical of compressibility problems 
in general, and show why the subject, so important for high speed air¬ 
craft, is so little understood. 

13.9. Sudden closing of a pipe. We shall analyze the case of 
tlie horizontal circular steel pipe of Figure 213, where the pipe is 200 feet 
long with diameter 1 foot and thickness i inch. The pressure at the pipe inlet 
is 100 pounds per square inch gage and the pressure at the outlet is atmos¬ 
pheric when this end is open. The speed of the water is 10 feet per second 


Gage 

, pressure^ 

100 psi ^ 

iin. 


1ft 




0 


X 


200 ft 

Fig. 213. Pipe suddenly dosed. 

in steady state until the right end of the pipe is instantly closed. It is 
supposed that we are working at normal temperatures. 

We neglect friction, and lett = 0 be the iqstant of closure. We measure 
our variables from the steady state assumed to exist before the closure. 
With X chosen as in the figure, the boundary conditions for x and h in 
inches are 

t t 

x = 0, A - 0; a: == 2400, u s -120 (13.31) 

for identities in L With pounds, inches, and seconds we have the constants 
r 6, E 28,000,000, K = 300,000, g = 386, pg = 0.0362. 

Our differential equations (13.28) are 

|2.-123X10-f, g--386g. a5.32) 

If the pipe is slanted 30 degrees with the horizontal the second equation 
in (13.32) has the extra term 193 on the right. 

We have not made use of the pressure 100 pounds per squme inch at the 
intake because we measured our variables from the steady state. The 
absolute pressures vary over such a limited range that the density p in a 
was taken constant. 
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13.10. Sudden opening of a pipe. If the pipe of Figure 213 is 
closed at the right end at the start with a steady state existing through¬ 
out the pipe, and if we suddenly open the right end we have the boundary 
conditions 

X = 0, A = 0; X = 2400, h = -2,760, 

holding identically in i during the disturbance. The equations (13.32) 
still hold. 


13.11. Pipe with different sections. We shall analyze the case 
of Figure 213 with the pipe replaced by the two-piece arrangement of 
Figure 214 where a 50 foot pipe 2 feet in diameter is joined to a 150 foot 
pipe 1 foot in diameter. 



Fig. 214. Pipe with different 
sections. 


We let Ui and hi denote the velocity and pressure head at a section of 
the left piece, and U 2 , the corresponding variables for a section of the 
right piece. The equations (13.28) apply with u and h replaced by Ui and 
hi at the left piece, and similarly for the right piece with u and h replaced 
by U 2 and /? 2 . At the junction we have the conditions 

X = 50, ii2 = 4ai, hz = hi 

holding for each instant. The relation between the m’s comes from the 
continuity of flow across the junction. For the disturbance of Section 13.9 
the same boundary conditions hold. For the disturbance of Section 13.10 
the boundary conditions again hold. 


13.12. Gases. Gases are treated in some detail in Part III de¬ 
voted to heat. We shall therefore discuss only two examples here in 
which the compressibility of gases is taken into account. These are given 
in the next section and Section 13.14 where we shall treat rapidly changing 
phenomena for which the adiabatic law 

pVy = C (13.33) 

will be needed; here p is the pressure of the gas, V is the volume or specific 
volume (volume per unit weight), and y and C are constants. 
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13.13. Piston in a cylinder. Let us analyze the problem of a 
piston weighing two pounds moving in the cylinder of Figure 215. The 
interior cross section of the cylinder has an area of 10 square inches. The 
coordinate of the piston is denoted by x with a; = 0 at the base of the 
cylinder. The absolute pressure in the cylinder is designated by p. We 
shall treat the problem where the piston is initially at rest at x = 4 when 
the pressure is 500 pounds per square inch, the gas in the cylinder is air, 




1- 


1 

1 

1 

1 

110 59 in. 



1 

I 

1 


0 

A 


c \ 


Fig. 215. Piston in a cy Under. 

and the air outside of the cylinder is about normal atmospheric tempera¬ 
ture. The piston is suddenly freed to move under the influence of the net 
pressure of air inside the cylinder and of the atmosphere outside. 

Since we are working with air the adiabatic exponent y in (13.33) 
is approximately 1.4. Since F = 40 when p = 500, it follows that C 
= 500 • 40^*^. We assume that there is no leakage of the air past the 
piston. 

The force acting on the piston is represented by 10(p — 14.7). Friction 
is neglected. We assume that at each instant t the pressure p is every¬ 
where the same in the cylinder. Since V = 10a:, we have 

p = 500 (13.34) 

The mass of the piston is yiF- It follows from Newton’s second law that 

X" = 1,930 - 14 . 7 ). (13.3.5) 

Relation (13.35) is a nonlinear second-order differential equation. Our 
initial conditions are 

/ = 0, a- == 4, a-' = 0. (13.36) 

13.14. Sound. Let us consider the general problem of sound in 
a gas. The local motion of the gas is normally small although rapid. If 
gravity and viscosity forces are neglected equations (12.4) apply with 
X — r = Z == 0, assuming that the density changes are small. 

Simple considerations of geometric volume elements show that the 
continuity equation (12.7) of Theorem 12.2 becomes 

^ 4- 4- ^ 4- ^ n 

dt dx dy dz 


(13.37) 
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where V is the velocity of the fluid. Equations (12.4) and (13.37) are 
equations in the variables x, y, z, p, and p. We need another equation to 
determine these variables. Since the motions of sound are rapid it is to 
be expected that these take place without heat changes, that is, adia- 
bdtically. By Chapter 6 we may suppose that the relation (13.33) holds. 
We write this as 

p = cp*^ (13.38) 

for constants y and c. 

To simplify the system of equations it is convenient to write 


p = po(l + a) (13.39) 

for an average density po. It is assumed that a is small compared to 1. 
Substitute formula (13.39) for p in (13.37), divide both sides of the result¬ 
ing equation by po, and replace (1 + <t)u by u, and (1 + a)v and (1 + <t)w 
by V and respectively. The last step is justified because of the smallness 
of the motion. We have now 


d(r du , dv , dw ^ ^ 
dl to dy ^ 

in place of (13.37). 

By (13.38), (13.39), and the binomial theorem 


(13.40) 


p = rpo'‘^(l + a)**" = cpo'*' 1 + yo" + 


t(t — 1) 


2! 


cr2 + 




(13.41) 


We use the last formula of (13.41) for p, neglecting terms of the second 
degree and higher in <r. By (12.4) 


where 


_1,2 

dt~ dx dl dy 


dw 

Tl 



(13.42) 




1 + or 


We write 1 for 1 + a in so that becomes a constant. By (13.40) and 
(13.42) we have 


dV , dV , dV 

^2 + ^2 d " ^^2 ” *2 d / 2 * 


(13.43) 


Equation (13.43) is the standard equation of sound wave motion. Its 
solution gives a wave with speed k. If po is the average air pressure, for 
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which po = cpo', we thus obtain the usual form 

k = 

of k. For standard air 7 = 1.4 as noted in Section 13.13. 

The well-known properties of sound waves follow from the differential 
equations of motion derived in this section. 

REFERENCE 

1 . Ernest W. Schoder and Francis M. Dawson, Hydraulics, McGraw-Hill, 
New York, 1934. 




CHAPTER 



Aerodynamics 


14,1. Flow past an airplane wing. We shall consider the prob¬ 
lem of steady air flow past the wing of an airplane with an average cross 
section as in Figure 216. Since the distance from wing tip to wing tip is long 



Fig. 216. Cross section of an 
airplane wing. 

compared with other wing dimensions, we replace the wing by a cylinder 
with cross section perpendicular to its axis identical with an average cross 
section of the wing. We thus reduce our problem to a two-dimensional 
one. 

To treat two-dimensional flow it is convenient to employ the concepts 
of velocity potential and circulation introduced in the next section. 


14.2. Velocity potential and circulation. Multiply the equa¬ 
tions in (12.4) by dx/da, dy/da, dzida, respectively, and add. Thus 




^ + 1 ^ = 0 . 

da p da 


We can obtain from (12.4) two similar equations in partial derivatives 
with respect to b and c. We suppose that the force intensities represented 
by X, Y, and Z have a potential function Q (we have shown in this book 
that we can associate a potential function with a large class of forces in 
nature), so that 



dn y _ dil 
dy^^^ dz' 


We now have 


da di^ da a/* da da p da’ 


and there are two similar equations in partial derivatives of x, y, z, p 
and n with respect to 6 and c, respectively. 

We suppose that the derivatives and the density p that occur in these 

\38i 
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equations are continuous functions for each set of values (a, 5, c, i) under 
consideration. It is convenient to suppose that the points (a, 6, c, i) belong 
to a simply connected region Ri of the 4-8pace with the Cartesian coordi¬ 
nates a, 6, c, and We assume that p is a function of p only, and does not 
vanish. We shall integrate the equations of the type (14.1) along a stream¬ 
line (see Section 12.9). 

The law for the derivative of a product yields 


from which 


and 


d(UV) = UdV + VdU 
UdV = d(UV) - VdU, 

f* UdV = f/F ]^ - j‘ VdU 


where the bracket indicates that we are to take UV evaluated at / = / 
minus UV evaluated at / = 0. 

Assume that d^x/dadt exists and is continuous from 0 to L Integrating 
by parts we have 

U d^x Sx ^ dx dx T dx d^x 

jo Jo “ jo 

Since dx/da = 1 at / = 0, 

n d^x dx ji _ ji 

Jo ^ ^ ^ ~ ~ y© ^ “ 

for the initial value uo of u. We let po be a value of p; for convenience let 
this be the value of p at / == 0. The integral 


jpo P 


is assumed to exist, and is a function /(p) of p. Now 


Now 


dfjp) _ df(p) ^ ^ 1 
da dp da p da 




p da 


dL 


Since the second-order partial derivatives of x, y, and z with respect 
to t exist, the first derivatives of x, y, and z with respect to t exist and are 
continuous functions of L Suppose that Q and p are continuous functions 
of L Since/(p) is a continuous function of p, and p is a continuous function 
of /, the function /(p) is continuous with respect to L It follows that the 
function ^ given by 
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+ ■^(«) +( 10 ) ]'* 

exists. We suppose that dx/dt, d^x/dlda, 12, and d 12/da are continuous 
over Ri. Integrating both sides of the equations of type (14.1) from 0 to 
i, we have: 


+ 


^ dx 
dt da 
dx dx 

^ ^ ^ ^ dz dz 

dt^'^ m dc 


dy ^ ^ ^ 

dt da dl da 

, ^dz 

dt db dt db 


- Uo = - 


- Vo 


dt dc 


~ - U)o = ~ ~ 


da’ 

dr/f 

w 

dc 


(14.2) 


With the continuity assumptions made above we have the following 
theorem due to Lagrange. For its statement we need the concept of 
velocity potential. It is by definition a function </> for which 

d<j) d<j> d<l> 

U=-~iV= — —)W= — —y 

dx dy dz 

provided u, and w are such that exists. 


Theorem 14.1. Let a velocity potential exist at a given instant for 
the portion P of a nonviscous fluid in a simply connected region R where the 
fluid is in motion under action of forces which have a potential. Let the 
density of the fluid be a function of the pressure only {it might be a constant). 
If now the continuity assumptions used to derive equations (/4.2) are satis- 
fled, a velocity potential exists at each instant for the portion P of the fluid. 

At the instant / = 0 the relation 


takes the form 

— rf^o = Uoda + Vodb + Wodc 

since (x, y, z) = (a, 6, c) at / = 0. Multiplying the equations in (14.2) 
by da, db, and dc, respectively, and adding, we find that 


where t is constant in the differentials dx, dy, and dz. This can be written 
as 


for <!> given by 


udx + vdy + wdz = — 
0 == 00 + 


It follows that 0 is the desired potential function valid at the instant t 
under consideration. 
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The potential function <t> applies to the portion P of the fluid as long 
as this portion occupies a simply connected part of space such as the 
region i? at / = 0. Then there is a one-to-one correspondence between 
the points of R and /?*, where two corresponding points can be joined by 
a streamline. If the region /?* is no longer simply connected, the theory 
breaks down. Thus if the portion P meets the wing of an airplane and 
envelops this wing, there are points where P comes together after the 
wing and these points correspond to two points of /?. 

At a considerable distance from the wing of an airplane the velocity 
field is considered uniform, and therefore has a velocity potential. Thus 
if V and w vanish, and the component of velocity denoted by u is a con¬ 
stant, we have the potential function 0, where ^ = —ux. Consider the 
wing to be an infinitely long cylinder of constant cross section, and let 
air flow past the cylinder be in steady state. For every region not contain¬ 
ing the wing there is then a velocity potential. 

For any kind of flow the line integral 

iidx 4- vdy + '^^dz (14..S) 

along a curve C joining points A and B is by definition the flow from A to 
jB. If C is a closed curve, this integral is said to be the circulation T around 
the curve C. If V is the velocity at a point on C, and 0 is an angle between 
the direction of V and a tangent ray to the circle at this point, the integral 
(14.3) becomes 

f^\V\ cos eds, (14.4) 

which in vector form is simply 

/c'’ *■ 

Assuming that Stokes's theorem applies, we have 

I^V ds = j j curl V • dS 

2 

for a simply closed curve C and a surface 2 bounded by C. The vanishing 
of r for the closed curves in a region R implies that 

curl F = 0 

for this region. When there is a velocity potential <l> for R we have 

These considerations apply to any fluid, not only to air. 

Returning to the case of the infinitely long wing, the circulation T 
around any simply closed curve not enclosing the wing vanishes, provided 
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of course the integral defining r exists. We shall show that the cir¬ 
culation r around any such curve enclosing the wing taken counter¬ 
clockwise is a constant independent of the curve (aee Section 5.1 
for an analogous treatment in the case of a wire carrying an elec¬ 
tric current). Consider a simply closed curve C 2 enclosing the wing 
as in Figure 217. We let C] be a simply closed curve lying on the surface 
of the wing, and we join a point A on C 2 to a point B on Ci by means of a 
curve C 3 that does not otherwise intersect Ci and C 2 . We integrate from 

A 


C2 


Fig. 217. Curve C 2 around an 
airfoil. 

the point A around Co counterclockwise back to the point A, then along 
the curve C 3 to 7i, followed by the integral around Ci back to B clockwise, 
and then along C 3 to A, the integral being of the form (14.4), where C is 
the composite curve made up of the components Co, AB, Ci, and BA, The 
curve C bounds a simply connected region, whence the integral (14.4) 
vanishes. Since the integrals from .4 to B and Bio A can(*el each other, the 
vanishing of (li. 1 ) implies that 

^ I r I cos dds + I f' I cos 6ds — 0, 

which means that 

f \ V \ cos dds = f I r I cos dds, 

JCi JCi 

where the last int(‘gral is now taken around Ci counterclockwise. Thus the 
circulation is a property of the flow past the wing as a whole. 

14.3. Lift and drag. We consider infinitely long wings of con¬ 
stant cross section where the wings are a common distance h apart as in 
Figure 218. There are infinitely many such identical wings parallel to 
each other with the leading edge lying on a vertical line AB, and the 
trailing edge on another vertical line not shown in the figure. In what 
follows the velocities are taken with respect to an xy-coordinate system 
(not shown in the figure) attached to a wing. We suppose that the same 
state exists at each wing, and that we have steady laminar flow past the 
wings. A particle of fluid then describes a streamline CN between two 
wings as shown, it being supposed that there is no component of velocity 
of the fluid in the direction of the generators of a wing; that is, the flow 
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is two-dimensional. On the other side of one of these wings there is a cor¬ 
responding streamline FE located in the same way as CN between two 
consecutive wings. The points C andare chosen so that the straight-line 
segment CF is vertical. Similarly the straight-line segment NE is vertical. 
The line segment CF is taken ahead of a wing, and NE behind the wing. 
Consider the curve CNEF formed by the streamline CN, the line segment 



Fig. 218. A row of identical airfoils. 

NEy the streamline EF, and the line segment FC. We shall compute the 
circulation T around CNEF by integrating in the counterclockwise 
direction. 

If CF is far enough away from the wing, and this line segment is long 
enough, we would expect the velocity to be reasonably uniform for the 
points of the line segment CF, We let Vi be the velocity at the points 
on the line segment CF, and let ui and Vi represent the horizontal and 
vertical components of Vi. In the same manner we associate with the 
line segment NE a velocity V 2 and components given by U 2 and V 2 . The 
integral (14.4) from F to C along FC is now thh, and from N to E along 
NE this integral is —x^h. The line integral (14.4) from F to F along the 
streamline EF is the negative of this line integral from C to N along the 
streamline CN, It follows that the circulation T around CiYEFis given by 

r = h(vi - V 2 ). (14.5) 

We associate with the line segments CF and NE average pressures, or 
at least representative pressures pi and p 2 , respectively, these pressures 
being normal to these line segments. The force acting on a wing has the 
vertical component L, which is the lift on the airfoil, and a horizontal 
component with numerical value D, termed the drag. It is convenient to 
consider the airfoil sections between two planes iri and ir 2 a unit distance 
apart and perpendicular to the generators of these airfoils. Suppose that 
the plane of the paper in Figure 218 is one of these planes, say ti. Cor- 
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responding to the line segment CF there is a line segment GH in the other 
plane 712 , so that CF and GH are sides of a rectangle CFHG with the other 
two sides parallel to generators of the wings. There is a similar rectangle 
NEJM , where JM is a, line segment of the plane 7 r 2 . These rectangles and 
the streamlines through the horizontal line segments CG and FH bound a 
region R enveloping a wing section between the planes tti and ir 2 . We let 
p be the density of the air, assumed to be uniform in the present argument. 
The mass rate at which fluid crosses the face CFHG of R is dm/di, where 

dm , 

w ~ 

During the interval (/, I + At) a mass phuiAt of fluid crosses the face 
CFHG, Since no fluid crosses the streamlines, the mass rate at which fluid 
crosses the face NEJM is dm/dt, but this is phu 2 > It follows that 

Ui = U2, 

In the interval (/, / + A/) a mass phuiAi of fluid crosses the face NEJM, 
and leaves the region R, At the instant {t + AO this mass of fluid has an 
average vertical component of velocity u*» so that the vertical component 
of the momentum of this mass at this instant is given by phuivfAi. Of 
the mass mo of fluid in the region R at the instant t, a part is left in this 
region at the instant (i + A/), at least if At is small enough. Let the 
vertical component of momentum of this part at the instant {t + AO be 
denoted by Mq, At the instant U + At) the mass mo of fluid thus has the 
vertical component of momentum given by 

1/0 + phuivfAf. 

At the instant t the mass mo of the fluid had a vertical component of 
momentum given by 

Mo + phuiv^At, 

where vf is an average value of the vertical component of velocity for 
the fluid of mass phuiAi near the face CFHG, Thus during the time At the 
vertical component of momentum of the mass of fluid in the region R at 
the instant I changes by an amount represented by AM, where 

AM = phuM - vt)M. 

It follows that the instantaneous rate of change dM/dt corresponding to 
the vertical component of momentum of the fluid in the region R at the 
instant t is 

- »i). (14.6) 

By Newton’s second law of motion there is a vertical component of force 
acting on the fluid in the region R. Let this component be represented by 
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Since the fluid applies a lift L to the wing, the wing applies an equal and 
opposite force, represented by -L, to the fluid. We shall neglect the 
influence of gravity on the fluid, assuming that L is large compared to 
the weight of the fluid in the region /?, or we suppose that our physical 
system is not under the influence of a gravitational field. Because the 



Fig. 219. Schlieren photograph of flow past an airfoil showing a shock wave 
and wake formation. Made in the transonic wind tunnel of the Guggenheim 
Aeronautical Lal>oratory. Courtesy of the California Institute of Technology. 

streamlines CN and FE are identical in shape, and identically placed in 
the fluid, the forces on the top face of the region /?, if there are any, are 
balanced by equal and opposite forces on the bottom face of R. The forces 
acting on the ends CFHG and NEJM are due to hydrostatic pressure on 
these ends. Since this is normal to the ends we have no vertical component 
of force acting on these ends. It follows that F^ is —L. By (14.6) 

L = phuiivi - V 2 ). (14.7) 


By (14.5) and (14.7) 


L = pTui. 


( 14 . 8 ) 
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For the horizontal component of the rate of change of momentum of 
the fluid in the region R we have (14,6) with »2 and vi replaced by uj and «i. 
respectively. Since ui = uj this component of the rate of change of mo¬ 
mentum vanishes. The horizontal forces applied to the fluid in R thus 
add up to zero. Due to pressure on the ends of the region R we have the 
horizontal component of force represented by h(j )2 — pi). The force repre¬ 
sented by D is applied by the wing to the fluid. It follows that 


D - h(pj - Pi). 

By Bernoulli’s theorem 


Pi + 


P| Vi 

2 


= Pi 


p|M^ 

'2 


Since | Fi |* = uf -1- e?, | F 2 p = -t- and ui = U 2 , this gives 


Thus 


Pi- Pi = hp(rl - v\). 
D = hhivl - vl). 


In terms of the circulation r we can write D as 


D = — ^pr(ri -|- Vi). (14.9) 

Let S be the minimum of the quantities h, tlie distance from AB to 
CF, and the distance from AB to NF. keeping the wing in the region 
CNEF fixed, and increasing S heyond all bounds while the circulation F 
remains constant, the limit of (t>i — Ji 2 ) must be zero. Actually, the limits 
of Vl and i '2 are both zero if the velocity of the fluid approaches perpen¬ 
dicularity to the line AB as we recede from AB, which is assumed. Let the 
limiting velocity of the fluid relative to the wing he given by Fo. By 
(14.8) and (14.9) we have in the limit 

L = prVo, D = 0. (14.10) 

We arrive at the famous KuUa-,Joukoivski theorem which states that 
the liflL per unit length for an infinitely long cylindrical wing, with circula¬ 
tion r around it, is given by {1^.10), where p is the density of the fluid, and 
Vq is the limiting speed of the fluid as we recede from the wing. 

For an actual wing the drag is not zero due to skin friction and other 
factors. 

The treatment above applies to any homogeneous, incompressible, non- 
viscous fluid, that is, any ideal fluid. 

The lift results from suction on top of the wing, and an increase in 
pressure underneath. 

The pressure p, attained when a fluid is brought to rest, as when it 
strikes a wall head on, is called the stagnation pressure. Let pa and Fo be 
the values of the pressure and speed at some instant before contact with 
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the wall. By Bernoulli’s theorem 

Pm Po ^ ipVo* 


The pressure rise (p, — po) due to bringing the fluid to rest is called the 
dynamic pressure. 

In practice the lift L is written as 


L = CUhVDS, 

and the drag D as 

D = CnihVDS. 

Here Cl and Cd are the lift and drag coefficients of the wing respectively, 
and 5 is a characteristic area. The lift and drag are thus expressed in 
terms of the dynamic pressure. 



Fig. 220. Pitot-static tube for measuring air speed. Courtesy of the Kollsman 
Instrument Division of the Square D Company. 

Air speed is commonly measured by a pitot-static tube which records 
dynamic pressure. See Figure 220 for a photograph of such a tube. 
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Problems for Part V 


The reader is to express the following flow problems in mathematical form, 

and is not expected to solve them. 

1. The plate of Figure 203 is inclined 43° to the jet of water. We are interested 
in the force on the plate. 

2. The plate of Figure 203 is inclined 85® to the jet of water. The spring is strong 
enough to keep the plate moving horizontally. The plate has an initial veloc¬ 
ity of 10 in per sec at x = 0. The plate weighs J pound. 

3. The bucket of a waterwheel is curved. We are interested in the force on the 
bucket produced by a jet on it when the wheel is turning. 

4. We are interested in z for Figure 201 when friction and leakage at the piston 
are taken into account. 

5. Introduce a small hole with area \ sq ft, 10 ft up from the bottom of the 
reservoir of Figure 200. 

6. A ship rocks on a calm ocean. 

7. Take leakage and friction into account in the piston problem of Section 13.13. 

8. A vertical cylindrical vessel containing sulfuric acid is rotating about its axis 
with constant acceleration. We are interested in the surface of the acid. 

9. The vessel of Problem 8 is accelerated at a constant rate from zero velocity. 
We are interested in the pressure. 

10. Water is flowing steadily from a large reservoir through a pipe to a junction 
where the pipe splits into two smaller ones that discharge into the atmos¬ 
phere. Suddenly the open end of one of these smaller pipes is closed. 

11. In the problem of Section 13.9 the pipe end is closed as to area, linearly with 
time, instead of instantly. 

12. Hydrogen in a rubber balloon is at constant temperature. The balloon is 
suddenly released, the temperature in the balloon remaining at that of the 
atmosphere. 

13. The balloon of Problem 12 is floating in the air. Hydrogen is escaping through 
a constant orifice. 

14. A pump is bringing oil from a low pressure to a closed high-pressure tank. 
There is leakage past the pump. We are interested in the oil flow. 

15. Helium is flowing from a tank at constant high pressure through a pipe to 
atmospheric pressure. We are interested in the flow when the atmospheric 
end is suddenly closed. 

16. In Problem 15 the pipe is closed and the helium is at rest. Suddenly the pipe 
is opened. 

[39i 
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17. There is a sinusoidal variation of the pressure on the surface of oil in a high- 
pressure tank from which the oil flows through a pipe into the air. 

18. One end of a pipe containing air is closed. At the other end of the pipe water 
pours in under constant pressure. We are interested in the state of the air. 

19. Two tanks are connected by a horizontal pipe joining the bottoms of the 
tanks. One contains water, and the other is empty. The tops of the tanks 
are open to the air. A valve in the horizontal pipe, which is first closed, is 
opened and its effective area as an orifice then varies sinusoidally with 
time. We are interested in the flow. 

20. A vertical cylinder is filled with air, confined at the bottom of the cylinder 
by a spring-loaded piston. Oil suddenly rushes into the cylinder at the 
bottom. The oil is under constant supply pressure. There is leakage past the 
piston. We are interested in the motion of the piston. 

21 . The force holding a submarine on the bottom of the sea is suddenly removed 
and it rises to the surface. 

22 . A body heavier than water drops to the bottom of the sea. 

23. A bubble of air rises in water. 

24. Air flows steadily past an elliptical cylinder. 

25. A right circular cylindrical column of water rests upon a plane horizontal 
surface. The cylinder is instantly removed and the water spreads over the 
surface. 

26. An upright tube of small cross section is filled with oil. We are interested in 
the shape of the surface of the oil. 

27. A right circular cylinder is moved at very high speed through the air, the 
direction of motion being perpendicular to the axis of the cylinder. 

28. By dimensional analysis treat laminar flow through a circular pipe. 

29. Treat the floi^ of the preceding problem by dimensional analysis under the 
assumption that the flow is turbulent instead of laminar. 

30. By dimensional analysis find a formula for the drag on an airplane. 

31. By dimensional analysis find a fomiula for the speed of a wave in deep water. 

32. Find a formula for the speed of sound in a gas. Use dimensional analysis. 

33. By dimensional analysis determine the effect of the density and viscosity of 
a fluid on the speed V of efflux from an orifice, given that V varies as the 
square root of the pressure head across the orifice. 



APPENDIX 


Dimensions of common quantities 


Dimensions of mechanical quantities in terms of mass Af, length L, and 
time T. 



M 

L 

T 

Acceleration 

0 

1 • 

-2 

Angle 

0 

0 

0 

Angular acceleration 

0 

0 

_2 

Angular speed 

0 

0 

-1 

Area 

0 

2 

0 

Densit> 

1 

-3 

0 

Elastic modulus 

1 

-1 

-2 

Force 

1 

1 

-2 

Frequency 

0 

0 

-1 

Momentum 

1 

1 

-1 

Power 

1 

o 

-3 

Strain 

0 

0 

0 

Stress, pressure 

1 

-1 

_2 

Torque 

1 

2 

— 2 

Velocity 

0 

1 

-I 

Viscosity 

1 

-1 

-I 

Volume 

0 

3 

0 

Work, energy 

1 

2 

^2 
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Dimensions of electrical quantities in terms of mass Af, length L, time 7, 
current /, resistance i?, permeability /jt, and permittivity c. 




SYSTEM 


SYSTEM 


SYSTEM 



M 

L T C 

M 

L 

T M 

n 

I 

L 

T 

Capacitance 

0 

1 0 1 

0 

-1 

2 -1 

-1 

0 

0 

1 

Charge 

1 

12 ^ 

8 Y 1 

T —I s 

1 

If 

1 

0 —i 

0 

1 

0 

1 

Charge density 

1 

3 Y 1 

— 7 —1 ^ 

1 


0 — ^ 

0 

1 

-3 

1 

(volumetric) 

Conductance 

0 

1 -1 1 

0 

-1 

1 -1 

-1 

0 

0 

0 

Conductivity 

0 

0 -1 1 

0 

-2 

1 -1 

-1 

0 

-1 

0 

(electrical) 

Current 

1 

3 9 1 

1 

1 

-1 -i 

I 

0 

1 

0 

0 

Current density 

1 

IT 

1 9 1 

— ir — z ^ 

1 

3 

-”Tf 

— 1 -i 

0 

1 

-2 

0 

Elastance 

0 

-1 0 -1 

0 

1 

-2 1 

1 

0 

0 

-1 

Electric displacement 

1 

s 

1 1 1 

1 

If 

3 

0 

0 

1 

-2 

1 

(electric flux density) 
Electric field intensity 

1 

^ 1 1 
— Tf —1 —IT 

1 

If 

1 

— 2 

1 

1 

-1 

0 

Electric flux 

1 

IT 

3 Y 1 

^ — 1 S 

1 

If 

1 

0 

0 

1 

0 

1 

Energy 

1 

2-2 0 

1 

2 

-2 0 

1 

2 

0 

1 

Force 

1 

1 -2 0 

1 

1 

-2 0 

1 

2 

-1 

1 

Inductance 

0 

-1 2 -1 

0 

1 

0 1 

1 

0 

0 

1 

Intensity of magneti¬ 

1 

n 

3 A 1 

—^ 0 —^ 

1 

1 

-1 1 

i 

1 

1 

— 2 

zation 

Magnetic field intensity 

1 

ur 

1 9 1 

^ — 2 -TS 

1 

Uf 

1 

-1 -i 

0 

1 

-1 

0 

Magnetic flux 

1 

1 A 1 

1 

If 

3 

-1 i 

1 

1 

0 

1 

Magnetic flux density 

1 

3 A 1 

1 

¥ 

1 

—If 

-1 i 

1 

1 

-2 

1 

Magnetic pole strength 

1 

IT 

1 A 1 

1 

3 

— 1 i 

1 

1 

0 

1 

Magnetomotive force 

1 

^ — 2 

1 

If 

1 

If 

-1 

0 

1 

0 

0 

Permeability 

0 

-2 2 -1 

0 

0 

0 1 

1 

0 

-1 

1 

Permittivity 

0 

0 0 1 

0 

-2 

2 -1 

-1 

0 

-1 

1 

Potential difference 

1 

TS 

1 1 1 
n —1 

1 

If 

3 

If 

—2 i 

1 

1 

0 

0 

Power 

1 

2-3 0 

1 

2 

-3 0 

1 

2 

0 

0 

Reluctance 

0 

1 -2 1 

0 

-1 

0 -1 

-1 

0 

0 

-1 

Resistance 

0 

-1 1 -1 

0 

1 

-1 1 

1 

0 

0 

0 


Dimensions of thermal quantities in terms of temperature 6^ mass M, 
length L, time T, and heat H. 


Coefficient of heat transfer 

Coefficient of thermal expansion of a fluid 

Enthalpy 

Entropy 

Heat capacity (specific heat) per unit mass 
Heat capacity per unit volume 
Heat capacity per unit weight 
Thermal conductivity 


e M L T H 
-1 0 - 2-1 1 
-10000 
0 0 0 0 1 
-10001 
- 1-10 0 1 
- 10-301 
-1 - 1-12 1 
-1 0 - 1-1 1 
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PART I 

1. Lot a* be the coordinate of position of the body. A solution is 

jr" -h 386a* = 0; / = 0, a* = 1, ar' = 0. 

2. For the coordinate a? of I he plunger we have 

a*' + 2a; = 0; / = 0, ar = 2, ar' = 0. 

3. Let a;' denote the velocity of the sphere relative to the water. Suppose that 
the sphere has a zone of height x in contact with the water. Assume that 
the resistance of the water is a function —-flfCx, x'). Let p be the density of 
the sphere, and V its volume. The equation of motion is then 

plV' -f p(x, x') = 0. 

If the speed of the spheie is not too high, we may take (/(x, x') to be a linear 
combination of x and x', so that the ecjuation of motion becomes 

pKx" + x{k\X + kfx') = 0. 

i. Let X be the coordinate of the body, and m its mass. We can then write 
mx" + = 0; < = 0, X = 0, x' = xJl. 

5. Let X be the coordinate of the higher body measured as a deviation from 
equilibrium, and let mi be its mass. Let y and be the corresponding quan¬ 
tities for the lower body. We shall use ki and ^2 for the scales of the higher 
and lower springs respectively. The positive directions for both x and y are 
taken downward. The free body equations are now 

m2y" + 

mix" + (ki + k2)x = kzy. 

6. Let m be the mass of the body, and x its coordinate measured from equilib¬ 
rium, with the downward direction as positive. Let k be the scale of the 
spring. For the first downward stroke we can have 

mx" + = 0; f = 0, X = 0, x' = xj. 

Let I be such that x = / is the coordinate of the base. When the body strikes 
the base it does so with a velocity represented by x[. For the rebound stroke 
use the same differential equation, but the initial conditions 

/ = 0, X = /, x' = —Xj. 


[395 
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7. The bumper is like a spring. When the car is in contact with the bumper we 
have an equation of the type 

ma?" + car' + kx ^ 0, 

and when not in contact, an equation of the form 

mx" + cx' = 0 . 

8. Oil causes damping, and an equation of the type 

ma;" cx' + kx = 0 

results. 

9. We have a system of the type 

IN'+filSl) = 0;/ = 0, A^o, 
in the speed N of the propeller. 

10. Let m be the mass of the object, w its weight, and (a:, y) its coordinates. We 
can describe the motion of the object by the system 

mx" -f cos 6 f(\/(x')^ -h (y')*) — 
my" + sin OfiV(x'y + (y')‘0 + w 0. 

y' 

t = 0, r, = Vxo* == 0; tan ^ — p' 

11. Replace the crankshaft by a set of right circular cylindrical disks joined by 
elastic rod members. The pistons and connecting rods are replaced by equiv¬ 
alent inertias. See the book by Den Hartog referred to at the end of Chapter 
2. Let 6x be the angular displacement of the arth disk. Let 0/ be the angular 
displacement of the flywheel. A system of the form 

IC = 

1Q” = — ^x) — c(0x — ^x+i), 1 < X < n, 

u" = - tfi) - mx - 9/). 

is”, = mx - 0,) 

is valid. 

12. For the mass m of the boat and coordinate x there is an equation 

mx" -f c(x')“ = T, 

where T is the propeller thrust. 

13. An equation of the form 

IN* == A sin id 

holds. 

14. Suppose we have a friction load. In this case an equation of the type 

IN* + - 0 

holds. 

15. For the moment of inertia / of the body and angular coordinate B of the body, 
the energy equation takes the form 

i/W + kW « K. 
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16. Due to wheel triclion an equation 

mx" + ex' = 0 

holds. 

17. Due to pressure on the elevators there is a force F acting perpendicularly to 
the elevators and making the acute angle a with the vertical. Suppose that 
the elevators elevated. Let. d he the mon^ent arm of F with respect to the 
center of gravity of th<* ahplane. The system of ofpialions (2.90) will be modi¬ 
fied to take care of the present problem. Take thci magnitude of F proportional 
to a as well as the speed r of the airplane. The equations (2.90) are now re¬ 
placed by 

= —A/ 4- k<x7)dt 

mx" = — L sin — J) cos 0 — kar sin a, 
my” = L cos 0 — D sin 8 — kav cos a -- w. 

18. Let X be the distance* the saw has bitten into the wood, and let/(a:) be the 
corresponding torque on the rotating member. An equation 

IN' = fix) 

holds for the angular speed N of the saw. 

19* Let the angular displacement, of the beam from equilibrium be designated by 
Of and let W denote the given weight. Let d be the moment arm from the 
weight to the fulcrum. An equation of the for m 

7(9" + cB' = Wd 

holds. Initial conditions may be < = 0, 0 = 0, 0' = 0. 

20. The entire spring-pulley system can be replai*ed by an equivalent spring with 
scale X. For the coordinate ,r of the weight, we can have 

m.r" -j- fejr == 0. 

21. An equation 

m.r" + rx' + /ex = F 

holds for a constant F. 

22. Let W be the weight of the shovel and dirt. For a horizontal coordinate u of 
position of the shovel there is a load torque proportional to Wu on the engine. 
The throttle torejue is kx for the throttle coordinate x. The speed N of the 
crankshaft of the engine now satisfies an equation 

IN' + cN+ KWu = kx. 

There is an additional equation 

x' = c. 

23. Suppose that the bodies move along an x-axis, and let Xi be the x-coordinate 
of one of the bodies with mass mi, while X 2 , m 2 are the corresponding quan¬ 
tities for the other body. Let k be the spring scale. Assume that after motion 
starts there is a dry friction force Ki on the body with mass mi, and a cor¬ 
responding force Ki on the other body. Let d be the normal length of the 
spring. Now 

miXi = /: 1x2 — xi — d] ± Ku 
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The signs are such that the friction forces oppose the motion. Also 

< = 0, aCi = *10, *2 == 3^20, *1 = *2 = 0. 

24. Let 1 1 be the engine moment of inertia, di the angular displacement of the 
crankshaft, n$ the angular displacement of the driving gear, 6 the angular 
displacement of the driven gear, 62 the angular displacement of the generator 
rotor, and ^ 1 , ^2 torsional stiffnesses of shafts. The equations of motion of the 
engine shaft and the generator rotor are 

/// + - nO) = 0, 

he" + kiiOt - 0) = 0. 

Since forces at the gears are balanced (I: n gear ratio) the equation 

kijnS — ^ 1 ) _ ^ 2 (^2 ~ B) 
r ”” nr 

is valid. Here r is the radius of the driving gear. 

25. Let m be the mass of the body and study the motion of its center of gravity 
(*, y) only. The origin of the *y-system is taken at the center of the disk, and 
the surface of the disk is in the ary-plane. Suppose that the body starts to 
move immediately. Let B be an angle which the velocity vector of the body 
at the center of gravity makes with the positive half of the ar-axis. Then for a 
constant K 

mx" = — A cos B, 
jny'f = —A' sin 0\ 

/ = 0, ar = aro, y = .vo, .r' = y' = 0. 

26. Let * be the piston coordinate, so that 

mar" = kt^. 

27. Assume that once a lath leaves one spoke it flips instantly to the next. Sup¬ 
pose that there is a constant friction K, As the lath bends, a spring force —kB 
is applied to the spoke, where 0 is a properly measured angle of rotation of 
the wheel. During contact with one spoke the equation 

/TV' ^ ^kB - K 

is valid for the speed N of the wheel. 

28. See Section 2.6. Treat all blocks together as one spring and dashpot. An 
equation of motion of the type 

m(ar + y)" + car' + = 0 

applies where y is a function of t like A sin w/. 

29. Consider a portion of the disk of mass Am at a point P with vertical coordinate 
y measured from the equilibrium position of the axle, and a distance r from 
the center C of rotation. Let yo be the y-coordinate of the center of rotation, 
and introduce y, so that y = yo + y. Let {B + (at) be an angle between CP 
and the upward vertical direction, where w is the angular velocity of the disk. 
It is convenient to think of cat as an angle between the upward vertical and a 
fixed ray in the disk, and B an angle between this ray and CP, Now 
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so that 


y" = —re*)® cos (cat + 6^), 


y"Am = y'o'Am - rco* cos (oji -f d)Am, 

Let k be the scale of the spring. The negative of the vertical component of 
the inertial force is 



and is equal to the spring force —kyo, whence 


A/y; -. 


r cos (cot 4- 0)pdX = — kyo 


dial 


for the mass M of ihe disk and density p. 

30. Let m be the mass of the body, r the distance from the center of the circle 

to the center of gravity of the body, and cu the angular speed. The centrifugal 
force has the magnitude and is directed outward. 

31. Let X and N be the throttle coordinate and engine rpm, respectively, measured 
as deviations from equilibrium. The governor equation is ar = k\N, and the 
engine equation IN' = k<iX, 

32. See references to Synge and Griffith, and von Karman and Biot at the ends 
of Chapters 1 and 2. 

33. As secondary quantities use the time t of the swing, and amplitude $ of the 
swing, the length I of the pendulum, the mass m of the bob, and the magnitude 
(f of the acceleration of gravity. We note that 6 is dimensionless. There is one 
dimensionless product //"V* with t to the first power, whence 



for a function /. 

31. Let the sinusoidal force be given by F cos wf The secondary quantities are 
m, k, r, F, w, and the amplitude x^. Three dimensionless groups are 



and the solution is tti = /(7r2» tts) for a function/. 

35. There is one dimensionless 7 r-term vg~H-^ with the speed v to the first power. 
This term is equal to a constant. 


PART II 

1. Let E be the battery emf, i the current in the circuit, R, C, and L the resist¬ 
ance, capacitance, and inductance, respectively. At / = 0 there is a drop E 
across the capacitor. Thus 

Li' + Ri + Q [cE + Jq idtj^ = 


0 . 
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Also 

/ « 0, i « 0. 

2. Replace the capacitance by a resistance in parallel with a capacitance, 

3. See the M.I.T. book on Magnetic Circuits and Transformers referred to at the 
end of Chapter 4. 

4. Let ii be the current through the capacitor, and i‘> the current through the 
load resistance. Let the input alternating voltage be E sin w/, and let B 
designate the resistance of the diode during conduction. Let Rl be the load 
resistance, and introduce L and C for the indicated inductance and capaci¬ 
tance. During the conduction period 

L -f- Hi -f- -Q j^Ci^o *+■ Jq iid/J = E sin ojU 
1 . 

Rl^ ^ q jo 

i = ii + 1*2. 

During the nonconduction period the diode resistance should be taken very 
large, or infinite. 

5. Let C and L denote the capacitance and inductance, respectively, Rc the 
resistance adjoining the capacitance, and Rl the resistance adjoining the 
inductance. Let ii be the current through the branch containing C and L, and 
1*2 the current through the other branch. Then 

Li' + Q + Jq lld/j ~ (/?/. + Rc)i2 *= Cty 
Cq = Rl12 

6. Write e = /(/). Let i be the current in the coil, and x the plunger position. 
The force on the plunger due to the current is of the form F(i, x). Suppose 
that the plunger is in such a position that F(i, x) = Ai Bx for numbers 
A and B, Our differential equations are of the form 

Li' + Ri = /(/), 
mx" kx ^ Ai Bx. 


7. See Section 4.14, from which the equations 


— T — 
dx ” ^dt 


+ /?i. 




are valid for the current i and voltage r at a point of the line. If the load 
resistance is Rl, and x denotes distance along the line with x = 0 at the gen¬ 
erator and X = a at the load, we have the boundary conditions 

X = 0, c = 200 \/2 sin coi, 

X * a, 6 *= Bx,i. 

8. Let m be the mass of the electron, v its velocity, q its charge, and B the mag¬ 
netic induction. Then ma qv X B. 

9. Suppose that the electric intensity E is constant. With the coordinate axes 
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set up propwly with respect to the plates, assumed to be vertical, and E 
represented by a function E{x), the equations of motion arc 


z = -f/. 


10. Let the charge be Q, The electric field intensity £ at a point a distance rfrom 
the center of the sphere to a point outside lh(‘ sphere satisfies the relation 


for a constant k. See the reference to Atwood at the end of Chapter 3. 

11. See the M.I.T. book on applied electronics refr»rred to at the end of Chapter 
4. 

12. See the reference above. 

13. The battery supplies an electric motor. Let N be the speed of the crankshaft. 
Let i be the current in the motor, and E the supply voltage. Equations of the 
form 

IN' + cN = ki\ 

Li' + Hi = E 


hold if we suppose that the motor is a series motor so that the field flux 
density is proportional to i. Thus since the current in the rotor windings is i, 
there will be a torque proportional to on the rotor. 

14. Let 6 be the numerically smallest angle between the equilibrium position of 
the plate and the instantaneous position. We suppose that the magnetic pull 
on the plate is koO for a constant k>. W e then have a system 


IS" 4 - k^e = he, 

/ = 0,0 = 00 , 0 ' = e'o. 


15. Let e be the voltage supplying the motor, and i the current through the motor 
windings. Let N be the speed of the rotor. There will then be a counter emf, 
which we shall take proportional to TV. W'e write e = ci. Then an equation 

Li' 4- Hi = r/ - hN 

is valid. Suppose that the friction is a constant A during the time considered. 
A torque equation of the form 

IN' 4- cN + A == hi^ 

holds. It may be possible to use an average value of i and write hi in place of 

hi^* 

16. Let the given angle be denoted by 6, and let fid) be the torque on the needle 
due to the field. There is then a toriiue equation of the form 

IS" + ce^ m- 

Under proper conditions f{d) may be linear in 0, 

17. Write H - At + B.lu the usual notations we have 

W + (At + B)i + g \CEo + j = E 

for the current L 
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18. Let the battery emf be designated by E, and the other elements as usual. 
Let i be the current through the capacitor. Then 


Li’ + Ri + ^ ^CE + = 0; 


/ = 0, i = 0. 

19. Treat the opened switch as if there were a capacitor of small capacitance in 
the circuit. 

20. In the usual notations 


g idt^ + Li = E, 


e = /?i, 

C = Co sin (at 

for the current i in the closed circuit shown in the figure. 

21. Let Ro be the initial value of the resistance, and R the final value. Let E, L, /?, 
and i be defined as usual. Then 

Li' + Ri = E, 

'-“•■'-I- 

22. We have simply the case where a dilFerential equation 

Lt\V -f" Ri = E 
is suddenly replaced by another of the form 

L'ii' “t" Ri = E. 

The current is invariant during the inductance change. 

23. Let E be the battery emf, and Eq the potential difference across the capacitor 
at the instant the discharge begins. Let ii be the current through the capaci¬ 
tor, (2 the arc current, and let the voltage drop e across the arc be given by 
e = K — kU for constants K and k. Then equations of the form 


E = R{ii + * 2 ) + Q j^CEo + 

~ [c£o + iid<] = K - ku 


24. With the proper notations we have the system of equations 


LiV + ~ j^CiEi + J idij + Li[ = 

Lii = — + L^if + eot 


ii + is + is. 
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25. See the M.I.T. book on electric circuits referred to at the end of Chapter 3. 

26. Let be the angular deviation of the generator rotor from synchronism with 
the line current. There is then a synchronizing torque k6, A differential equa¬ 
tion of the type 

IB'' + c$' + kd =-0 

now holds. 

27. Let ^ be the light intensity, and R the resistance of the cell. Then i? ~ 

— hp. Let i be the current in the solenoid. An equation of the type 



holds. We also have an equation 

mx" + cx' + kx == Ai + Bx 
for the coordinate x of the plunger. 

28. The secondary quantities are F, i, m, and d. As primary quantities use length 
L, mass M, time T, and permeability /x. For the dimensions of the secondary 
quantities see the Appendix. There is a dimensionless product 

Setting this equal to a constant we obtain a formula which agrees in form with 
equation (3.16). 

29. Let V be the speed of the wave and use 7?*, L*, and C as in Section 4.28. 
The secondary quantities are F, /?*, L*, and C. Take resistance i?, time 7, 
and length L as primary quantities. The dimensions of F, /?*, L*, and C are 
L7"^ /?L“^ FTL'S and R-^TL”^ respectively. The product F(L*)*C* is 
dimensionless. Setting this equal to a constant k, we have 

y ^ — h —. 

Vl^ 

Actually, experiment shows that this formula holds with k — 1 if /?* is small. 

30. The secondary quantities are i, f, k, r, and eo. Take potential difference E, 
current /, and time T as primary quantities. By (3.46) the dimensionality of 
^ is ET, The dimensionality of k is liET)”'^, and that of r is By the 
Buckingham pi theorem we need two dimensionless quantities. We can take 
them to be ir/eo and (krel)Hy whence 

i = -fl(krel)H] 
r 

for a function /. 


PART III 

1. Assume that the temperatures To, 7c, and To of the trapped air, container, 
nnd outside air (or other medium) respectively are umform. Get an equation 
of the form 

WaCpFo"^ = haAa(Te — T a) 
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from the fact that the rale at which heat is stored in the trapped air equals 
the rate at which this air receives heat by convection and radiation from the 
wall. We have used here a combined convection-radiation coefficient ha. Since 
the rate at which heat is stored in the wall equals the rate at which heat 
by convection and radiation is received from the outside minus the rate at 
which heat is given off by convection and radiation to the trapped air and by 
' radiation to the outside, the equation 

= hA.{T, - r.) - - T„) 


holds, where we again have used a combined convection-radiation coefficient 
he for the heat transfer between the container and the outside. 

2. Let T be the absolute temperature at a cross section of the rod. At the top 
end no heat is conducted away from this end, whence 




is a boundary condition. The differential equation (8.31) applies. 

3. The plate receives heat by convection (and radiation) from the bottom, and 
except for storage, gives this off above. Assume uniform temperature in the 
plate. 

4. Assuming that friction can be neglected, the rod loses heat (or gains heat) 
by convection (and radiation). The coefficient of heat transfer increases with 
the speed. Suppose that this varies directly as the speed. Assume that at each 
instant the temperature throughout the rod is uniform. 

5. This problem is the same as 4 above, except that the coefficient of heat trans¬ 
fer is constant. 

6. Assume that the rate of heat generated by skin friction is proportional to the 
square of the speed, and also proportional to the density of the air. Take 
storage in the skin into account. Assume a uniform temperature of the plane 
inside of the skin, and take into consideration the heat transfer from the skin 
to the interior of the plane by convection (and radiation), as well as from 
the outside air to the plane. 

7. Assume that the heat generated is proportional to the square of the speed and 
also proportional to the density of the air. 

8. Work with enthalpies of the air and fuel. Assume that Bernoulli’s theorem 
applies. 

9. Heat energy at the rate Ri^ is given to the iron by the resistors. Part of this 
is stored, and the rest convected and radiated to the air. 

10. Since the bulb is evacuated, neglect heat transfer by convection from the 
ffiament. Neglect also conduction along the filament to the base of the bulb. 
Consider radiation from the filament to the glass, absorption, transmission, 
and reflection at the glass, storage of heat in the glass, and heat transfer by 
convection and radiation to the atmosphere. Assume that the temperature 
in the filament is imiform, and that the temperature in the glass is also 
uniform. 

11. Neglect the change in volume of the balloon. The rate of heat lost from the 
stored gas equals the rate transferred from the gas to the casing by convection 
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(and radiation). Take storage in the casing into account as well as heat trans¬ 
fer by convection (and radiation) to the atmosphere. 

12. The heat of vaporization is supplied by coils and in turn from the medium 
around them. See the reference to Zemansky at the end of Chapter 6. 

13. Assume that the rate of heat generated by friction and going into the wheel 
is constant. Consider the temperature gradient in the wheel, storage of heat 
in the wheel, and convection (and radiation) of heat to the air. Suppose that 
the temperature is the same at all points the same distance from the center 
of the wheel. 

li. Storage, conduction, convection, and radiation of the containers and liquids 
must be taken into account. Assume that the temperature of each body is 
uniform. 

15. The same factors must be taken into account as in the discussion of Problem 

14. Use combined convection-radiation coefficients. 

16. Assume that the temperature throughout a perpendicular cross section of the 
rod is uniform. As boundary conditions we have that the temperatures of the 
ends of the rod are the same as those of the corresponding liquids. Otherwise 
the problem is like Problem 2. 

17. We suppose that the plates are in a vacuum so that convection can be neg¬ 
lected. Assume uniform temperatures in the plates. 

18. Assume axial symmetry for the bulb. Take into account storage of heat in 
the bulb, heat transfer to the bulb from the bath, heat conduction along the 
bulb, and loss of heat to the atmosphere by convection (and radiation). 
Assume that the temperature throughout a perpendicular cross section of the 
bulb is a constant. 

19. This is a problem in heat storage in the bulb. Assume that the tempera¬ 
ture throughout the bulb is constant. Take into account convection (and 
radiation). 

20. Consider a steady state. In addition to heat balance equations, use also an 
equation for the flow of steam through the nozzle, and an ecjuation stating 
that the mass rate of flow of steam to the nozzle equals the mass rate of loss 
of steam from the boiler. If the hollow tube is assumed to be long, an equation 
of flow must be written for it. 

21. Suppose that the bulb is a point source of heat giving off heat energy at a 
certain rate. 

22. Suppose that the water in the jacket is at a practically constant temperature. 
Heat goes to or from the cylinder wall by convection (and radiation), being 
lost (or gained) by the gas which may be expanding or contracting. Take heat 
storage in the wall into account. Assume that at each instant the gas and wall 
are at uniform temperatures. 

23. Assume that the cylinder wall is at a uniform temperature, but take conduc¬ 
tion in the fins into account. 

24. Assume that the walls insulate the room perfectly, and that the temperatures 
q£ l];][sld.e air and also of the glass are uniform. Consider that the inside air 
gets heat by convection and radiation from the glass. 

25. Suppose that the water and iron are each at a uniform temperature. Take 
into account storage of heat in the iron. Consider that the iron loses heat 
energy by radiation and convection. 
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26. Treat the combined convection and radiation to the air from the pipe. Assume 
that the temperature of the water throughout a perpendicular cross section 
of the pipe is a constant, and that this is true of the pipe wall. We have incom¬ 
pressible flow. 

27. Assume that the temperature of the gas is uniform, and that this is also true 
of the wall of the sphere, and of the hot bath, the temperature of the latter be- 

' ing assumed constant. Take into account storage, convection, and radiation. 

28. Let T be the absolute temperature of the resistor and Ta the absolute temper¬ 
ature of the air. Let i be the current through the resistor, and R the resistance. 
Let w be the specific weight of the resistor element, Cp its specific heat, F its 
volume, and h a coefficient of heat transfer by combined radiation and con¬ 
vection to the air. We have an energy equation of the form 

««•» = hA{T - Ta) + 

Neglect the variation of the resistance of the resistor with temperature. If e 
is the applied voltage we have 

e = RL 

29. See the reference to Stodola at the end of Chapter 6. 

30. See the reference to Zemansky at the end of Chapter 6. 

31. See Section 6.15 concerning the 4-cycle diesel. For a 2-cycle diesel, exhaust 
begins early during the power stroke, and scavenging is accomplished by 
blowing air into the cylinder. 

32. Suppose that a layer of coal at the surface burns, producing heat at a certain 
rate, that some heat is conducted to the interior, and the rest is lost to the 
exterior air by radiation and convection. Take the temperature gradient in 
the coal into account. Assume a perfectly symmetrical pile. 

33. See the reference to McAdams at the end of Chapter 8. 

34. See the same McAdams reference mentioned above. 

35. Let q be the rate of heat transfer, D a typical linear dimension of the body, V 
the speed of the fluid, the temperature difference between the body and 
the fluid, Cp the specific heat of the fluid based on a unit volume [(drop w in 
(8.3)] and k the thermal conductivity of the fluid. Then, for a function /, 

Dk^e 

36. Let the primary quantities be force F, mass M, length L, and time 7, and 
use the dimensional constant gc for ma/F of Newton’s second law of motion. 
Then 

gcD dp / M \ 
pF* dl 

where D is the diameter of the pipe, p is the density and p the viscosity of the 
fluid, V is the speed of the fluid, and / denotes a function. 

37. The secondary quantities are the conductivity k and radius r of the cylinder, 
the rate q of heat generated per unit volume, and M, Take as primary quan- 
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titles L, r, and B, where B is Btu per hour, and L and T are length and 
time. The solution is 



for a constant C. 


PART IV 

1. We have only tension in the cable tangent to the cable. The horizontal com¬ 
ponent of tension is a constant, denoted by H. Let y be a vertical Cartesian 
coordinate, w the weight per unit length, x a horizontal coordinate, and s arc 
length along the cable. In this case 

jrf 

ds \dx) H 

See the reference to Synge and Griffith at the end of Chapter 1. 

2. Suppose that the rope is in the form of straight-line segments subject to ten¬ 
sion only. 

3. Let an zy-coordinate system be set up with x along the beam, and y pointed 
upward. Imagine that the beam rests on springs. We now have an equation 
of the form 

= p(x) - Hy) 

where p{x) is the load term. See the reference to K4rman and Biot at the end 
of Chapter 2. 

i. Treat the blade as a beam. 

5. Treat the wing as a beam. 

6. The wire is subject to tension only. Take the shape of the wire at the instant 
the hammer leaves the wire as known, and assume a given velocity at each 
point. For the treatment of vibrating wires (or strings) see the reference to 
K&rm&n and Biot mentioned above. 

7* Consider the beam to be one-dimensional with tension in the direction of the 
length of the beam, a shear force perpendicular to the tension, and a bending 

dy d^y 

moment M at each section. Assume continuity of ^ and ^ at the supports. 

Write down a differential equation for each beam portion between supports. 
The continuity assumptions yield some initial conditions. See the reference to 
Synge and Griffith at the end of Chapter 1. 

8 . This is a plane problem. Make use of symmetry about the center 0. See the 
reference to Prescott at the end of Chapter 10. 

9. Apply the theory of beams bent by couples at the ends. Use the principle of 
superposition. See the reference to Love at the end of Chapter 9. 

10. The axle is a beam with loads at two points. To simplify the discussion sup¬ 
pose that the wheels are rigid and vertical. 
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11. Let $ be the angular displacement of the flywheel. Then an equation of the 
form 

IS" + ke ^ 0 

holds. 

12. Consider only tension and thrust along the length of the beam. See the refer¬ 
ence to Synge and Griffith at the end of Chapter 1. 

13. This is a one-dimensional problem. The friction force inside between the pipe 
and the water is a function of the speed of the water. This force is balanced 
by longitudinal stress in the pipe. 

14. Consider the strains due to the bending moments separately from the strains 
due to compression, and superimpose the results. 

15. The track has loads at 12 points corresponding to the 12 wheels. Con¬ 
sider the rails to be beams loaded at these points, and resting on an elastics 
foundation. 

16. Assume an initial position for the beam, and an initial velocity at each point. 

17. The cable is under tension only. The beam is hinged at one end, and is loaded 
at the other. 

18. See the sections on beams and cables in Part IV of this book. 

19. Take the sphere under uniform pressure so that there is complete symmetry 
with respect to the center. See the reference to Prescott at the end of Chapter 
10 . 

20. Write down equations for each half of the rod. 

21. Make use of symmetry with respect to the center. See the reference to Pres¬ 
cott above. 

22. Treat each half of the rod separately. Make use of the continuity of the 
tension force at the junction. 

23. Treat the rod halves separately. 

24. Assume uniform twist. See the reference to Prescott above. 

25. The cable applies forces at the pole ends. These poles are beams, whence 
beam theory can be applied. 

26. Let 6 be the angular displacement of the weight from equilibrium. Obtain an 
equation of the form 

/d" + = 0. 

27. Consider the bridge to be a cable, and a beam supported from the cable by 
hangers. Assume that the cable carries its own weight, the weight of the 
hangers, and the dead weight of the beam without producing a bending 
moment in the beam. Neglect elastic deformation of the hangars. Assume 
that the moment of inertia / of the cross section of the beam is a constant. 
Obtain an equation of the form 

where E is Young’s modulus, y is the vertical deflection of a point on the cable 
(or beam), and H is the horizontal tension in the cable for dead weight; 
additional tension produced by live weight is h, dead load per unit length is 
g, and line load applied to the beam (truss) is p per unit length; x is the hori- 
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lontal coordinate. See the reference to Klimi4n 
ter 2. 


and Biot at the end of Chap- 


28 . 


29 . 

30 . 

31 . 

32 . 


We have 8>^metry about the axis of the rod. Consider 2-dimen8ional stress 
and strain m a cross section of the rod perpendicular to its axis. 

See the reference to Prescott at the end of Chapter 10. 

See the same Prescott reference mentioned above. 

See the same Prescott reference mentioned above. 

The secondary quantities are speed V, specific weight w, modulus of elasticity 
E, and the magnitude g of the acceleration of gravity. The primary quantities 
are mass M, length L,, and time T. The dimensions of the quantities V, w, E, 
and gr are L/T, ML-^T-\ and LT-" respectively. There is one di- 

ni6iisionl6SS term with V to the first power, jianiely Vw^^ whence 



for a constant K. 

33. The secondary quantities are the stiffness 5, length breadth 6, depth d, 
modulus of elasticity E, and shear modulus G of the beam. The dimensions of 
iS, E, and G are and ML-^T-^ respectively. The solution is 



for a function /. 

3t. The secondary quantities are the specific weight Wy displacement Wy modulus 
of elasticity E, length I of the bar, and distance z from the top of the bar to 
the point of displacement. The desired relation connecting three 7r-terms is 

w , (z Wl\ 

I ~^\V E'r 

where / denotes a function. 


PART V 

1. Assume a steady state, and that the speed of the water is undisturbed by 
contact with the plate, so that if the water has speed V before contact, each 
part will have speed V after contact, but a different direction. Suppose that 
the water divides into two parts, one flowing along the plate in the onward 
direction at a volumetric rate Qi, and the other in the opposite direction at a 
volumetric rate Qa- Let Q be the volumetric rate of the incoming water, and w 
the specific weight. Suppose that the plate is perpendicular to the plane of 
the paper in Figure 203 and that its trace on this plane makes an angle e with 
the positive half of the a:-axis. From the continuity of flow and the fact that 
there is no force parallel to the plate (using momentum considerations) we 
obtain 


Qi = + cos e)y 

O 2 * iQ(l cos e). 
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Since the component of force in the x-direction is equal to the rate of change 
of momentum, we have 

Sal 

9 ^9 9 ' 

for the spring force he and the magnitude g of the acceleration of gravity. 
See pp. 114 and 115 of the reference of Dodge and Thompson at the end of 
Chapter 12. 

2. Add a term of the form mx" to hx, in the solution of Problem 1, and take d 
equal to 85®. As initial conditions we have 

^ = 0, X = 0, x' = 10. 

3* The torque on the wheel is of the form 


where W is the weight of water flow per second to the bucket, g is the magni¬ 
tude of the acceleration of gravity, ri is the radius of the wheel at which the 
incoming water strikes the wheel, r 2 is the radius of the wheel where the water 
iQgves the bucket, Vui is the component of the speed of the incoming water 
where this component is tangential to the circle described by the part of the 
bucket that the water strikes, and Vu 2 is the component of the speed of the 
outgoing water tangential to the circle described by the part of the bucket 
that the water leaves. See R. L. Daugherty, Hydraulic Turbines, McGraw- 
Hill, New York, 1920, pp. 87-90. 

4. The equation (12.41) is replaced by 

F 4- mz" = (p — pa)A — k^z 

for the friction force denoted by F, The equation (12.36) is replaced by 
Ai(p - Pa) 4- ^ = Ax Vpo — p, 

where the first term represents leakage. 

5. See Section 12.11. The equation 


-10> ^ - 8 + 4 Vx - 10, 

and the initial condition 


/ == 0, X «= 30 

hold. 

6. See pp. 51-53 of the book by Russell referred to at the end of Chapter 12. 

7. Merely modify the equations of Section 13.13 to take care of friction and 
leakage. Assume that the friction is constant for the piston under motion, and 
treat the leakage as if it were proportional to the pressure differential across 
the piston. 

8. See pp. 62-66 of the book by Dodge emd Thompson referred to at the end of 
Chapter 12. 
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9. See the reference aWe to Dodge and Thompson. 

10. Suppose that the pipes are horizontal. Use water hammer theory. 

11. Assume that u varies linearly with respect to time at x =■ 2400, that is, 

u = -120^ 

for the time of closure T. 

12. Assume that the tension on the surface is uniform in all directions and the 
same at all points. The general gas law p K = nRT applies to the volume V, 
pressure p, and absolute temperature T of the enclosed gas. The bouyant 
force is due to the difference in pressures above and below and is the weight 
of the displaced air, assuming that the weight of the hydrogen can be neg¬ 
lected. An equation of the form 

mx" = pgV 

holds for the vertical coordinate x of the balloon. From the tension on the 
surface of the balloon a relation between V and p can be obt€uned. Assume 
that T is a known function of x. Adjoin to the equations the initial conditions 

/ = 0, ar = x' = 0. 

13. Use the orifice flow law, the general gas law for the gas inside the balloon 
and the continuity gas equation, namely, that the rate of mass flow of the 
gas out of the balloon is equal to the rate of decrease of the mass of the gas 
in the balloon. 

14. Let the low pressure be denoted by pi, the high pressure by p 2 , the height of 
the surface of the low pressure oil above the pump by x, the corresponding 
height for the high pressure oil by y, and the pump speed by N, The pressures 
ahead and behind the pump are of the form (pi + wx) and (p 2 + wy)^ 
respectively, and the rate of oil flow through the pump is a function f[N, 
(p 2 + wy) — (pi + Take the leakage proportional to the pressure differ¬ 
ential across the pump. Because the total volume of oil in the system is a 
constant there is a known relation between x and y. 

15. The tank is a reservoir. Apply water hammer theory. 

16. See the remarks above on Problem 15. 

17. From the pressure on the oil surface we can compute the pressure just ahead 
of the pipe. Write down a differential equation for the pipe, and one for the 
orifice. 

18. Assume that the water travels with a plane front perpendicular or almost 
perpendicular to the axis of the pipe. Let the front have a pipe coordinate x. 
Lei V he the volume of the air, and p its pressure and suppose that a poly¬ 
tropic relation 

pVy « C 

holds. Suppose that the pipe has a constant cross section area A, and that 
the a;-coordinate of the water front increases with time. We now have 

dV _ .dx 
di ^ di' 

Let po be the pressure of the water entering the pipe. We may suppose that 
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the rate of water flow by volume into the pipe is proportional to (po — p)/«* 
provided that the origin of the a;-axis is taken at the start of the column of 
water in the pipe. Then 

Adx_ k(po ~ p) 
dl X 

for a constant k, 

19. Let Pa be the absolute pressure of the atmosphere, let x be the height of the 
water in the first tank which originally contains water, and y the height of 
the water in the other tank, these heights being measured from the orifice. 
Suppose that Ai and A 2 are the horizontal cross section areas of the first and 
second tanks respectively, where these tanks are assumed to be of uniform 
cross section, and let the effective area A of the orifice satisfy the relation 

A = ^0 sin od 

for constants Aq and w. Neglecting the water in the pipe, the relation 

xAi + yA2 = ki 

for a constant fe, expresses the fact that the total volume of water is a con¬ 
stant. The speed V of the water through the orifice is given by 

V = [(p. + tex) - (p. + toy)], 

where w is the specific weight of the water, and g is the magnitude of the 
acceleration of gravity. The volumetric rate at which the level in the first 
tank drops is equal to the rate of flow of the water through the orifice, so that 

AV--A.^ 

We need the initial condition 


f = 0, X = Xo 

for a constant Xo. 

20. Suppose that the oil has a front which is in a plane perpendicular to the 
cylinder axis. Assume that the oil supply pressure po is high enough so that 
we can neglect the weight of the oil, and suppose that atmospheric pressure 
Pa applies to one side of the piston. Let p, V, and T be the pressure, volume, 
and temperature of the confined air. For this air a relation of the type 


pV = nBT 


holds, where n is the number of moles of the air. Let Wa be the specific weight 
of the air. The speed v of the air leaking past the piston, assuming that the 
air travels through a space which can be treated as an orifice, satisfies 


V « 



Pc)- 


We can write down an equation stating that the mass rate of flow of the air 
past the piston is equal to the mass rate of loss of air from the cylinder. The 
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volumetric rate of flow of the oil is proportional to \/^ — p. This is equal to 

A dx 
^di’ 


where x is the coordinate of the oil front relative to a Cartesian x-axis parallel 
to the cylinder elements, and A is the cross section area of the interior of the 
cylinder. Also 


dt 


= A 



where y is the ar-coordinato of the piston. Let m be the mass of the piston, and 
k the scale of the spring. Now 

my" + ky A(j) - pa). 

We can thus obtain five equations in the five variables x, y, \\ p, and n, the 
temperature T being assumed constant; or if not, suppose that apolytropic 
relation 

pVy = a 

holds. 

21. Let X be the vertical coordinate of the submarine, and m its mass. Write an 
equation stating that mx" equals the weight of the water displaced by the 
submarine. Use the initial conditions 


/ = 0, X = x' = 0. 

22. Let m and x be the mass and vertical coordinate of the body, respectively. 
Write an equation stating that mx" equals the weight of the displaced water. 
Write another equation stating that the weight of the water displaced varies 
as a certain function of x. Adjoin initial conditions. 

23. The treatment of this problem is similar to that of Problem 12. 

24. It is convenient to use two-dimensional potential flow here. 

25. Assume symmetry about a vertical axis. Use partial differential equations. 
The pressure of the atmosphere is the same at all points on the surface of the 
water. 

26. See the discussion of surface tension in pp. 6-8 of the Russell reference men¬ 
tioned at the end of Chapter 12. 

27. See the reference to Liepmann and Puckett at the end of Chapter 14. 

28. The secondary quantities are /, F, dp/dx, and p (for these notations see 
Section 12.23). The solution is 

for a constant K. 

29. Let the roughness of the pipe be described by a linear parameter k. The solu¬ 
tion is 

dp _ f(Yk, V) 

SF " T'-' V M k/ 

for a function f. 
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30. The secondary quantities are a characteristic area S, the drag Z), limiting 
speed V of the air as we recede from the airplane, and the density p of the 
air. There is one dimensionless product with D to the first power, namely 

whence 

D * K(pV^)S 

for a constant K. This throws more light on the formula for drag in Section 
14.3. 

31. The secondary quantities are the speed V of the wave, the density p of the 
water, the magnitude g of the acceleration of gravity, and the wave length X, 
The solution is 

v = cV^ 

for a constant C. 

32. Let the primary quantities be force F, length L, and time T. The secondary 

quantities are the speed V of the sound, the density p, pressure p, and vis¬ 
cosity p of the air, with the dimensions, FT^L'~\ and FTL~^ 

respectively. Here is dimensionless and 

is the desired formula, C being a constant. 

33. The secondary quantities are F, the magnitude g of the acceleration of grav¬ 
ity, the pressure head H, the viscosity p and density p of the fluid. The 
quantities 

VHp ^ gH^p^ 

p ^ 

are dimensionless. By the Buckingham pi theorem 



for a function /. Since V is proportional to 

F = CV^. 


where C is constant. Thus V is independent of p and p. 
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of reflection, 163 
of refraction, 163 
of twist, 323 

Angular momentum, 211 

Anode, 133 

Arc, electric, 178 

Area, effective, 216, 354 

Asbestos, thermal conductivity of, 249 

Assumptions, weakening, 359 

Athodyd, 271 

Atmosphere, normal, 341 

Atomic particle, 275 

Atoms, 73 

Attwood, Stephen S., 120 
Automobile, axle, 335 

without shock absorbers, 35 
Avogadro, 186 
Axis, 307 

Axle, automobile, 335 

Balance scale, 67 
Balloon, problems, 271, 391 
under pressure, 325 
Band pass filter, 178 
Bar, stretched by its own weight, 336 
Barrel, 326 

Battery, as a constant source of emf, 133 
symbol for. Figure 72 
Beam, bending of a, 314, 322 
bent by couples, 314, 322 
buckling of a, 308 
clamped end, 308 
continuous, 309 
one end fixed, 66, 308 
problems, 335 
stiffness of a, 336 
thin, 305 
Belt, 67 

Bending, moment, 307 
of plates, 330 
Bernoulli, -Euler law, 307 
theorem of, 352 

Biot, Maurice A., 65, 399, 407, 409 

Biot-Savart theorem, 79 

Black body, 253 

Blade, of a gas turbine, 259 

Boat, 66 

im 



Body, black, 253 
damping and elasticity in a, 58 
elastic, 278 
force, 276 
free, 30 
insulated, 188 
opaque, 253 
rigid, 3, 58 
Boiler, 272 
Boiling water, 272 
Boldface type, notation explained, 6 
Boltzmann-Stefan, constant, 255 
law, 255 

Bomb, V-2, 9, 218 
Boundary condition, 298 
Brakes, 67 
Branch, 118 
point, 118 

Brick, specific heat of, 189 
Bridge, electrical, 175 
suspension, 336 
Bridgeman, P. W., 65 
Brightness, 171 
British thermal unit, 189 
Bubble of air, 392 
Bucket of a waterwheel, 391 
Buckingham pi theorem, 60 
Buckling of a beam, 308 
Built-in end of a beam, 308 
Bulb, electric, 271 
tliermometer, 272 
Bulk modulus of elasticity, 370 

Cable, flexible, 300, 335 
Calorie, 189 
mean, 188 
Capacitance, 107 
distributed, 119 
symbol for, Figure 72 
Capacitive reactance, 129 
Capacitor, 104 
Capacitors, in parallel, 123 
in series, 122 
range of, 107 
Capacity, heat, 189 
Carbon dioxide, gas constant for, 187 
Carburetor, 220 
Carnot, cycle, 225 
refrigerator, 226 
Cathode, 133 
Cauchy, 366 
Cell, photoelectric, 179 
Center, of gravity, 11 
of mass, 11 
Centigrade, 184 
Centipoise, 362 
Centi^ugal force, 68 
Chain, 300 


Charge, positive and negative, 72 
Charged dielectric, 73 
Choke, 116 

Churchill, Ruel V., 174 
Circuit, push-pull, 175 
Circulation, 384 
Clamped, end of a beam, 308 
Clapeyron-Clausius equation, 243 
Clausius, -Clapeyron equation, 243 
form of the second law of thermo¬ 
dynamics, 223 
Clock, 33 
Coal, 272 

specific heat of, 189 

Coefficient, combined radiation and con¬ 
vection, 251, 266 
of discharge, 354 
of heat transfer, 251 
of velocity, 354 
of viscosity, 362 
values of the heat transfer, 252 
Coil, air cored, 116 
examples, 125, 126 
iron cored, 116 
voice, 145 
Collector, 149 
Collision, 16 
elastic, 17 

Column of water, 392 
Combustion, efficiency, 216 
heat of, 202 
Compass, 177 

Compatibility equations, 282 
Components, harmonic, 136, 162 
of strain, 281 
of stress, 277 
Compressibility, 343 
of water, 343 
Compressible fluids, 367 
Compression stress, 276 
Compressor of a gas turbine, 210 
Concrete, Poisson’s ratio for, 295 
Condenser, electrical (see capacitor), 104 
for gas, 271 

Conditions, boundary, 298 
initial, 30, 298 
Conductance, 139 
Conduction, of heat, 248 
of heat due to steam flow through a 
pipe, 266 

Conductivity, electrical, 157 
thermal, 248 
Conductor, 73, 76 
Conservation of energy, 16, 192 
Conservative, a non-conservative field, 
99 

field, 74, 76 
force, 56 
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Constant, Joule's, 196 
universal gas, 185 
Content, heat, 193 

Continuity, equation for general fluid 
flow, 378 
principle, 345 
Continuous, beam, 309 
Convection, 251 
free, to a wall, 268 
Convergent nozzle, 205 
Cooker, pressure, 272 
Copper, emissivity of, 254 
Poisson’s ratio for, 295 
thermal conductivity of, 249 
Coulomb, 71, 72 

as a unit of charge, 80 
Counter electromotive force, 96 
Couple, 308 
Crankshaft, 66 
Creep, 296 

Critical, isotherm, 187 
pressure, 206 
pressure ratio, 206 
temperature, 185 
Cycle, 223 
Carnot, 225 
diesel, 219 
gas turbine, 213 
most efficient, 226 
Otto, 219 
refrigeration, 215 
Cylinder, heat generated in a, 272 
piston in a, 378 
Current, 76 
density, 157 
direct, 130 
electric, 77 
positive, 77 
slowly varying, 78 
through a surface, 77 

D’Alembert, 20 
Dalton, 186 
Dam, 336 
Damping, force, 18 
propeller, 52 
Dashpot, 27 

inertia of a piston in a, 58 
Daugherty, R. L., 410 
Dawson, Francis M., 380 
Deformation, plastic, 296 
Degrees of freedom, 39 
Den Hartog, J. P., 65, 396 
Density, 13, 342 
current, 157 
energy, 163, 174, 349 
flux, 82 

kinetic energy, 351 


Density, momentum, 168 
range of densities of fluids, 342 
Dielectric, 73 
charged or polarized, 73 
constant, 73 

range of the dielectric constant, 73 
Diesel, cycle, 219 
engine, examples, 48, 52, 54, 178 
Diffraction, 253 
Diffusivity, thermal, 251 
Dimensional analysis, applied to a free 
convection problem, 268 
applied to a stretched string, 319 
applied to a transmission line, 151 
applied to energy density, 163 
for fluid problems, 366 
general treatment, and applications to 
mechanics, 59-65 
Dimensions, 10, 48, 393 
of secondary quantities, 60 
Diode, 175 
Dipole, 97 
Direct current, 130 

Direction, of a current induced in a con¬ 
ductor, 95 

Discharge, coefficient of, 354 
Discontinuity in a shear force, 312 
Disk, rotating, 67 
Displacement, 279 
electric, 82 
Distance, physical, 4 
Distributed capacitance, 119 
Divergence, theorem, 345 
Dodge, Barnett F., 222 
Dodge, Russell A., 366, 410, 411 
Door, 249 
Drag, 386, 390, 392 
Dynamic, equilibrium, 20 
pn»ssure, 390 
Dyne, 82 

Earth, magnetic field of, 84 
Effective area, 216, 354 
Efficiency, 199 
combustion, 216 
jet, 216 

of a gas turbine compressor, 213 
of a gas turbine nozzle, 213 
of a gas turbine wheel, 213 
of an engine operating on a cycle, 226 
nozzle, 199 
tuibine, 199 
Einstein, 7 
Elastance, 123 
Elastic, body, 278 
collision, 17 
Elasticity, 275 

bulk modulus of, 370 
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Elasticity, modulus of, in shear, 29S 
modulus of, in tension, 294 
three-dimensional, 321 
two-dimensional, 312 
Electric, bulb, 271 
displacement, 82 
field, 72 . 
field intensity on and near a surface, 
106 

flux, 82, 84 
flux density, 82 
induction, 82 
intensity, 72 
waves, 78 

Electrolyte, 77, 107 
Electromagnetic field, 75,153 
Electromotive force, 87 
counter, 96 
induced, 109 
Electron, 72 

moving between plates, 175 
moving in a magnetic field, 175 
Electronic amplification stage, 133 
Electrostatic field, 75 
Elevator car, 136 
Elevators of an airplane, 67 
Emissivity, 254 
range of values of, 254 
Emitter, 149 
Energy, 15 

density, 163, 174, 349 
density, kinetic, 351 
internal, 190 

internal, of a mixture, 201 
internal, of a perfect gas, 202 
kinetic, 15 

law of conservation of, 16, 192 
method, 57, 328 
potential, 56, 58 
pressure, 349 
radiant, 253 
Engine, 223 
aircraft, 272 

diesel, examples, 48, 52, 54, 178 
gasoline, 217 

one cylinder gasoline engine, 219 
reciprocating steam, 272 
two-stroke diesel, 272 
Ensign, Newton E., 65 
Entl^py, 193 
for a nozzle, 198 
for a throttle, 199 
for a turbine, 199 
of a mixture, 201 
of a perfect gas, 205 
of water, 243 
Entropy, 232 

of a mixture of perfect gases, 243 


Entropy, of a perfect gas, 241 
of water, 243 
Epstein, Paul S., 222 
Equation, general continuity, 378 
Laplace’s, 85 
of state, 185 

Equations, compatibility, 282 

fundamental for elasticity in three di¬ 
mensions, 321 

fundamental for elasticity in two di¬ 
mensions, 313 
Maxwell’s, 153 
Equilibrium, dynamic, 20 
static, 31 
thermal, 183 

Equipotential section, 87 
Erg, 87 
EIrror, 51 

Ether, specific weight of, 342 
Euler, 345 

Euler-Bernoulli law, 307 

Face, front, 344 
positive, 285 

Factor, amplification, 135 
Fahrenheit, 184 
Falling body, 68 
Farad, 107 

Faraday law of induction, 93 
Field, conservative, 74, 76 
conservativeness of gravitational, mag¬ 
netic, or electric, 71 
due to an electric charge, 76 
electric, 72 
electromagnetic, 75 
electrostatic, 75 
finite, 74 

intensity, magnetic, of air, 104 
intensity, magnetic, of armco iron, 104 
intensity on and near a surface (elec¬ 
tric), 106 
magnetic, 71 

magnetic due to current, 79 
magnetic, of the earth, 84 
non-conservative, due to a moving 
charge, 99 

of a charged sphere, 175 
velocity, 351 

Film coefficient of heat transfer, 251 
Ffiter, 175 
band pass, 178 
low pass, 146 
Fins for cooling, 272 
Fixed end of a l^am, 308 
Flatiron, 271 

Fleming right hand rule, 95 
Flexible cable, 300 
Flexural rigidity, 333 



Flow, 384 
in a trough, 364 
laminar, 362, 392 
of gas into a vessel, 207 
of gas through a nozzle, 205 
of steam through a nozzle, 246 
past an airplane wing, 381 
through an orifice, 353 
through a pipe, 346, 363 
transient, through a pipe, 348 
turbulent, 362, 392 
work, 193, 195, 350 
Fluid, 339 
ideal, 342 
compressible, 367 
Flux, 80 

cut by a conductor, 101 
density, 82 
electric, 82 

electric (Gauss’s theorem), 84 
electric, density, 82 
in lines per unit area, 81 
line of, 80 
linking a coil, 117 
magnetic density, 82 
Fluxmeter, 72 
Flyballs, 68 

Flywheel on a shaft, 335 
Foot pound, 48 
Force, 7 
body, 276 
centrifugal, 68 
conservative, 56 
counter electromotive, 96 
damping, 18 

due to current in a long wire, 179 
due to the current in a ^ire in a mag¬ 
netic field, 92 
electromagnetic, 25 
electromotive, 72, 87 
gravitational between one pound 
weights, 9 

induced electromotive, 113 
inertial, 20 
internal, 14, 275 
line of, 80 
magnetizing, 82 
magnetomotive, 88, 103 
mechanical, 25 
moment, 46 

on a charge moving in a magnetic 
field, 92 
physical, 19 
position, 19 
position-velocity, 24 
spring, 30 
surface, 276 
tubes of, 82 


Force, velocity, 18 
Foundation, rubber, 37 
Fourier, heat law, 248 
series, 136, 161 

Frank, Nathaniel H., 174, 270 
Freedom, degree of, 39 
Friction, damping due to, 18 
dry, 24, 40 

energy losses due to, 199 
in pipe (low, 375 
sliding weight subject to, 40 
Front face, 344 
Froude, 366 
Function, 

Gibbs, 185, 242 
Helmholz, 242 

Fundamental, equations of elasticity for 
three dimensions, 321 
equations of elasticity for two dimen¬ 
sions, 313 

Gage pressuie, 341 
Gas, 342, 377 
constant, 185 

entropy of a mixture of perfect gases, 
244 

entropy of a perfect, 241 
flow into a vessel, 207 
flow through a nozzle, 205 
ideal, 186 

internal energy of a perfect, 202 
perfect, 186 
turbine, 53, 210 
turbine blade, 259 
viscosity of, 362 
Gasoline, engine, 219 
specific heat of, 189 
Gate in a dam, 336 
Gauss, 83 
theorem of, 84 
Gear, 67 

(Generator, 53, 138 

alternating current, 127 
direct current, 141 
Geophysical prospecting, 9 
Gibbs function, 185, 242 
Gilbert, 88 
Girder, steel, 335 
Glass, 72 

Poisson’s ratio for, 295 
specific heat of, 189 
thermal conductivity of, 249 
Glider, 300 
Grashof number, 270 
Gravitation force, 8 
between one pound weights, 9 
magnitude for the earth, 9 
Gravitational mass, 9 



Gravity, acceleration of, 9 
center of, 11 
Grid, 134 

Griffith, B. A., 28, 399, 407, 408 
Gross, George L., 222 
Ground, symbol for, 131 
Groups, dimensionless, 63 
Gyroscope, '68 

Hagen-Poiscuille law, 361 
Hammer, water, 367 
Harkness, George T., 152 
Harmonic, components, 136, 162 
motion, simple, 34 
Hawkins, George A., 270 
Head, 349 
loss in, 364 
potential, 351 
pressure, 342 

pressure head for an orifice, 353 
velocity, 351 
Heat, 183, 188 
capacity, 189 
of combustion, 202 
conduction, 248 

conduction due to steam flow through 
a pipe, 266 
content, 193 

due to current in a conductor, 91 
general heat flow equation, 262 
latent, 190, 202, 241 
range of specific heats, 189 
specific, 189 
stored, 249 
transfer, 248 
transfer coefficient, 251 
transfer in a rod, 264 
values of the coefficient for transfer of, 
252 

Hehre, Frederick W., 152 
Helical spring, 328, 336 
Helium, 391 
density, 342 
Helmholz function, 242 
Henry, 116 
Hertz, 159 
Hoist, 310 

Homogeneous, elastic bodies, 290 
media (for radiation), 158 
Hooke, law of, 294 
Hydrogen, 391 
gas constant for, 187 
Hypernik, 83 
Hysteresis, 73, 83 
loop, 83 

Ice, emissivity of wet, 254 
Ideal, fluid, 342 


Ideal, gas, 186 
transformer, 141 
Identity, of bodies, 3 
Impedance, 128 
mechanical, 131 
method, 130 
Impulse wheel, 360 
Incidence, angle of, 163 
Index of refraction, 163 
Inductance, 115 
example of non-linear, 179 
self, 115 

symbol for, Figure 72 
Induction, electric, 82 
law, 109 
magnetic, 82 
motor, 144 
mutual, 117 

Inductive reactance, 129 
Inertia, moment of, 46 
Inertial, force, 20 
mass, 9 
torque, 49 
Infra red, 253 
Initial conditions, 30, 298 
Instrument, 37 
Insulation, 188 
Integral, around a wire, 157 
Intensity, electric, 72 
electric field on and near a surface, 
106 

magnetic, 72 

magnetic field, of air and arrnco iron, 

lot 

of the magnetic field due to a moving 
charge, 76 

Internal, energy, 190 
energy of a mixture, 201 
energy of a perfect gas, 202 
forces, 275 

Inverse square law, for gravitation, 8 
for electric point charges, 72 
for magnetic point poles, 71, 73 
Iron, cored coil, 116 
cored transformer, 175 
emissivity of, 254 
magnetic field intensity of, 104 
molten, 257 

relative permeability of, 74 
specific heat of, 189 
thermal conductivity of, 249 
toroidal ring of, 103 
Isentropic process, 205, 238 
Isobaric process, 204 
Isotherm, 187 
critical, 187 
Isothermal, arcs, 232 
process, 204 
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Isotropic, elastic bodies, 290 
media (for radiation), 158 
radiation, 171, 254 

Jacket, water, 272 
Jakob, Max, 270 
Jet, efficiency, 216 
of water, 357 
plane, 271 

Joos, Georg, 120, 174 
Joule, 87, 189 
constant of, 196 

Kapok, thermal conductivity of, 249 
Karrnan, Theodore v., 65, 399, 407, 409 
Kaye, Joseph, 247 
Keenan, Joseph II., 217 
J. G., 222 

Kelvin, -Planck formulation of the first 
law of thermodynamics, 223 
temperature, 230 
Keyes, Frederick G., 247 
Kilowatt, 91 
Kinetic energy, 15 
density, 351 

Kirchhoff, first law for electricity, 119 
radiation law, 254 
second law for electricity, 119 
Kutta-Joukowski theorem, 389 

Lagrange, 57, 343, 383 
Lamb, Horace, 366 
Laminar flow, 362 
problem, 392 
Laplace, equation of, 85 
Intent heat, 190, 202, 241 
Leakage, conductance, 139 
of current in a capacitor, 17.5 
Liepmann, Hans Wolfgang, 390, 113 
Lift, 386, 390 
light, 159 
ray, 5, 163 
speed of, 78, 161 
Line, of flux, 80 
of force, 80 
of motion, 351 
straight, 5 
stream, 351 

transmission, 138, 177, 179 
Linear, network, 131 
Liquid, 342 
Locomotive, 177 
Ijodestone, 71 
Longitudinal strains, 283 
Loss in head, 364 
Love, A. E. H., 296, 407 
Lumped elements, 140 


McAdams, William H., 270, 406 
Macmillan, William Duncan, 28 
Magnet, point, 97 
Magnetic, field, 71 
field due to an electrk charge, 76 
field of the earth, 84 
induction, 82 
intensity, 72 
moment, 97 
point poles, 71 
shell, 97 
waves, 78 
Magnetite, 71 
Magnetizing force, 82 
Magnetomotive force, 88, 103 
Marino engine, 52, 54, 66 
Mass, 6 
centtjr of, 11 
gravitational, 9 
inertial, 9 
Matrix, stress, 277 
Maxwell, 95 

equations of, 154, 158, 252 
Mechanical, forces, 25 
impedance, 131 
state, 278 

Mechanics, quantum, 253 
Media, homogeneous, 158 
isotropic, 158 
Melting, 241 
Membrane, 327 
Mercury, specific heat of, 189 
specific weight of, 312 
Meteor, 271 

Methane, gas constant for, 187 
Michell, 71 
Microfarad, 107 
Microphone, 146, 178 
Milliampere, 122 
Millihenry, 116 
MiUikan, Clark B., 390 
Mixture, enthalpy of, 201 
entropy of, for perfect gases, 243 
internal energy of a, 201 
Modulus, bulk modulus of elasticity, 
370 

of elasticity in shear, 295 
of elasticity in tension, 294 
of rigidity, 295 
Young’s, 307 
Mole, 185 
of oxygen, 185 
Moment, bending, 307 
force, 46 
of inertia, 46 
magnetic, 97 
of a sum, 47 
Momentum, 7, 15 
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Momentum, angular, 211 
density, 168 
Motion, 5 
line of, 351 
perpetual, 192 
simple harmonic, 34 
steady, 351 

Motor, direct current series, 143 
induction, 144 
permanent magnet direct current, 143 
series, 143 

Mutual induction, 117 

Neon tube, 148 
Network, 118 
linear, 131 
resistance, 121 

Newton, Isaac, first law of motion, 8 
law of convection, 251 
law on fluid motion, 362 
law of gravitation, 8 
second law of motion, 7 
second law of motion for a rocket, 214 
third law of motion, 7 
Newton, Robert R., 222 
Nickel, 73 
Node, 118 
Nozzle, 198 
convergent, 205 
efficiency, 199 

efficiency of a gas turbine, 213 
flow of steam through a, 246 
gas flow through a, 205 
Nusselt number, 270 

Ocean, 223 
Oersted, 83 
Ohm, law of, 87 
unit of resistance, 88 
Oil, prospecting for, 9 
viscosity of, 362 
Opaque bodies, 253 
Open surface flow, 364 
Orifice, flow through an, 205, 353, 392 
pressure head for an, 353 
Otto cycle, 219 
Oxygen, 213 
gas constant for, 187 
mole of, 185 

Parallel, capacitors in, 123 
electrical elements in, 119 
Particle, 5 
atomic, 275 
Pendulum, 68 
Perfect gas, 186 
enthalpy of, 205 
entropy of, 241 


Perfect gas, entropy of a mixture of per* 
feet gases, 243 
Permalloy, 83 

Permanent magnet direct current motor, 143 
Permeability, 73 
range, 74 
relative, 73 

Permittivity, relative, 73 
Perpetual motion, 192 
Phase, 185 

change of the first order, 242 
three (electrical), 178 
transitions, 241 
Photoelectric cell, 179 
Pipe, coefficient of heat transfer for a, 252 
elongation of, 335 
flow through a, 346, 363 
lamineu* flow through a, 392 
steam flow through a, 266 
sudden closing of a, 376 
sudden opening of a, 377 
turbulent flow through a, 272 
with different sections, 377 
Pitot-static tube, 390 
Planck, Max, 174, 222, 247, 270 
-Kelvin form of the second law of 
thermodynamics, 223 
Plane waves, 159 
Plastic deformation, 296 
Plate, 105, 313, 335, 336 
bending of a, 330 

coefficient of heat transfer for a, 252 
rectangular, 318 
resistance, 135 
of a triode, 133 
Platinum wire, 185 
Plunger, solenoid, 179 
Point, 3 
branch, 118 
magnet, 97 
reference, 19 
Poise, 362 

Poiseuille-Hagen law, 364 
Poisson, ratio of, 295 
Polarized dielectric, 73 
Pole, north, 71 
point, 71 
south, 71 
unit, 71 

Poison, J. A., 222 
Polytropic process, 204 
Position, force, 19 
-velocity force, 24 
Positron, 72 
Potential, 74 
energy, 56, 58 
head, 351 

at points ofconductor, 87 
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Potential, velocity, 383 
Pound, 27 
notation for, 33 
Power, 91 

Prandtl, L., 366, 390 
number, 270 

Prescott, John, 320, 334, 407, 408, 409 
Pressure, 340 
absolute, 340 
average, 344 
critical, 206 
dynamic, 390 
energy, 349 
gage, 341 
head, 342 

head for an orifice, 353 
of radiation, 165, 168, 174 
partial, 186 
stagnation, 389 
static, 340 

Primary quantity, 59 
Principle, of the conservation of energy, 
16, 192 

of continuity, 345 
on deviations of solutions, 359 
on force measurement from equi¬ 
librium, 31 
Saint-Venant’s, 317 
satisfied by forces on rigid bodies, 25 
Principles, in elastic body analysis, 334 
in electrical analysis, 150 
in fluid analysis, 365 
in heat analysis, 268 
in rigid body analysis, 58 
Process, adiabatic, 203 
directly reversible, 238 
isentropic, 205, 238 
isobaric, 204 
isothermal, 204 
polytropic, 204 
reversible, 204, 232 
Projectile, 18 
Propeller, airplane, 335 
ship, 52, 54 
Proton, 72 

Puckett, Allen E., 390, 413 
Pulley, 67 
Pump, 391 
Pure, shear, 293 
su^tance, 202 
Push-pull circuit, 175 

Quality of steam, 222 

Quantity, primary and secondary, 59 

Quantum mechanics, 253 

Radiation, 162, 252 
black b^y, 254 


Radiation, isotropic, 171, 254 
pressure, 165, 168, 174 
Railroad car, 66, 335 
Rankine, 185 

Ratio, critical pressure, 206 
Poisson’s, 295 
Ray, light, 5, 163 
Rayleigh, 57 
Reactance, 129 
Reaction turbine, 199 
Reciprocating, parts, 49 
steam engine, 272 
Rectangular plate, 318 
Rectifier, stage, 148 
tube, 133 

Reference point, 19 
Reflection, angle of, 163 
law of, 163 
Reflectivity, 253 
Refraction, angle of, 163 
index of, 163 
Refrigerant, 245 
Refrigeration cycle, 245 
Refrigerator, 223 
Carnot, 226 
Reluctance, 88, 121 
Reservoir, fluid, 354 
heat, 223 

Resistance, amplifier, 179 
between neighborhoods, 101 
electrical, 87 
network, 121 
plate, 135 

symbol for. Figure 72 
Resistors, range of, 88 
Rest, 29 
Resultant, 11 

Reversible, cycle as a most efficient cycle, 
226 

directly, 238 
process, 204, 232 
Reynolds number, 270, 363, 366 
Rigid body, 3, 58 
Rigidity, flexural, 333 
modulus of, 295 
Ring, toroidal of iron, 103 
Ritz, 57 

Rocket, mechanical treatment, 44 
thermodynamic treatment, 213 
Rod, heat transfer in a, 264 
problems, 336 
stressed, 321 
Room, 271 
Rope, 300, 335 
Rosser, J. Barkley, 222 
Rotation, 45 
Roters, Herbert C., 152 
Rouse, Hunter, 366 
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Rubber, emissivity of gray, 254 
foundation, 37 
modulus of elasticity of, 294 
Ruler, 4 

Russell, George E., 366, 410, 413 

Saint-Venant, 315 
principle bf, 317 
S^vart, 79 
Saw, band, 67 
Sc€de, balance, 67 
spring, 20 
Scattering, 253 
Schoder, Ernest W., 380 
Secondary quantity, 59 
Seely, Fred B., 65 
Self-inductance, 115 
Self-starter, 177 
Series, alternating, 50 

electrical elements in, 118, 122 
Fourier, 136, 161 
Shaft, torsion of, 323 
Shear, pure, 293 
strain, 284 
stress, 276 
Shell, magnetic, 97 
Ship, 391 

Shock absorber, 35 
Shoe, brake, 271 
Shovel, driven by a diesel, 67 
steam, 335 
Similitude, 63 

Simple harmonic motion, 34 
Sliding weight, 40 
Slowly varying currents, 78 
Slug, 27 

Snell, law of, 163 
Sokolnikoff, Ivan S., 296 
Solenoid, 101 
plunger, 179 
valve, 355 
Sound, 367, 378 
speed along a rod, 336 
speed in a gas, 392 
Specific, heat, 189 
volume, 186 
weight, 342 
Speed, of light, 78, 161 
of sound along a rod, 336 
of sound in a gas, 392 
of a wave, 392 

Sphere, field of an electrically charged, 
175 

stedi, 336 
Spring, force, 30 
helical, 328, 336 
hinged, 43 

inertia and damping in a, 58 


Spring, scale, 20 
Stagnation pressure, 389 
Starling, Sydney G., 120, 174 
State, 30 
equation of, 185 
mechanical, 278 
Steady, motion, 351 
state term, 39 
Steam, 222 

flow through a nozzle, 246 
flow through a pipe, 266 
gas constant for, 187 
quality of, 222 
reciprocating engine, 272 
shovel, 335 
superheated, 246 
turbine, 272 

Steel, elastic limit of, 294 
modulus of elasticity of, 294 
Poisson’s ratio for, 295 
Stefan-Boltzmann, constant, 255 
law, 255 

Stiffness, of a beam, 336 
torsional, 53 
Stodola, A., 222, 406 
Storage of heat, 249 
Strain, 279 

components of, 281 
longitudinal, 283 
tensor, 281 
shear, 284 
unit, 284 
Streamline, 351 
Strength of magnetic poles, 71 
Stress, 276 

compression, 276 
matrix, 277 
on a plane, 287 
tension, 276 
tensor, 277 
therm^, 333 
shear, 276 

-strain relations, 289 
String, 300 

treated by dimensional analysis, 319 
Subbody, 3 
Submarine, 392 
Substance, pure, 202 
Sulfur dioxide, 342 
Sulfuric acid, 391 
Superposition of forces, 10 
Surface, force, 276 
tension, 340 
Suspension bridge, 336 
Synge, J. L., 28, 399. 407, 408 

Tank, 392 
vertical, 336 
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Telephone cable, 336 
Temperature, 183 
absolute, 184 
absolute gas, 185 
centigrade, 184 
critical, 185 
Fahrenheit, 184 
Kelvin, 230 
Rankine, 185 

Tension, stress (tensile), 276 
surface, 340 
Tensor, strain, 281 
stress, 277 

Ter man, Frederick E., 152 
Theorem, Bernoulli’s, 352 
Biot-Savart, 79 
Buckingham Pi, 60 
divergence, 345 
Kutta-Joukowski, 389 
of Gauss, 84 
of Green, 86 
of Stokes, 153 
Torricelli’s, 354 
Thermal, conductivity, 248 
diffusivity, 251 
equilibrium, 183 
stress, 333 

Thermocouple, 185, 268 
Thermodynamics, 183 

differential form of the first law, 193 
first law, 191 

mathematical formulation of the sec¬ 
ond law, 239 
second law, 223 
statistical, 187 
zeroth law, 183 
Thermometer, 184, 272 
Thompson, Milton J., 366, 410, 411 
Thread, 300 

Three phase system, 178 
Throttle, enthalpy for a, 199 
movement for a diesel engine, 48 
torque, 48 

Thrust on a rocket, 217 
Tietjens, O. G., 366, 390 
Time, 5 

Timoshenko, S., 296, 320, 334 
Toaster, electric, 272 
Toroidal ring of iron, 103 
Torque, 46 
inertial, 49 
throttle, 48 
Torricelli, 354 
Torsion of a shaft, 323 
Torsional stiffness, 53 
Transductor, 149 
Transfer, coefficient of heat, 251 
of heat, 248 


Transforrae?, 117 
ideal, 141 
iron-cored, 175 

Transient flow through a pipe, 348 
Transistor, 149 
Transmission line, 138, 177 

treated by dimensional analysis, 151 
velocity of disturbaiice in a, 179 
Transmissivity, 253 
Triode, 133, 175 
Trough, 364 
Tube, neon, 148 
pitot-static, 390 
rectifier, 133 
triode. 133, 175 
Tubes of force, 82 
Turbine, blade, 259 

cycle of a gas turbine, 213 
efficiency, 199 
gas, 53, 210 
reaction, 199 
steam, 272 
Turbulent, flow, 362 

pipe example of, 272, 392 
Twist, angle of, 323 

Uniform, body, 183 
Unit, British thermal, 189 
charge, 72 
pole, 71 
strain, 284 

V-2 rocket bomb, 9, 218 
Vacuum, 342 
Valve, solenoid, 355 
Van der Waals, 26, 186 
Vapor, 187 
Vaporization, 241 
Variometer, 117 
Velocity, 5 

coefficient of, 354 
field, 351 
force, 18 
head, 351 

of disturbance in a transmission line, 
179 

potential, 383 
Vessel, 391 

flow of gas into a, 207 
Vibration, 39, 64 
Viscosity, 361 
coefficient of, 362 
Voice coil, 145 
Volt, 87 
Voltage, 87 

alternating, 127 
Volume, specific, 186 
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Watt, heat transfer through a, 249 
heat transfer to a wall by convection, 
252 

Watt, T. F., 152 
Water, column of, 392 
compressibility of, 343 
dielectric constant of, 73 
enthalpy of, 243 
entropy of, 243 
hammer, 367 
specific heat of, 189 
thermal conductivity of, 249 
viscosity, 362 
Waterwheel bucket, 391 
Watt, 91 

Wave, speed of a, 392 
Waves, magnetic and electric, 78 
plane, 159 
sound, 367 
Weber, 95, 366 
We^ht, 26 
sliding, 40 
specific, 342 

Wetting, of a watt by a fluid, 361 


Wheel, flywheel, 67 
impulse, 360 
Whittaker, E. T., 28 
Widder, David V., 120,174 
Windage, 50 
Wing, airplane, 335 
flow past an airplane, 381 
Wire, force due to a current in a long, 
179 

stretched, 297, 335 
Work, adiabatic, 191 
of displacement, 193 
done in cutting flux, 101 
done in moving a charge, 76 
flow, 193, 195, 350 
in moving a particle, 15 
when the volume of a substance is 
changed, 192 

Young’s modulus, 307 

Zemansky, Mark., 222, 247, 270, 405, 406 
Zero, absolute (of temperature), 230 
Zucrow, M. J., 390 






